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4.1 Partial Derivatives

Definition 4.1 Let f:S - R, S € R", be a function.
The partial derivative of f at x with respect to x; is

’gc’e’%’) given by,
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the partial derivative is just derivative with all other
variables being fixed. All the formulae of derivatives in
Chapter 2 will thus apply in partial derivatives with all
other variables treated as constants.

If y = f(x), we can also write =—— . This means

4.2 Second-Order Partial Derivatives and
Cross Partial Derivatives

Definition 4.2 Let f/:S - R, S € R", be a function.
The second-order partial derivative of [ with respect to
xj,j = 1,2,...,n,is given by

af (x)
]C]’()_%( ng(>=

and the cross partial derivatives with respect to x; and
x;j is given by

0*f (x)

>
ax]-

0f (x)
ax]'axi .

0 = 2 (Y@
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Note that when f is a function of just two
variables, it might be easier to write z = f(x,y), and
thus the first -order, second-order and cross partial
derivatives can be written respectively as f.(x,y),

fex(x,y) and fi, (x, ).

HW Baldani, p. 136, #5.1.
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Young’s Theorem

0 (™) _ 2 (9fX)
(o )=o)

4.3 Total Differentials

The change in y,y = f(X), as caused by a change
in x;, Ax;, while all other variables are held constant, can
be approximated by,

Ay = f((xl, vy Xj—1, X+ AXj, Xj g, ...,xn) — [ (X1, s Xy e

af (x)

~
~

Axj = f;(X)Ax;.

When all variables change at the same time by the
quantities Ax;, j = 1,2,...,n, the total effect in the

change of the variable y will be approximately just the
sum of all changes caused by each Ax;, j=1.2,..,n.
That is,

Ay = f%(X)AM + 2(X)Ax; + - + f(X)Ax,

= feony,
=1

The total differential is thus given by dy as
obtained by letting Ax; approach zero, for j = 1,2, ..., n.

Definition 4.3 Let /: S — R, § € R", be a function, and

. The total differential of y at x, denoted by dy, is given
by,

dy = f0dx,
=1

where dx; is just Ax; as it is approaching zero, j =

1,2,..,n.
?

Example The total differential of o

y = f(x,%2) x{x,

dy = 2x;x,dx; + xfde/

is
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When there are changes Ax; = 0.2 and Ax, 0 3, the

change Ay , where " x; =1 / and” x, =
approximately

2x1 %, 0%, + x2Ax,
= 400(0.2) + 100(—0.3) = 50.

Example For the production function,

Q = 0.07L% + LK + 54K,

the total differential of Q is

aqQ 0Q

= (0.14L + K)dL + (L + 54)dK.

With the current use of L = 100 and K = 50, the output
Q is changed, when AL=—-4 and AK =2, by
approximately

(0.14L + K)AL + (L + 54)AK
= 64(—4) + 154(2) = 52.

HW Baldani, p. 136, #5.2, 5.3.

HW Compute the total differential of the following
functions and estimate the its changes when there are
changes in x and y as specified.

a) z=f(x,y) =x/x+y, Ax =0.01,Ay = 0.02,
where x = 3,y = 1.

b) z = f(x,y) = Ax*3y®5 | Ax=-02,Ay =
—0.4, where x = 1,y = 4.
2 2
c)z=f(xy)= %, Ax = 1,Ay = 0, where
x=9y=4.

d)z=f(x,y) =5yIn(x2+y) , Ax=0.1,Ay =
0.1, where x = 0,y = e*.

Example Let f:R% - R be a production function,
given by

y=f(LK)

The total change in the output when there are small
changes in the labor and capital is given by,

dy = f1(L, KYLL_‘F fx(L,K)dK,
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which is just the change in labor multiplied by its
marginal product of labor, plus the change in capital
multiplied by the marginal product of capital. On a given
isoquant, the change in labor and capital is such that the
“final effect on the output is no change, i.e.,

— fL(LI K)
fK(L! K)

In dealing with partial derivatives of functions of Q%,:: d
several variables, it is convenient to adopt the matrix @Z\ :
language. As we will later be computing the derivatives 2& . Qz C
of functions that map points in R™ to points in R™, we )2,
will use the following conventions that will be useful
when we apply chain rules to deal with the derivatives of
composite Pf)‘ﬁn};tions. ?ﬂ JLCR Payn- %0 \

a) If f:§ > R, § € R", then W’S’S’ (‘)Q’R\)“"z’ }
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Example The gradient of f(x) = ¢Txis Vf(x) = c. Ex R?'; {C*\ )993:) 2, € R

%xample Letf:S - R, S € R", be afunction,and y = Ry x\e@,'zzelk}
f(x). The total differential of y at X c 2 je wrltt::/ -~ { Xa, .
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HW Compute the gradient of f(x) = ax™x, and g(x) = o = |2, g || X
xTAXx, where A is a symmetric matrix. 50() =K% [ ‘ ] :
C . o L%
HW Letf:S > Rand g: S - R,s'}‘ R™. Show that P R R -
a V(F(9) + g(0) = Vf(x) + Vg(x), Kol ax
b. V(f(X)g(X)) fXVg ) + gOVF (%), Vﬁa) “14%
e. V(53) = -5 (9®Vf () ~ F (Vg (x)), for 4
g(x) # 0.
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0 v ($oo- §00)
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define(X(t) = x, + td,t € R. The derivative of x(t) is ' 5
just X(t) = d.
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Afi(x)  Afi(x) Af1(%)]
dx, dx, dx,
af2(x) 9f(x) af2(x)
dx, dx,
afm(x) Af™(x)
dx, dx,

is called the Jacobian of f, though some may just say
gradient of f. nx\

(
Example The gradient of f(x) = Ax is Vf(x) = A.
mMxn
HW Baldani, p. 136, #5.5.

By this last convention, as the partial derivatives
are also functions of X, we can take the gradient of the
gradient of f. The resulting matrix is called the Hessian

of f.

Definition 4.4 If each of the partial derivatives fj(x), j =

1,2, ..., n, are also differentiable at X, the Hessian of f at
X is given by,

Hx) = V*f(x) = V(Vf ()

g

" |

M Gz -G

f1(x) Vi x)7T — -
=V f2gx) = VhLE)T
£l lvgeor gog)
L0 ()  9f(0] =)
B3
axl 6x2 axn .
UACIIAC IO I VIRV FE S EAVE
S| e om o)
fx) ) 0f(X) T -
| Jdx, dx, dx, | ’—V%‘C*)
- (B
fi1(x)  fi.(x) fin(X) ngC$) \lm
| 20 |y g] e | - 0. T
00 fur® o fun £,000__| 7} W

¢ By Young’s Theorem, Hessian is a symmetric matrix.
o f is twice differentiable at x, if H(X,) exists.
o f is twice differentiable if H(X) exists at each X € §.
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4.5 Chain Rules of Composite Functions of
Several Variables

(£)- § (%)
Theorem 4.1 Chain Rule I Let g:R —> R be the 8
composite function gt) = f(x(@)) =
fx,(t), x,(t), .., x, (1)), with f: R" - R, and x: R — (t) Vf(*( €3
R" are functions in C* Then g is a function in C* of
single variable and g'(t) = Vf (x)Tx'(¢t).

(&ced
Proof By taking total differential with respect to ¢, 3(‘7)' ’S: 3 f ,H/
0

f(()) dxy(©) + f(()) (0 + - +f(()) o)
Cg (©)dt = f; (x(t))xl(t‘+ f2 (x(t)) “+ fr (x(t)
(t) '@9

= (A(x@O)x1 () + f(x(O)x(0) + -+ + £
g'(®) /A O £ (x(0))x5 (0)) + -
=[£&x®) £&®) - AHEO]

=‘v:f(x(t):))Tx'(t). Q

Example Let f(x,y,z) = 3x + y? + z, and

W Ct

x(t) =t
y@) =t
z(t) =t
We have
o Of(y,2)dx(t) | 0f (x,y,2) dy(t)
IO=— @ T oy
N of (x,y,2) dz(t)

92 0z dt
= 3};%) +2y(1)+1 (%t‘O-S).

HW Baldani, p. 136, compute g'(t) for the functions f
as given in problem 5.1 with w, x, y, and z as functions
of t as given in problem 5.2.

Theorem 4.2 Chain Rule II Let g:R° — R be the
composite function g =fx@®) =
f(x (1), x5 (1), ..., x, (1), with f: R" - R, and x: RS —
R™. If f and x are functions in C?, then so is g and we
have,
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Vg(®)T = Vo f (x(D) Vx(D),

where

r0x;(t)  0dx, () 0x, ()7
ot ot at,
O on® on®  an®
VX(t) = Vxl(t) — 0t1 atz ats € R%S
va® 0w e ax.m
| at, at, ot |
and
0f (x(D))
dx,
af (x(V))
Vof (x(D) = dx, |[€R"
af (x(D)
dxy,

Proof Each element of the gradient Vg (t) is the partial
derivative of g with respectto t,,v = 1,2, ..., s, which is
just the derivative with tq,t,, ..., t-_1, ty41, ..., ts being
constant. Thus, we can apply Chain Rule I and have

09(® _f(x®) 9 (®) | 3f(x(®) 0%, (®© . I (x() 9x, (D
dt, d0x, dt, dx, dt, 0x, dt,
101 (1)
ot,
- 0x, ()
=V f (x®) | at,

0%, (1)
o

where the column vector in the last term is just the rt"
column of Vx(t).4

Theorem 4.3 Chain Rule III Let g: R - R™ be the
composite function glt)=f (x(t)) =
frx@)

£t (6), %2 (6), o, 20 (0) = | T X | it £ R
fmx(t)
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R™, and x: R = R". Iff and x are functions in C?, then
so is g and we have

g'(t) = Vf(x(0)x' (1),

where,
(0f'(x() ofr(x(®) 9 (x(D)]
fol(x(t))T 0x, 0x, 0x,
5 T of*(x(t)) of*(x(t)) af2(x(1))
fo(X(t))Z vxf (X(t)) = axl axz T € Rmxn
VmE®) ] ofmx) o) | armk()
dx, 0x, 0x,, i
and
x4 (8)
x'(0) = |20 | e rn,
Ly (£)
9" (O]
Proof Since g'(t) = glz:(t) and ghR->R,i =
Lg"™ (t)

1,2,...,m, where gi(t) = fi(x(t)). By Chain Rule I,
gt (t) = Vuf i(x(t))TX’(t), and the theorem follows.O

Theorem 4.4 Chain Rule IV Let g: R — R™ be the
composite function

FLex(®)
2
8® = f(x(V) = (6. (V, %V, ., m(®) = [/ EO)|
Fr ()

with f: R®™ > R™, and x:R* > R". 1If f and x are
functions in C?, then so is g and we have,

Vg(t) = fo(x(t))Vx(t),

where
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of'(x(1)) af ' (x(1) aft(x(B)]
fol(x(t))T 0x, 0x, 0x,
5 T af?(x(v)) af*(x() af?(x(1))
fo(x(t))z Vif (X(t)) = 0%, 0%, ox, € RmMxn
vmx®) ] |ara®) afma®)  arm ()
[ Odx, dx, 0x,
and
[0x, (1) 9x; (V) 0x, (1)
dt dat dt,
O o ® an®  9n®
Vx(t) = sz:(t) =|"a¢, at, ot e R™%S
Va0 ax®  ox.(®
| at, at, ot |
Proof Since
(Vg' (D) ]
Va(®) = ng.“)T‘
Vg
[dg'(Y  dg' (D 09’ ()]
dat, at, dtg
ag*(t) dg*(v) 0g°(t)
=| adt, dt, dt,
og™(® dg"®  ag"(®)
[ dt, at, dt, |

and g“: RS - R,i = 1,2, ..., m, where g‘(t) = fi(x(t)).
By Chain Rule IT, Vgi ()T = V,.fi(x(t))" Vx(t), and the

theorem follows.U1

HW (Chain Rule V) Let g: RP - R™ be the composite

function

FLx(ET)))
2
g(r) = f(x(t(r))) = If M@”},

f

m (x(t(r)))
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with f: R™ - R™, x: R®* - R", and t: RP - RS are all
functions in C*. Then g is also a function in C*. Show

that Vg(r) = V,f (x(t(r)) ) Vex(t(r))ve(r)

Solution Let y(r) = x(t(r)) and by Chain Rule
IV, . Vy(r) =Vx(t(r))Vt(r) Then write
glr)=f (y(r)) and reapply Chain Rule IV, we
have

Vg(r) = V,f(y(r)y(r)
= V,f (y(r))Vtx(t(r))Vt(r)
= V,f (x(t(x)) ) Vex(t () ve().

HW Find the gradient of the product of functions
g (X) f (x) when both are functions from R™ to R.

HW Find the second order derivatives of g(x)f(x) by
chain rules.

HW Let g:R > Rand f: R® - R be functions in C*.
Show that the composite function h(x) = g(f(x)) has
the gradient and the Hessian given by

Vh(x) = g'(f(®))Vf ()
VZh(x) = g'(fO)V2F (%) + V(0" (f())Vf (O™

4.6 Directional Derivatives

4.6.1 First-order Directional Derivatives

We can apply Chain Rule I to find directional
derivative of f'at some point X, in the direction d. This
directional derivative of f is just the rate of change of
f when we move away from X, in the direction d. Some
examples will help visualize this derivative.

Suppose f: R = R is a function. At any point x,
in the domain, there are only two possible direction to
move away from X,; to increase or decrease x,. If we
chose to increase x,, the directional derivative of fis just
f'(x), which is just the rate f changes at x,. And if we
decrease x,, the directional derivative is —f'(x,).
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f()
f (xO)
Figure 4.1 Directional derivative of f when the domain
is R.

Now let f:R? - R, and given a point X, and
direction d. If we move away from X, in the direction
d, it means we move according to the function x: R —
R", where

x(t) =x, + td
So x(0) = x¢,x(1) =x,+d, and x(—1) =x,—d.

The value of the function f for a given value of ¢ is given
according to a function of g(t) = f (X, + td), which is

a function of single variable ¢. -
omal wp fune | (&)= Kot bl

#3)
(%
% ko) ——'—i 36@2 §C§“7
5‘()% l_ 560)9 ’§ O)d&>
9 (1= ’S; (ot
7 3 C:l)'l /S—CKO“-Q'dl
N, +1d 3(_0 - }}(zxo-dl)

P

Xy
- g ., | [V)
Figure 4.2 Directional/derivative of fat X, in the N A) .
direction d gfid the graph of g(t). Ro —_
g(ﬂfo
We can take the derivative of g with respect to t, 7
and this derivative at t = 0 will be the directional

derivative of f'at X in the direction d. — - %c#o—d)

-4 —4 '-

4 0 1 ¢
a/(6)= v ferce) )g ).
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Theorem 4.5 Let f:S - R, S € R"”, be a function that < l\ AL J" -
is differentiable at x,. Let d € R" and define g: R = R, 03, & dk% W

where g(t) = f(Xo + td). The first-order directional

derivative of f at X, in the direction dis given by dL

Vf(x,)"d.

Proof By Chain Rule I, the derivative of the composite
function g with respect to ¢ is given by

9'@® = VF(x(®) x'(©)

= fi(x(0))x1(£) + fo(x(6))x5(6) + -+ + fo(x(£)) x5 ()
=fi (x(t))d1 + f2 (x(t))dz + -t fn(x(t))dn

= V,f(x()"d.

Sett = 0, g'(0) is the rate of change of the graph
(x(t), f(x(t)) at x, and is given by,
g'(0) = Vf(xp)"d.Q

Problem The vectors d and 2d are vectors of

the same direction. Are the directional
derivatives with respect to direction d and 2d
equal?

Directional derivatives can extend optimization
of the single-variable function to multiple-variable "
function. It also connects calculus and linear algebra.

4.6.2 Directional Derivatives and Optimization

Directional  derivative is  essential  in
optimization. For example, if X, is a (local) maximum
point of f, and if f is differentiable at X, then the .
directional derivative at X, in any direction d

necessarily vanishes to zero. (Formal definitions of
minimum and maximum points will be given in Chapter
o 7 &)+ O \ Xy
That is, k
< ¢ tah & gng*O) ry
756t Vgog,):_ Vf(x,)Td'< 0, forany d € R" & Vf(x,) = 0. X
> o Problem Show that if X, is a maximum point of
0 p

%ZW), and if f is differentiable at x, , then Ke
" Vi(x,)Td <0, for any d € R", and this is
equivalent to saying that Vf(x,) = 0.
\N

/ x$°"
O

1% >0
7 foen - [-\g‘ C&)’\= [‘ " o

%’;(,o)‘.%i(ﬁ)t )
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The directional derivative also indicates the
direction that f can be increase at the fastest rate. (See
also the discussion of gradient and level set below.) To
state the problem explicitly, if Vf(x,) exists at some
point X, and Vf(x,) # 0, what is the direction d € R"
that maximizes the directional derivative Vf(x,)Td,
with ||d|| = 1? The condition that ||d|| = 1 is needed to
ensure that an optimal solution exists. Why? We can

write the constrained optimization problem W

It can be shown that optimal s utlon of this problem is

which is just the
[Vf(x0)TVS (x0)]2

normalization of the gradient Vf(x,) and has the same
direction as the gradient Vf(x,).

Problem Show that the result obtained in the
previous paragraph is true for the two-variable
function f.

Problem Simon & Blume [1994], page 350,

#15.12, 15.13.

15.12.Consider the function f(x,y) = x%e¥. In
what direction should one more from the
point (2.0) in order to increase f most
quickly? Express your answer as a vector
of length 1.

15.13.A firm uses x hours of unskilled labor and
v hours of skilled labor each day to produce

2 1
Q(x,y) = 60x3ys3 units of output per day.
It currently employs 64 hours of unskilled
labor and 27 hours of skilled labor.

a. What is the current output?

b. In what direction (expressed as a unit
vector) should it change (x,y) if it
wants to increase output most rapidly?

c. The firm is planning to hire an
additional hour and a half of skilled
labor. Use calculus to estimate the
corresponding change in unskilled
labor that would keep its output at its
current level.

NN V,Ffiosrdl
d 4idect =

Ex

——
—

A =1 /YYVQ/)‘V%C"Z)d -2 =]
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Problem Show that if the gradient vector
Vf (X,) and direction vector d make an angle less
than 90 degrees, the value of f increases along
the direction d. (This is used in showing that the
Lagrange Multipliers associated with the binding
constraints are strictly positive)

4.6.3 Second-Order Directional Derivatives

Theorem 4.6 Let f:S - R, S € R", be a function that
is twice differentiable at X, € §. Let d € R™ and define

g(0) = f(xo) , where g(t) = f(x(t)) = f(xo + td) .
The second-order directional derivative of f at X in the
direction d is given by dTV2f(x,)d.

Proof From the proof the first-order derivative,

g'(®) = VF(x(D) ' d,

the second-order derivative of g is given by 9 e ol “- 8) CxCeD d . ’g ( xﬂ:)ﬁ‘
9" (t { Vf( (t))J
d g (&RCO) fl(x(ﬂ)d + —fz(x(o)dz ot fn(x(t))d

= d1Vf x(t) @dZsz(x(t))Cd}l— A+ do Y, (x(D) ?D
VA(x(E) X(0)' + -+ dnVfo(x(1) )

zvg‘(xmfdl

VA(x(®)' ~— <[z
VAN VA Tz erorina [ v A C*(e)’)'r
a fz(X_(t)) dTWd. V 54

: o:eCt))"'
v (x(©®)" 5o
ff. N‘{\k\ t 0,

The second-order directional derivative of fat X~
in the direction d is given by g”(0) = dTV?f(x,)d.0 . ok %o
X t=0o \/{_} e n '3 &’
Definition 4.5 Define the k" -order directional
derivative of f at X(t) in the direction of d is given by
D*(x(t),d). Thatis,

DY(x(t),d) = Vf(x(t)) d
D2(x(t),d) = dTV2f(x(t)) d

Problem Show that the k"*-order directional
derivative of f at x(t) in the direction of d is
given by
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rl;(x(t) d)

n

ll 111

4.7 Implicit Functions and Implicit Function
Theorem
Functions that we have discussed so far are in the .
explicit form y = f(xq, %5, ...,x,), where y is called = 100
g endogenous variable, and xq,x,,..,X, exogenous@fxx"’\"{)v -

variables. The exogenous variables determine the value .
of the endogenous variable according to the function f. @ M“

There are functions in implicit ‘f [L’K)
form f (ix;,xz, ,xa :) = c, where the endogenous = 10 LK
variable y is determined implicitly by the exogenous - Q=Q, 2200
variables xq, X5, ..., x,,. If we fix the value of an explicit a ?w Qo
function f to a number c , the endogenous and LKZ_ %
exogeneous variables are now related in such a way that 10 =00
if exogeneous variables change the endogeneous variable

will change so that the value of the function f still
remains at c.

This is how the isoquant is obtained by fixing a
level of output so that the input choices L and K are
related implicitly to produce the same level of output.

The following theorem describes the properties
of 1mp1101t functions.

lume [1994], page 339, Theorem 15.1) Let f(x,y) be
nction on a neighborhood about a point (xq, yo) J -
in IRZ Suppose that f(xo,V,) = ¢ and consider the Yo B~ -

exl_oression d;”
zrﬁ,,..gbv"""‘" feoy) =c K X

If{ £, (xo, vo) # 0) then there exists a C* function x =

x(y) defined on a line segment |y — y,| < & for some 2 ( )

€ > 0 such that)M Ma.b Ex gCL) K)
iixﬁ) y) = c, for a11 ly =yl <e. ) arQ,,K,) e bt O F e

and

; <x Bexcn.,g.)] g § Ceked7 O
K —c ot 6.=8

gé)rem 4.7 Implicit Function Theorem (Simon &
aC' fun

©) x'(yo) =

Proof See a sketch of proof in Simon & Blume [1994],
page 344.41

o #---

.
L
.

e




[y)*

anfuane. =7 0D

\8(.7(3 This theorem still applies whe

-~
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fy(x0,¥9) # 0, but now we have to writ€y as a function

ey (K. VD v

dwﬂ)“ﬁw a) f@ G)/—%for all [G — Gy| <.
b) Y(Gy) = Y,, and -
! __fG(Y:G)_.- =1
-\cy(YZ,GZ) T 1y !" 'c*,

ac‘C‘l)

£ Y1

of x instead, and the three results are modified
correspondingly. That is,

If £,(x0,¥0) # 0, then there exists a C' function y =
y(x) defined on a line segment |x — x,| < &, forsomme
& > 0, such that, Y C‘X)

oty by
ey 2 coem

a) f(x,y(x)) = c, forall |[x —x,| <

b) y(xo) = yo, and
fx(X0,Y0)

0V 00) = Lo

The point (xy,y,) is called a regular point of fhe
function f (x,y) if f;(x0,y0) # 0 or f,(x,¥) # 0.

Example In the simple macroeconomic model,
equilibrium condition is given by the Aggregate Supp

being equal to the Aggregate Demand,
g 9 ggreg ng, ")’

we can write an implicit function

xey,
where Y is en ogerééus while G is exogeneous. If an
equilibrium is found to be at a_peint (Y, G,), i.c.,
f (Yo, Go) =0, and fy (Yo, Go) =(_Pgla?)5¢ 0, we can
apply the Implicit Function Theorem, and obtain for

some € > 0, (Y 6)z Y=CclY)-I-G
('Yo, = 1—<C/CYy)

HW Baldani, p. 136, #5.4. £ Cx,9)=

) ‘a)
Theorem 4.8 Implicit Function Theorem (Sundaram
[1996], Theorem 1.77, page

be a C' function o 2a_ne

iehborhood about

hen, there is a C* function x = X for some & >
uch that o5~ I-vw qM

Y

a) f(x(y),y) = c, for al

gxcgoo 50
A £.Geeo 50)
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b (yO) = X, and
(Yo) = — f(Xo'Yo)@ f(X0,¥0)-

Proof See Rudin [1976], Theorem 9.28, page 224.41

In the theorem above, each of the variables
Y1, Y2, -» Yn—k In the vector y can vary. However, we
can keep all y,, ..., y,_ constant and change only y;

What would be the gradient Vx(y,)? /
_\ X 19_ o

HW Baldani, p. 136, #5.6.

4.8 Level Sets, Tangents and Gradients

Let f(x,y) be a C* function, f:S > R, S € RZ&

A level set of the function f for a given level c is given

by the set Ly (c) = {(x, ¥)|f (x,y) = c}. By the Implicit

Function Theorem, the slope of the level set at a regular

point (x,,y,) € Lf'(c),-where fy(X0,¥0) # 0, is given
———
Yy

_fx(xOJyO) =
MUy,

fy(xo»YO).

A vector v that has this slope is given by,

i
0 yO)

The gradient of f at this point (x,, ¥,) is given by,

(vrtoa)= [

The gradient Vf(x,,y,) and the vector v
angle to each other, or,orthogonal, as

Tov V

are at pight

OIyO)

Vf(xo:YO) v . J’o)
Tueeliomal dv

Definition 4.6 Vectors x and

{'ai'cw,,

_MUX v Jo
—

xTy = 0.

Aaos O “R““W“
5

S 00

N %y =

D W;‘j)‘c .
' —_—
Xo X
/
X(E)

SR,

")

Ex. wix,4d= zcza

C = 100.
=100
wlx, Y= 25

| C1o0d= {C" »9> ‘% 10:}

'{f”"? Mi.,‘d.):ﬁj"hr

m derection, Y d o

in R™ are orthogonal if
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KW%"WW

<

-V

Xo x
Figure 4.3 The gradient Vf(x,,y,) and the tangent
line of the level set at (x,, y,) are orthogonal.

Definition 4.7 Let f: R™ — R be a function with a level
set Le(c) = {x|f(x) =c} for some ceR. If x, €
L¢(c), and Vf(xo)Td = 0, then d is a direction away
from X along the level set L¢(c).

In Chapter 8 Constrained Optimization with
Equality Constraints with k equality constraints

the level set for each constraint g*(x) = c; is given by
x(g‘i (x) |=@and the feasible set or feasible
i
region F is just the intersection of these level sets, i.e.,

%:go«) = ¢) =.Lgi(ci>.
€

c, then xo € F and X, is called a feasible

If g(x
solution:

Given a fea 'ble solution X, the direction d is a
permissible direction away from X, if it is a direction
from away from x, along all level sets L i(c;),i =

1,2, ...k. Thatis,
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Example Let f(x,y) = ax + by. For a fixed number c,

we have an implicit function f =ax + by =c,
and a level set Ly (c) = {(x, y){ax + by

Vf (xo,¥0)

X

Figure 4.4 The gradient Vf(x,,y,) and the tangent
line of the level set at (x,, o) when the function is
linear.

By the Implicit Function Theorem, the slope of
the level set at (x,, ¥o), which is regular, is given by

fx(-xO! yO) a

fy(xO'yO) b

A vector d that has this slope is given by,

d= [‘ab].

The gradient of f at this point (x,, ¥,) is given by,

VF (x0,%0) = [ ]

The gradient Vf (x,, y,) and the vector d are orthogonal,
as

Vf G0y =la bl[ "] =0.

Note that the gradient V£ (x, y,) is the direction that the
value of the function f increases at the fastest rate, and
thus —Vf(x,, y,) is the direction that it decreases at the
fastest rate. The direction d is the direction from
(%0, Yo) along the level set L (c).

HW Baldani, p. 137, #5.7.

g(%, !3') = XBZ

Vgcn"do =

[w ;

235,80
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4.9 Homogeneity

Definition 4.7 A function f(X) is homogeneous of

degree k if g L ﬁ<) . @i«)

—_—

() = t*F (0. . 2%

¢ a homogeneous production function is increasing return ) (LK

to scales if k > 1. ‘ﬁ :{' ? )

2

Theorem 4.8 The partial derivative fj(x),j =12,..,n, ga_)/(); L K ,
of a homogeneous function of degree k is also . tLE)
homogeneous of degree k — 1. g @Lfﬂ) = o‘t*l,—iﬁ B
Proof Lety = tx. We have ¥2.® e

s fly)=t'fx)
@) _ .« %
fi(tx) = t* 71 f;(x):

/

Corollary 4.1 The ratio of partial derivative is
homogeneous of degree 0. This makes the expansion
path of the firm with homogeneous production function
linear.

Theorem 4.9 Euler’s Theorem. If f is a homogeneous
function of degree k, theh Vf(x)Tx = kf (x).

Proof Take derivative of f(tx) = t*f(x) with respect to 2%,
t on both sides, .

=2

df(x) 2]
P kt =1 f (x)

The left-hand side is, with application of the previous

theorem,
df () < dtx;
// dt Z fi(®0 d_tj

j=1
n

= Z th1f (%)x;

The theorem is proven as the Tirst equation equates the
last one with t*~1 canceled out.
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%D
L’-.-. 1.2 MMOX w T =T
S K=l .
HW Show that IE

Z
1) X demand function of product 1, as given by, *’ ..."D (s Frs- wFns ) )
Di(p1,p2, ---,Pn, 1) as a function of its price p; an

prices of Rﬁer produc .,Pn and income I, is .t tI>
mogeneous of degre 'D(‘l‘:? “t Far---v Pa> '
2)Show that the sum of own price elasticity, cross price

elasticities and income elasticity of any product is
equal to 0.

HW Baldani, p. 137, #5.8.

D (LR tho - Ot D) £ (f"j’;" P T) ™
= = ?‘4
_k-=0. z.:




