EE 320 Introductory Mathematical Economics
Semester 2/2012

Problem Set 8 — Suggested Answers

Optimization without Constraint: Multiple-Independent Variable Cases"

1.
a) P(10, 8) =98 and P(12, 10) = 98.
b) FONC: m,, = —2x + 22 = 0 and m, = —2y + 18 = 0. Thus, x* =11, y*=9, and n* = 100.

2. x* =§(2p—q—1) and y* =§(—p+2q—1),giventhatq 2%p+%andq§2p—1.

3.
* 14 * q
a) x =£andy =25
« _n, 4 o ®a) _ p _ om(pa) _ 4 _ .« .
b) *(p,q) = ot m Hence, o 22 % and “oq —25-7 Give these results

economic interpretations.

4.
a)mr(p,q) =px+qy—(5+x)— (3+2y) =26p + 24q — 5p? — 6% + 8pq — 69.
(p*, g*) = (9, 8) and (x*, y*) = (16, 4).
b) m4(p) = px — (5 + x) = 34p — 5p? + 4pq — 4q — 34, with q is fixed.
>p = pa(@) =z (2q +17)))
mg(q) = qv — (3 + 2y) = 28q — 6q? + 4pq — 8p — 35, with p is fixed.
9= @ =c0+7).
c) (p*, g*) = (5, 4) and (x*, y*) = (20, 12). m, = 75 and gz = 21.

5.

a) (i) R;(x1,x3) + s = C;(x7, x3): Marginal revenue plus subsidy equal marginal cost.
(i) Ry (x7, x3) = C3(x7, x3) + t : Marginal revenue equals marginal cost plus tax.

b) w1y = Ryt — €13 <0.

M1y, — (m12)? = (RYy — C1)D(Rys — C35) — (Ri; — C5)? > 0

LAl questions in this problem set are from Sydsaeter and Hammond, 2008.
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c) Totally differentiating (i) and (ii) gives:
(Riy — C1)dxi + (R — Cip)dx; = —ds,and  (Rzy — C31)dxi + (R3;
Solving for dx; and dx; gives:

—(R32—=C33)ds—(R31— C21)dt (Rz1—C31)ds+(R11—C11)dt

dx; = and dx, =

! (Ry5=C35)(RY1—C11)—(R1%— : 2= (Rz5—C35)(R11—C11)— (R12_C12
From the above, we have:
ax* _ RII _

1 — ( 22 22 > O

0s  (Ryp = C)(Ri1 — Cih) — (Ryz — (13)?

ox; _ ~(Ry — G o
ot~ Ry, — Ci) R, — ) — (RY; — Gy’

0x; _ Ry, = 5 <o
ds  (Ryz = C32)(Ryy — C1y) — (R — (13)?
ax* RII

2 (R{1 <0

at — (Ryz — G (RYy — C11) — (Ry; — C13)?
Where the signs follow from the given assumptions and that (R}, — C35)(R{;
(Ri; — C{5)* > 0.

d) 0x; /0t = — dx,/ds because Ry, = R}, and C{, = C,.

6.
a) 1(Q1,Q2) = 120Q; +90Q, — 0.1(Q? + Q102 + 03) .

FONC: ,(Q4,Q,) = 120 — 0.20Q; — 0.1Q, = 0 ; 7, (04, Q,) = 90 — 0.1Q,

Thus, (Q4,Q,) = (500,200) maximizes profit.
b) #(Q1, Q2) = P1Qy + 90Q, — 0.1(Q7 + Q102 + Q3)

FONC: 7, (Q,, Q,) = P, — 0.2(400) — 0.1Q, = 0;

,(Q4,Q5) = 90 — 0.1(400) — 0.2Q, = 0.
It follows that P; = 105.

7. Define f(x, y) for all (x, y) by

Co)dxs = dt.

—020,=0



a) The first-order partial derivatives of f:

fly) = e +ex 7 =2, fl(x,y) = eV — X7V — .

The second-order partial derivatives of f:
110 y) =eXY 4 X7V, fll(x,y) = eV —e* Y, fi(x,y) = eXtY 4+ X7V
It follows that /] (x,y) = 0; f,5(x,y) = 0;and fi1fry — (fi5)? = 4e?* > 0. So, f is convex.

b) The stationary point is where e**¥Y =1 and e*™ = % so x+y=0and x —y = —In2.

Thus, the stationary point is (x,y) = (—%lnz,%lnz), where f(x,y) = %(1 + In2). Since fis
convex, this point is a minimum.

8.a) filx,y) =2x—y—3x*; f(x,y) = -2y —x.
f1Gay) =2 —x; fiz(6,y) = =1 fo(x,y) = -
Two stationary points are (x1,y;) = (0,0) and (x,,y,) = (g, —%).
For (0, 0), fi1 = 2; foy = —1; fis = =2; fi1fss — (fi5)? = =5. Thus,(x,,y,) is a saddle point.

For (E’_E)’ fi1 = =3 f25 = =1 fi5 = =2; fi1fs5 — (fi5)* = 5. Thus, (x,,¥,) is a local
maximum point.

b) f is concave when f; < 0; f,5, < 0; and f{1f>s — (f{5)? = 0. This occurs where x > 5/12.

9. Consider a firm that produces two different goods A and B. If the total cost function is C(x, y)
and the prices obtained per unit of A and B are p and q respectively, then the profit is

n(x,y) = px +qy — C(x,y) (i)
a)p = Cy(x",y")and g = C, (x", y").
b) The first-order conditions are:
i,=vfp+f+a9y—Cfp —Cyfp, =0
g =0fq+a9q+9—Cxfqg —Cyfg =0

C)m=pla—bp+cq)+qla+pp—yq)—Pla—bp+cq)—Qa+pp—vq —R
The first-order conditions for maximume-profit:
i, =a—2bp+cq+ pq+bP—pBQ=0;

nq=Cp+a+,8p—2yq—cP—yQ=0.



d) 2277;{ = —2b; ZZTT = —2y, and (Zi;) (227?) — (;;—;)2 = 4yb — (B + ¢)?. Thus, we need
4yb > (B + c)? for SOSC to be satisfied.
e) The first-order conditions:
n,=F+xF, +yG,—C, =0
m, =xK,+G6G+yG6,—C, =0
f) (x,y) = x(a —bx —cy) + y(a — fx —yy) — Px+ Qy + R.
FONC:
m,=a—2bx—cy—fy—P=0
Ty=—cx+ a—px—2yy—Q=0

2

92 0% 0% 92 0% .
g) SOSC: 5 = —2b; 7 = —2y , and (22) (ﬁ) - (axa’;) = 4yb— (B + ¢)%. Thus, it
follows that 4yb > (B + ¢)?.




