FE320 (2/2012)

INTRODUCTORY MATHEMATICAL ECONOMICS

INTEGRATION AND ITS APPLICATION
(Part 1)



Topics

- Terminology in Integration
- Indefinite Integration

- Basic Rules of Integration
- Definite Integration

- Improper Integrals
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What is Integration?

« Integration is the inverse of differentiation.

- Formally, an integral is a function F(X) whose derivative is f(x):
F'(x)=1(x)

- This function F(x) can then be called an ‘anti-derivative’ of f(x).
Example:
> f(X)=nx"" = F(x) =

> f(x)=§ > F(x) =

- The process of anti-differentiation is called integration.
- That is, to integrate a function f(x) is to find F(X) such that

F'(x) = 1(x)
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Indefinite Integrals

- If we integrate a function f(x) where values of x are not given,
we have to integrate without a limit (i.e. to find indefinite
integral).

- A symbol for integrating a function f(x) is:

[f()dx=F(X)+C < F'(x)= f(x)

Where [ is called the integral sign.
f(x) is called the integrand.
C is called the constant of integration.
dx indicates the variable involved in the integration.

- Note: A function does not have a unique integral.
Example: If f(x) = 3x?, then F(x) =
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Basic Rules of Integration

1
Rule I. Power rule: andX =——x"+c,n=-1

n+1
1
Rule Il. Exponential rule: feaXdX ="e¥” +cC
a

Rule Ill. Logarithmic rule: Ildx = |n‘x‘ 1+ C
X

Rule IV: Integral of a sum
JIE () +9(x)]dx =] f (x)dx+]g(x)dx

Rule V: Integral of a multiple

[af (x)dx=a] f (x)dx
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Rules of Operations

Rule lla: 1
[a¥dx=—"-a"+c
blna

Rule llb:
T (x)ef™dx =™ +c

Rule llla:

() 4y —
J 0 dx =In|f (x)|+c,[f (x) = 0]



EE320_#10.1_2/2012_Phatta Kirdruang

Examples

Find integrals of the following functions:

. jidx

3

: Ndex
+ [(3x* +5x* - 2)dx
. [(€¥ —e” +e”)dx

. J‘(y_z)2 dx

Jy
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Rules Involving Substitution

Rule VI: The Substitution Rule

jf(u)gidx:jf(u)du =F(u)+c

Rule VII: Integration by Parts**
JT()g'(x)dx = T (x)g(x) - f'(x)g(x)dx
Let u = f(x) and v = g(x). Then,
[vdu =uv —[udv
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Examples: Integration by Parts

- Examples: Find integrals of

a. [ xe*dx

b. j%ln(x)dx
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Initial-Value Theorem
- From [ F(X)dx=F(x)+C

If we have an initial condition, we can determine the value of C.

Example 1: Find F(x) if F'(x) =% - 2x and F(0) = .

Example 2: Find F(x) if F'(x) = x(1-x?) and F(1) = 5/12.
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Economic Examples

- Given that MC = 2e9-2Q_ |f fixed cost is 90, find total cost.

- Given that S’(Y) = 0.3 — 0.1Y-Y2 and saving is zero when Y = 81.
Find S(Y).
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Definite Integrals

b
- [ f(X)dx is a “definite” integral of f(x) from a to b (a < b), where

> a =the lower limit of integration
> b =the upper limit of integration

=) T f (x)dx = F () = F (b) - F(a)

where F(x) = an arbitrary indefinite integral of f(x).

- Example: Find integral of

5
- [3x*dX
1

1
. [ae™dr
0
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Area and Definite Integrals

» The area under the graph of a continuous and nonnegative
function f(x) over the interval [a, b] is | f (x)dx .

* [Graph]
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Properties of Definite Integrals (l)

Property I: The interchange of the limits of integration changes
of the sign of the definite integral:

T O0dx =—] £ (x)dx

Property II: A definite integral has a value of zero when the two
limits of integrations are identical:

[ f(x)dx =0

Property Ill: A definite integral can be expressed as a sum of a
finite number of definite sub-integrals as follows:

TF00dx = f(x)dx+] f()dx, (a<b<c<d)
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Properties of Definite Integrals (ll)

Property IV. ; ;
[— fF(x)dx=—] f (x)dx

Property V.
b b
[of (X)dx =] f(X)dx

Property VI:b b b
1[f () +g(x)]dx = [ f (x)dx+] g (x)dx

Property VII: (Integration by part)
x=Db

x=b  XZP
jvdu=uv| _— fudv
X=a

X=a
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Examples: Definite Integrals

Find the integrals of

5
©[(x+x*)dx
0
4 5.1
- [X*(Ex®+1)dx
> 3
2
- [(e*—e™)dx
2
6 1 1
c [C+—)d
£(x+1+x) "

. ?‘X+1‘dx
2
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Economic Examples

» Given MC = 2e%2Q gnd fixed cost = 90. Find total cost at Q =5.

- Given a supply function: P = 4+Q. Find producer surplus if Q=3.
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Improper Integrals (1)

- Case 1: When we have deflnlte integrals of the form
j f(x)dx and j f (x)dx
with one limit of mtegratloﬁwbeing infinite, we refer to them as
improper integrals. (because F(o0) and F(-o0) does not exist.)

> The improper integral can be defined to be the limit of
another (proper) integral as follows:

f f (x)dx = lim I f (X)dx

b—w a

and If(X)dX— lim If(x)dx

a—>—w g

>1f the limit exists, the improper integral is said to be convergent
and the limiting process gives the value of the integral.

>If the limit does not exist, the improper integral is said to be
divergent and does not have any meaning.
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Improper Integrals (I1)

Examples: Evaluate the following integrals.
=]

© [—dx
{xz

dx

> | =
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Improper Integrals (l11)

- Case 2: Even with finite limit of integration, an integral can still
be improper if the integrand becomes infinite in the interval of
the integration [a, b].

. 1
Example: jldx:
0o X

9

1
e
- If f(x) is a continuous function for everyx e R, then
[ (0dx= [ F)dx+ f (x)dx
—xo —0 0

Example: }idxz
—1X3




