MA216 Assignment#1 (Solution)

2. As x approaches 1 from the left, f(x) approaches 3; and as x approaches 1 from the right, f(=) approaches 7. No, the limit
does not exist because the left- and right-hand limits are different.

3 (a) ]jm3 flz) = oo means that the values of f(x) can be made arbitrarily large (as larpe as we please) by taking x
sufficiently close to —3 (but not equal to —3).
(b) lj.m+ f(x) = —oo means that the values of f(x) can be made arbitrarily large negative by taking x sufficiently close to 4
T—sd
through values larger than 4.
16. lim f(z)=1, lim f(z)=-1, lim f(x)=0,
a—0 z—0F p—sD
lim+ flz) =1, f(2)=1, f(0)1isundefined
o—32
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30. lim x:3=oomﬂce1henm1eratorlsnegatweandthe denominator approaches 0 from the negative side as x — —37.
z—+—3— I
32. i z—1 since z° — 0 as 0 and —= <0for0 <z < landfor—2<z<0
. am =-——— = 00 xr —= ar —r —— €T - a .
=—0 27 (x + 2) z¥ (x4 2)
18 1imw = lim (8+12h +6h” + A7) — 8 = lim 12h + 6h” + b
" h—D h h—0 h h—0 h

= lim (124 6k +A%) = 12+ 0+ 0 =12
h—0

20. We use the difference of squares in the numerator and the difference of cubes in the denominator.

4 2 _ 2 _ a2 2
L=l @D+ L - DEEDED . EDE D) | 2(2) 4
=143 —1 =1 (t—1)(E2+t+1) =1 (t—1)(*+t+1) t—1 24141 3 3

g YEFI=3 _ VRuF1-3 VEuFits o (VEFI) -3
. Iim ———— = llm - = lim
u—2 u—2 u—2 o —2 VRFT+3 w2 (u—2)(Viu+1+3)
; 4u+1-9 . 4(u—2)
= lim = lim
=2 (u—2)(VIuF+1+3) w»—2(u—2)(vVIu+1+3)
4 2

u—2 Ay +143 /9+3 3

. (1 1 {1 1 o tr1—-1 1 1
26. lim -_— = lim _— — =lim —=llm —— = — =1
o\t t24+t) =0\t tt+1)) =0 t{t+1) t=0t+1 0+1
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2—|:.,"|= lim 2—(—I}= lim 2+=x

44. Since |z| = —z for = < 0, we have Lim = lim 1=1
T——2 + = o—s—2 2 +x x—s—2 2 + x o&——2
2
r*—4 ]
f 2
p— I x<
8. f@) =1 0o bet3 if 2<z<3
2r—a—+b if >3
2
—4 2z —2
Atz=2 lim f(z)= lim — _ohim EFAEZD o pp2)—242-4
&2 ®—2T I — &2 xr—2 a2

12

16.

18.

lim f(x) = lim (az” — bz +3)=4a—2b+3
z—2T z—2+F
We must have 4a —2b+3 =4, orda — 2b=1 (1)
Atz =3 lim f(z)= lim (ax® —bx+3)=9a—3b+3
x—3 ®—3
lim f(z)= lim (2z—a+b)=6—a+b
z—3t z—31
Wemusthave 9a —3b+3=6—a+b,orl0a — 4b =3 (2).

Now solve the system of equations by adding —2 times equation (1) to equation (2).

—8a +4b=—2
10a —4b= 3
2a = 1

Soa= %_ Substituting % for a in (1) givesus —2b = —1,s0b = % aswell. Thus, for f to be continuous on (—oo, co)

a:b:

- 2 - 2y g
hn 2730 L @—s) )t JSmT =3 2hm(fy) - lim 3,0 0 g
1Im ——]— = 1m = = = —=

y—oo 5y° + 4y  y—oo (5y° +4y)/y®  Lm (5+4/y)  lim 5+4 lim (1/y) 5+4(0) 5
y—oo y—oo y—oo

? z* fx® . 1

T )
lim —— = lim ———— = lim ——— [since z* = v/z* for z > 0]
z—oo /gt + 1 =0\t 4 1/2? == 2t +1)/a?
= lim ! = ! =1
z—oo 14+ 1/z* 140
lim —+/(92% — z)/z®
/06 — /0,6 — 3
lim Vit~ = lim 92° —z /= === [since =¥ = —/zf for = < 0]
r——0o $3+]. x——0o (Ia+l)f:r3 ].Lt.'ﬂ (1+],!I3:|
lim —/9—1/2° —./ lim 9— lim (1/z%)
_ T — O _ E— —00 T—— oD __ .—g ~0-—_3
lim 14+ lm (1/=%) 1+0
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20.

M.

36.

— ] 2.2
Jlim_ (e +VETE) = lim_ (e +VFTE) [22VEEE] - T 22

. —2x
= lim

-2 -2
——= = lim = =—1
z——co g —/p? +2x =o—col44/14+2/x 14,/142(0)

Note: In dividing numerator and denominator by z, we used the fact that for z < 0, x = —/z2.

2 1
) z” +1 1+ L lim (1+—
. z +1 . r? . a2 E—00 x
TP 82 e 352 eomy 3 Z 32
z—ro0 AT T FOO &AL — OT — 3—15'02____2 lim (2____)
xr2 ax E— 00 @ a2
lim 1+ 1i !
= 3 T =3 o0-0_ 2 so y = 7 1s a horizontal asymptote
lim 2— lim — — lim —
z—00 z—roo I z—o0 22
2 2
z +1 " +1 . 4
= f(z) = = S0 lim r) =00
Ve s e e T T =) P enl,, @)

because as x — (—1/2) the numerator is positive while the denominator

approaches 0 through positive values. Similarly,  lim . flz) = —oo, =3 4
@ (—1/2) (1 J
lim f(z)=—oco,and lim f(z)= co. Thus, z = —2 and = = 2 are vertical ;
T—2 z—2 —
asymptotes. The graph confirms our work.
4 . 1 1
1+ 28 Saak L1 Jlim (F+1) lim — + lim 1
li = lim —&— = lim £ — _z=oo® x—00
r—oo £ — xpt z—oo _'rz — 2:4 r—0o0 . 1 . 1 .
—2—]. lim — —1 lim — lim 1
i T xz—oo \ 2 T—o0 I T— 00
0+1 : -
= (]+Tl = —1, soy = —11s a horizontal asymptote.
10
1+=2* 1+=z* 1+=z* : i I
= = = = . The denominat I
y=f=) z?—z* (1—=z?) 2(1+=z)(1—=x) € ores I

zero when z = 0, —1, and 1, but the numerator 1s nonzero, so xz = 0, x = —1, and
=3

— T
z = 1 are vertical asymptotes. Notice that as x — 0, the numerator and h T //_j
denonunator are both positive, so lil'lf}] f(z) = oo. The graph confirms our work.
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