EE320 Chapter 9
Optimization under Equality Constraint

Panit Wattanakoon
Faculty of Economics, Thammasat University

1 Effect of constraint

Suppose that we have a function with one choice variable and we want
to find its maximum /minimum point:

\N\(ﬁﬁ\{ﬁ\\& mﬁxy:—x2—l—10x+4 \ /r\g‘ .

/ &
" dy | — oM 10=0 29 1
=) /\
yr o= 29 /
gm % = —2<0 maximum n ; ﬂ’V\

M ———— x-‘_s

This method is called “unconstraint optimization.” Consider a different
case which we impose a certain condition on a function:

/

[?naxy = —2? 4+ 10z + 4 subject to x =0

X

We call thiSY)roblem as a “constraint optimization,” when values of x
are restricted.
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In this case, we set x = 0, so we call it “equality constraint.” If in-
stead, we have the problem subject to an inequality x > 2, “inequality

constraint.” 3\ /B , q’ M
M ] {
¢ £
|
Z S \ “X

X

ex.
X
@ y = —2°+10z+4 = 1independent variable = 1 maximum constraint
xl )’(z
@ y = f(x1,29) = 2 ind variable = 2 maximum constraints
.7\\ s(Ll“‘)"(lg ) )
@ y = f(x1,29,...,x,) = n ind variable = n maximum constraints
o
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2 Constraint Optimization

Suppose that a consumer has the following utility function: /U =

T129 + 221, given p; = 4 and py = 2, this consumer’s budget constraint is
then: 4z + 29 : What Wm optimal combination of goods x; and

x5 that give The highest utility subject to budget constraint be?

We can solve this problem using 2 approaches:

Substitution method: Substitute the constraint into objective func-
tion and solve for an optimal choices:

l 4y 4 2x9 = 60|= x9 = 30 — 221 substitute into utility function

4
SU = XX+ = % (36 - 2) 42%
N
= %y, ~axt 5, =30%) =
FONC av - 27 - ‘(‘\(l = 0 =% YT= g

sosc 2% = ~4<o VvV MK,
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i)/ Lagrange multiplier method: Convert a constraint optimization
problem into an unconstraint optimization problem)

/ ( XX, 12X 4 ?\(t.o- H‘-ZYD

L= X XL‘(‘ 9/)(| (>( (fo 1 (L}(Z"(:o) = give the same answer

WV\—\.W

ﬁ = L()\, xl,xg)
roc: % = 4p-yx-2y, =0 —-Q BC

T OA

2 _ y +l-4x =0 — () W =42

8x1

g_:é _ xl-zl :O—*@w&()zzu\.

3 unknowns and 3 equations solve for \*, =], =

% z 2% o

¥
;/\S S[sfc & 3= MRS a-hUl A

o

\S X
V0 = % asonx, =2 Alsfeaez‘
o, = Uy-aBC A = Ux
FOC. * X L
CE AV :z&-‘- Ul- %(Bcﬁ =0 = o :l[}x
| = %( -] =19 %C'ﬁ-
L=V -a (-1 A i 3 ) =1,

A

A
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oL = Ulry) -2 (BCly -1,)
dod = U desUdy - 230 -n3G dy ead],

= e« dy - =8¢, M A
M Uﬁf N~ x Q«BC Ul{,t-t
Ad =(U-9%) de ¢ (Uat) Ay +a
&1, ' )ﬁ,f(im‘)vu.,

UX= %%C( = il _ = /4(] :A ]
Ug: ﬁwy\ O(-Io &I
EE%2|
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3 Interpretation of Lagrange multiplier

Consider the problem max f(z,y) subject to g(z,y) = ¢
Y
Solutions are z*(c), y*(c), f*(c) oi = ‘F(X,ﬁ) t4 [C = 36(,3.)}

f*(c) is optimal value function ~AND | £ f*(c) = A(c)

Lagrange multiplier X is the rate at which the optimal value of the ob-

jective function changes A f(x,y) with respect to changes in the constraint
constant Ac.

In economic application, ¢ denotes the available stock of some resources,
while f(x,y) denotes utility, profit, etc.
iy ineort
df*(c) = )\(C)dg is the change in utility or profit that can be obtained

from dec units more of the resources. .
i L)
)

st 0= £k

ex. for cost minimization problem , A\ = 6%0 = MC OZ = C—(k)L) <A (Qo“ \E(V,D)

Thus, A is called a (‘shadow price™ of the resourc

utility max. A= j—% = MU of income

)\:dH

profit max. a0,

output max. A= %
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ex. Objective function: z = xy subject to z+y =206

L=2y+A6—2—1y)

=l =3,y =3, \=3,2"=9 l

—

RC o,

oy

oy

ﬁ~’)€ =0 & y-%
K~N =0 & ¥X=%

L,yg& =0 & XY=, DA =4
9\;35 ‘

)

)(*39 chl.
3=

ex. Objective function: f(z1,x9) = x% + x% subject to g(z1,x2) = x1 +
4$2 =2
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4 Second-order conditions for constrained

optimization
Recall the FONC for L(z,y) = f(x,y) + Ac— g(z,y)]
x(w, y) = folz,y) = Aga(2,y)
N = [ fu
9z Gy
Find SOSC

h

Jy
Lyy(,y) = fyy = Ay = fyy — 9, vy
xy(xa y) = f:cy - Agxy = fxy - jgxy

h

Thus, d?>z can be written as

A’z = L, dz*+ 2L, dxdy + Lyydy2

Lyw Ly [do

Max of z : d?z is negative definite (d?2<0) , st. dg = 0

SOSC conditions are:

Min of z : d?z is positive definite (d?2>0) , st. dg = 0
where dg = g,dv + g,dy = 0

Define the determinant of the Bordered Hessian matrix as

\H| = ;1'7%11‘51122 OL: @l'&?\ (C"g (9@#))

l
92(L21 Ly C"%J ng‘,’m q
2 2
- 5 - )/
9 \’( L axt 04’2 ;XQJ,
< b
i’ &a\ OZZ'Ls Q\of—
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or SOSC conditions are
Max: d?z is negative definite st. g,dz + g,dy = 0 iff |H| > 0
Min: d?z is positive definite st. g,dz + g,dy = 0 iff |H| < 0

3(‘9;"4)*‘ YX t = o
ex. Opt. U = z129 + 221 subject to 4x1 + 229 = 60. Check whether it

is max or min value. 5(,(’),;1) =Q
L =x129 4+ 221 + )\(60 —4x — 2$2) % = Q(LI‘X"“L? =‘f
oXt  dh
FONC o - alxten) =2
' -2V IEYY,
Ly = XY= =0 > %
Ly = f-1% =0 Xi=8, X I4
Ly = $0-4K~2 =o
040 %0
2
1
0
O+€ + ¢

U*(8,14) = 128 is a maximum utility subject to budget constraint.
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ex. f(x1,m9) = x} + 5 subject to g(x1,x2) = x1 + 429 = 2 Find their
critical points and check it is max or min.

B 0 g1 92 0 | 4 _
SOSC |H|=|g1 L1 Lio| = )] 2 e - 3\(4 < O.
go Lo1 Lo 4 o 2
=> Mihiun.

5 Economic Applications of Constrained Op-
timization
Application: Utility maximization Problem
Objective function: max U = U(zy, z2)

Subject to Yy = p1x1 + poxo

L=U(zy,22) + A(%— P1T1 — Paia)

FONC
Ly = w(r,22) —Ap1 = 0 &S u( =X ?/ = o P’
L2 = UQ(ZE‘l,iL"Q) - )\pg =0 &) MLZ g Pz ’4& F¢

Ly = YO—]?1£171—]92$2 =0

D(x%, x3) is such that % = % and Yy = p1z1 + poxo

u o P
U2 D2

dinM&Mg Htuyllvl W'ﬂl‘h-
W= Lsv, 5sxN=>Uy DVab
?: : ?‘ ? ?z. ! ! ﬁl T’l

- 2_?\ ? V&“L =2 _({,:‘Vz
F‘ pz// P Vk
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SOSC B 2

0 g1 9 0 pi_ o

[H| =] Lu Lip| = pl:ull U2 | = —piud; + 2p1paurs — piud,
92 Lo1 Lo P2 U21 U2

ex. U = 504 + 200B — 0.5A% — 2.5B%. Find A,B that maximize the
utility given

P, = 10
Py = 5 490 = 104 + 5B
Y = 490

. max U =504 + 2008 — 0.5A4% — 2.5B

} o = 50A ri00d ogh’_; B0 (Ln‘o ~M.39

subject to 10A 4+ 5B = 490

4~ 30 o NV e
B* = 38 a
U*(A*, B*) = 5,040
_ I |
[A| =525 > 0 max. 2 (/(IK.;XL’ -
()OQ )XZD“ V]
U(K,Ry)
7 K
Application: Expenditure Minimization Problem
i \
Objective function min[E = D121 + P2y 7(1 E Min
Subject to U = U(x1, x9) 6
- \
L= D11 +p2x2 -+ )\(U — U(xl,l’g)) ‘(7
— 1
FONC — <
Li = p1—Au(zr,22) = 0
Ly = py— )\UQ(QL‘l,l'Q) = 0 Z—; = 5—; and u = u(a:l, .I’Q)
Ly = u—u(zy,x9) = 0 Je
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SOSC |H| < 0 min.

ex. U =50A+200B—0.54%2—2.5B? and consumer would like to have
a utility fixed at u = 5,040. Find A and B that minimize the expenditure
given that P4, = 10 and Pg = 5

-.min F = 104 + 5B subject to 5,040 = 504 + 2008 — 0.5A42 — 2.5B2

= A* = 30
B = 38
E* = 490

Duality: Given that household wants to maximize his/her utility func-
tion given the budget constraint, that particular household can also mini-
mize the expenditure given the desired level of utility. We claim that the
solutions for expenditure minimization and utility maximization are the
same. Let’s prove this statement:

eX. U = T1X2 given pi, P2, Yo
mMaXy, z, W = T1T2 subject to p1x1 + pars = Yo

L = x129 + ANyo — p121 — paa)

Ly = 29—Ap1 =0 = Ty = A\p1
Ly = 21— Ap2 =0 = T = A2
Ly = pix1 + para = Yo

. L=DQ = To — ml’l
X1 D2 D2
* P1 k)
= p1x] + pa(5re]) = o
*
2p1$1 = Y0
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Chapter 9 \ @ Sul dhihihen rdl\u\ EBC)M" ﬁ‘;
= gt =L Co=Blyy) —= '{%‘U )
L= 2p,
L2 = 2, 809C - Hesstun
@ oL = ) +a 83653
glimr;E = P11 + P22 FoNC (;.L JL
st. 1 +x9o =1 &)‘ d-,' &a . %
c A( ) ik lH‘W ™ ’“Pﬂii
= P1%1 + P22 + AU — T122 - (< 49
|Fl<o ™. B, 4
FOC:
»Cl = —)\262:0#]91:)\132
LQZ —/\$1:0:>p2:)\331
,C)\ = 1T =1U
i—?: b il’g—&l'l
a=uf- (2)
vai= JED i
x5 = /(Fa) nLl T
Application: Profit Maximization Problem D
Objective function rg%zcﬂ g + P22 — c(q1 qg) \_\ DLl = TIZ
Subject tolQ_o =q + @ | < -
/»C = piq1 + page — c(q1, @) 4XQ — @1 — @)
FONC
S@ﬁ L1:p1—61(Q17QQ)—)\=0}" . 5 _ '
5%} Ly =ps—c2(q1,q2) = A =0 (‘pl @ =p2—c2and @ qﬁ—i)

Jal Li=0-a -9 =0
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@
A
ol

0 (. o1 | 'H\?o,rb\x
) 0 = e
SOSC [A>0 max. N[ = | ! Ay ‘ é( o
~~— \ ol & ey

ex. Suppose that p; :&)_, po = 100 ,lTC’i: 100 + 0.1¢? + 0.2¢3 and
q1 + q2 = 325. Find ¢ and ¢y that maximize profit. /

max = 80g; + 100g; — 100 —0.1¢7 — 023 subject to g1 + 43 — 325 l
q1,92

\

= £ =801 + 100gs — 100 — 0.1¢% — 0.2¢% + A(325 — ¢ — o)

"

\
FONC i constratwt .

= V. - ‘20 =0- -
3 V) 02‘21 A S k0 022‘ 3’0.227+KD=*0)Z}’0.
2 =3l = (0-04¢-%=0 7 bo-04g =2
0%

&
|
Qo
‘-
"

o5
(N
Q@
—
v/

_ - 022 *04% ~ 8.
o 315-9-9, =0

sosc |H|=[©° { 1 |=éeo
hag T 1<1 0
- 0 —y ‘
1 & 12[ 72]/‘ ' i“_
:l'é ? = 4—75
Application: Output Maximization Problem-UQLj )
= 915-44
MoK & Objective function| Hll{aE(Q = Q(K, L) Afﬁ 74 3
| ™ /
@l M‘K Subject to C = wL +rK —~

L=Q(K,L)+ XNC—wL—rK)
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We can find Q*(K*, L*) , K*, L*

B 0 r w
SOSC Also check ’H| =|Tr QKK QLK
w Qrr Qrr
| d L | ‘
ex. Suppose|Q = Kl:‘ ,w=6,1r=10, C = 60. Find K and L that
maximize outputed ¥ _¢p o W
st T=e0 oly= L= lo
max Q = KL{ subject to 60 = 6L 4+ 10K oJd =K~ (X
AN
& =KL + X (60-6L-10K) = L*=5K*=3 OLai Lo~ L —lel
|H| =120 >0 max. 2 Pt R
h/thkt) — {K=3 =5 @ =05
- U P
- o My %, b oo f
. Application: Cost Minimization Problem
min eled) : }
A'Vﬁ Objective function %1}}0 = w”€+ 7“’5/( ‘ k
Subject to\@ = f(K,L)
L=wL+rK 4 \Q — f(K,
e (L)
| FONC | Mininidy cosh 7 r\

éfl = LK =r—= )‘fK =0 * * Tk

;ﬁL: Lsz—AfL:o} - CK L7 K

o p Ly = ) — K,L =0 —

3
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/ =15
+
ex. Suppose Q = KL. A firm will produce 15 units of goods. Find K
and L' that minimize-total cost given that w = 6 , r = 10.
M

% N
Min C(w,rF6L +10K
I\DQ -S“bQ Q r
st. 15 = KL /F@C/goLK,LL>LZ:0 :7%[.)')(
L=6L+10K+ 15— KL e
0K+ X )7~ soc- | |
= K* = 3 {k;\z%' fzs)(‘_,:ééj
L* — 5 ¢
g = —60<o YN, Q=15

6 n-choice Variable and Multi-Constraint Cases

6.1/ One Constraint

Objective function z = f(x1,x9, ..., 7,)

Subject tom (one constraint)
4V %

L(x1, 29, ..., 2,) = f(a1, 29, ..., T,) + \{c — g(x1, 79, ,xn)]

Ly = fi=21=0 )
Ly = fa—Ag2=0
: > (n+1) conditions

t~
S
|

- fn_)\gn:O
Ly = c—g(x,29,...;,) =0 )
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0 592

) g1| L L
SOSC |H|=|92| La1 Lo

9n

d?z is positive definite st. dg = 0 if and only if |Hs|, |H3|, ..., |H,| < O‘ /
always negative = |Min Z —

d?z is negative definite st. dg = 0 iff'{Hy| >0
|Hs| < 0/

(—=1)"|H,| >0 alternate signs ﬁl\/{a%!
Mo

ex. min C = wLL +iK + T find K , L and T that minimize cost

/

st. Q = f(K,L,T)

L=wL+iK +rT+XQ — f(K,L,T))

9-16
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6.2 k Equality Constraints

Objective function z = f(x1, z, ..., z,) subject to constraints:

s\

\‘le (o1, 09, cyn) = a1 & 0
2 xl,ﬁCQ,---,xn) = G < {2;1
k‘l'\ @xl,zg,..'.,ﬁn) = Ck: &~ 12?(}

= L= flxr,22 . 2) F e =g (] +Xalea— g7 ()] 4+ ++Ai[er — " ()]

_ )98 _
Ak&m =0
n equations
_ )\, 99" _

k equations

% 9y
93 9n
g5 g
9 9{1 o gy | /Lu L --- L,
g lgs - g5 | Loy Loy -+ Loy,
1 :2 ‘. :k N : ‘. N
|g” Gn =" In | Lnl Ln2 o an'(n+k)X(n+k)

,’r’
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Consider (n-k) bordered leading principal minors:

b v
|Hk—|—1’7 ‘Hk~|—2|7 SR ‘Hn

|
A N

Max of z, sign |Hyy1| = (—=1)%! alternate sign for |Hj 5| and so on.

Min of z, sign@: (—1
mku'R

&X. 2 = f<$17x27x3)

)kxtake the same sign

7

st. g(x1)x27x3) = c and h(x17x27x3) =d

€= Sl an.a) + Ml =gl + el =1 o o Yp het ooy,

FONC: n\\ L:1)=> lH |'|H2| ‘1 | MAK. MBK. k-| > \hkﬂ\= 5 :(«1)la \>0,
/]ﬁ <0 /|FA>O//
g J m@
b an
A <o s
\Fig| < ’

SOSC: n=3,k=2 = n-k =1 only one bordered Hessian matrix

o _ . _ - - 21|
| = |Hs| or [ Al = ol = 18, [H <[]+ GO =-1<0.

0 0 g1 92 93
0 O hy he bhs
O Hsl =gt b Lu Lig Las
g2 ha Loy Loy Log
93 hs Lsi Ls» Ls|, .

max if |Hyy1| = |Hz| < 0 because sign of |H3| = (—=1)*™! = -1 < 0
should be negative

. /
maxif |Hk\/| |H3j 0 because sign of |Hz| = (—1)?> = 1 > 0 should

be positive
“‘\l.-p(e\) € )"\?Q
9-18
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ex. z = f(r1, 9, 23,25) N=4 =2

M. M~ AN ANV

st.(g(z1, x2, 3, 24) =

@1@2@3@4) =d
FONG: o = *F(x,,u.,\(q)t‘}\ (C—g)u‘\z(&-k)

SOSC n=4,k=2 = n-k=2bordered Hessian matrix.
" 3

0 0 91 g2 g3 2
R (O I A A 1 NS ./
Consider |Hyy 1| = |Hoy1| = |Hs| = |91 h1 L Lip Lis b
g2 h2 L21 LQQ L23 2‘1WI (1) = 6!7(0

g3 h3 L3; L3y Lag /lﬁk ‘:m ‘<0
£ (@

0 0 g1 9 g5 94
0 0 hy hy hs hy /(H)?O
3 T Tl |91 hi Ly Lia Lig Lig
Hiveo] = ool = [Hal = g2 ha Loy Loy Loz Loy 19 MM, (1) ("ﬂ I>9.
g3 hs L31 L3y Lsg L3y i
>0
94 ha Lan Lo Lz Lua|, ;113(
LH9(70
max if sign of |Hyy1| = |Hop1| = |H3| = (—1)*"! = —1 negative

or |[H3| < 0 and |Hyyo| = |Hy| > 0

min if sign of |H3| = (—1)? = 1 or |H3|>0 and |H}, 2| = |Hy| > 0

9-19
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(eb)x(mk)
ex. Given objective function y = f(z1,...,x3;) and 22 constraints
1. What is the dimension of H? “'\1 , l( L = ‘
= 8S Qo) (nek | (35t22) ¥ (36112)
ke 92 = ||
: : : = S7 xS7
2. What is the dimension of Z€10 matrix inside H?
= o |00, ! 2
Oy - |5
3. erte SOCs for max. %T | 010
21| . (
( - ‘1) < O é’%\ \
n
lq | (k) = 251=13 ’a}:
‘\ - e
2. mx s (M \H%l;O \Hszo ) IH“l\
\ 2 N BH‘ (Hﬂ73§]
7 Other Economic Application
7.1 Homogeneous function CRTS Wm "f&" ) e o
K
F(Ax,\y) = NF(z,y) =2 =1t Flaxny)=akxy) =
oy - Sse sky.

where 1 is a degree of homogeneous function. m

r can indicate 3 types of return to scales (IRTS, CRTS, DRTS) ?-t:;""
r oler
Q- KL | rot e F(an) = A Flxy) IRTS
| s F(axy)= A Flxy) DRTS.

Ko, Ly = Qo= KOLO

—

5 T=2 .
)\Ko,)\LO = Ql QK}@L>_ )\QK()L() )\2620

If r = 2, then if we increase both L and K by 2 times, then the level of
output would be rising by A\? = 22 = 4 times = IRTS

Q=kL ¢ ILTS.

9-20



Q =t

T=1
Uab} = 6,= kel 7
Chapter 9 {(XK, '2\]—.,\ = 0= XAl = X (k‘tL,) ?‘Q,,, CRTs.
%\Q _K41)
Q()\[(Y(, );é) = AKo+ Moo= MK + L) = \Qo(K,L) = CRTS

ex. |Q = K O‘Lﬁ’ What should the value of o affd 5 be such that Q has

a property of CRTS? CR'[S (9\(9« )M' ?\ &(t L)
WL D QK 1) = KoL e

B> o = orron 8EL) = (ak) ('pr)

_ AFTOKOLP
= \Q(K,L) K
% X
a+f8 <1 DRTS = 2L, Al L}
a+p=1 CRTS . oA+ X
a+8>1 IRTS = 2%y, Ry
Recall AC—% & - ?\o{j&. @0
AC
ohtp=1 CRTS

at IRTS, + TC by 2, bit 1 Q >2 = AC |

—— | ———

DRTS, + TC by 2, bit 1 Q <2 = AC 4

AC\L QM mity 5 TCT by <2 = AUH \L
| | G Th
At @M byo ik STy 5o 5 ac - ten

(§)
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AC = T1 ! &T) \l’
Chapter 9 M(&o) - 2'& Z} 8MPP3>( &°< &f (@"‘)
ex[TC =270 ] k@) -2 62 Kw-2 0%:,4(@

IRTS . Q1= AC |

Q
S FQx, \y) = XF(x,y) if r=1 , CRTS = AC constant
r>1, IRTS = AC |
r<1 , DRTS = AC 1

7.2 Types of Goods

ex. L : T+ \\(R ﬁ lSUJaS]l’}ld(// loo~2x-y =o-

v = \ 1-2&% 20 & d=08
00 Q

P
[-% =2 & Ac|
L=z+y+ 100 — 2z — y)

I
(1st approach):
—~— Qm‘{mlﬂb" )
FONC
L 100 — 22 — y 0
[,x 1—2\ 0 , Lagragian cannot solve the corner solution.

~— —_ =

1—A 0

NAR Xty
(2nd approach) MU, = 1 = oV A{’ 2)(*& = 100 -
MU, = 1 M =N = —
MRS = 1 ¢
*. A consumer should buy more Y - it is cheaper and give same MU
P =2>HB : Ko
\:> Demand for x = 0 and Demand for y = 100 é{ A Py Y=oy
0o
This case: = =2 =0 > |[MRS| =1 | E\
— - Ic

How abou@;UW@ L —— — ¥
| Z | = |MRS| P P -
/ ‘ ﬁ‘: < MRQ | = X';[ee/ é[s 0.

o7
$ A
9-22
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ex. U = min [x,y]

B
©

—
ﬁ
A

oo@ L\Jkrjl%
S =

“perfect complement”

)

ex. U = min [2x,y]

— n=v  Go=u (0=l

kink point is 2x =y
(L((L)= VZ
(‘)3)"[/}
ex. U = min[x,y] :
P, =2 %‘
P, =1 « 2Xt4§ =]00 .
! 2 100 £

(1st approach) £ =min[z, y] + A\(100 — 2z — y)

*

Solve for z*, y °z;k -
OLJ— = %

oy = o
(2nd approach)

kink poﬂ and budget constraint: 100 — 2z —y =0

X’l j )(Vz 19@ y y': % )

lﬁ”’ﬂ(s#zo 3
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