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Optimization under Equality Constraint

Panit Wattanakoon

Faculty of Economics, Thammasat University

1 E↵ect of constraint

Suppose that we have a function with one choice variable and we want
to find its maximum/minimum point:

max
x

y = �x
2 + 10x+ 4

dy
dx = �2x+ 10 = 0

x
⇤ = 5

y
⇤ = 29

d2y
dx2 = �2<0 maximum

This method is called “unconstraint optimization.” Consider a di↵erent
case which we impose a certain condition on a function:

max
x

y = �x
2 + 10x+ 4 subject to x = 0

We call this problem as a “constraint optimization,” when values of x
are restricted.

x = 0) y = 4
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Chapter 9

In this case, we set x = 0, so we call it “equality constraint.” If in-
stead, we have the problem subject to an inequality x � 2, “inequality
constraint.”

ex. 3-dimension figure

Note maximum number of constraint = number of independent variable

ex.

y = �x
2+10x+4 ) 1 independent variable = 1 maximum constraint

y = f(x1, x2) ) 2 ind variable = 2 maximum constraints

y = f(x1, x2, . . . , xn) ) n ind variable = n maximum constraints
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Chapter 9

2 Constraint Optimization

Suppose that a consumer has the following utility function: U =
x1x2 + 2x1, given p1 = 4 and p2 = 2, this consumer’s budget constraint is
then: 4x1+2x2 = 60. What will the optimal combination of goods x1 and
x2 that give the highest utility subject to budget constraint be?

We can solve this problem using 2 approaches:

i) Substitution method: Substitute the constraint into objective func-
tion and solve for an optimal choices:

4x1 + 2x2 = 60 ) x2 = 30� 2x1 substitute into utility function

) U =

=

FONC dU
dx1

=

SOSC d2U
dx2

1
=
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Chapter 9

ii) Lagrange multiplier method: Convert a constraint optimization
problem into an unconstraint optimization problem)

L =

L = ) give the same answer

L = L(�, x1, x2)

FOC : @L
@� =

@L
@x1

=

@L
@x2

=

3 unknowns and 3 equations solve for �⇤
, x

⇤
1, x

⇤
2
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Chapter 9

3 Interpretation of Lagrange multiplier

Consider the problem max
x,y

f(x, y) subject to g(x, y) = c

Solutions are x
⇤(c), y⇤(c), f ⇤(c)

f
⇤(c) is optimal value function AND d

dcf
⇤(c) = �(c)

Lagrange multiplier � is the rate at which the optimal value of the ob-
jective function changes �f(x, y) with respect to changes in the constraint
constant �c.

In economic application, c denotes the available stock of some resources,
while f(x, y) denotes utility, profit, etc.

df
⇤(c) = �(c)dc is the change in utility or profit that can be obtained

from dc units more of the resources.

Thus, � is called a “shadow price” of the resource

ex. for cost minimization problem , � = dC
dQ0

= MC

utility max. � = dU
dY0

= MU of income

profit max. � = d⇧
dQ0

output max. � = dQ
dC0
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Chapter 9

ex. Objective function: z = xy subject to x+ y = 6

L = xy + �(6� x� y)

) x
⇤ = 3, y⇤ = 3,�⇤ = 3, z⇤ = 9

ex. Objective function: f(x1, x2) = x
2
1 + x

2
2 subject to g(x1, x2) = x1 +

4x2 = 2

L = x
2
1 + x

2
2 + �(2� x1 � 4x2)

) x
⇤
1 =

2
17 , x

⇤
2 =

8
17

9-6

Foca La y y a O 7 yea

Ly A A o XI

La t x y o Yay

ai i aX 3
y's3



Chapter 9

4 Second-order conditions for constrained
optimization

Recall the FONC for L(x, y) = f(x, y) + �[c� g(x, y)]
Lx(x, y) = fx(x, y)� �gx(x, y)
Ly(x, y) = fy(x, y)� �gy(x, y)

� = fx
gx

= fy
gy

Find SOSC

Lxx(x, y) = fxx � �gxx = fxx � fy
gy
gxx

Lyy(x, y) = fyy � �gyy = fyy � fy
gy
gyy

Lxy(x, y) = fxy � �gxy = fxy � fy
gy
gxy

Thus, d2z can be written as

d
2
z = Lxxdx

2 + 2Lxydxdy + Lyydy
2

=
⇥
dx dy

⇤ Lxx Lxy

Lyx Lyy

� 
dx

dy

�

SOSC conditions are:

Max of z : d2z is negative definite (d2z<0) , st. dg = 0

Min of z : d2z is positive definite (d2z>0) , st. dg = 0

where dg = gxdx+ gydy = 0

Define the determinant of the Bordered Hessian matrix as

|H̄| =

������

0 g1 g2

g1 L11 L12

g2 L21 L22

������
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Chapter 9

or SOSC conditions are

Max: d2z is negative definite st. gxdx+ gydy = 0 i↵ |H̄| > 0

Min: d2z is positive definite st. gxdx+ gydy = 0 i↵ |H̄| < 0

ex. Opt. U = x1x2 + 2x1 subject to 4x1 + 2x2 = 60. Check whether it
is max or min value.

L = x1x2 + 2x1 + �(60� 4x1 � 2x2)

FONC

L1 =
L2 =
L� =

SOSC

|H̄| =

������

0 g1 g2

g1 L11 L12

g2 L21 L22

������
=

) |H̄| =

U
⇤(8, 14) = 128 is a maximum utility subject to budget constraint.
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Chapter 9

ex. f(x1, x2) = x
⇤
1 + x

⇤
2 subject to g(x1, x2) = x1 + 4x2 = 2 Find their

critical points and check it is max or min.

SOSC |H̄| =

������

0 g1 g2

g1 L11 L12

g2 L21 L22

������
=

5 Economic Applications of Constrained Op-
timization

Application: Utility maximization Problem

Objective function: max
x1,x2

U = U(x2, x2)

Subject to Y0 = p1x1 + p2x2

L = U(x1, x2) + �(y0 � p1x1 � p2x2)

FONC

L1 = u1(x1, x2)� �p1 = 0

L2 = u2(x1, x2)� �p2 = 0

L� = y0 � p1x1 � p2x2 = 0

D(x⇤1, x
⇤
2) is such that u1(x1,x2)

u2(x1,x2)
= P1

P2
and Y0 = p1x1 + p2x2

from � = u1

p1

� = u2

p2

9
=

;
u1

p1
= u2

p2
) u1

u2
= p1

p2
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Chapter 9

SOSC

|H̄| =

������

0 g1 g2

g1 L11 L12

g2 L21 L22

������
=

������

0 p1 p2

p1 u11 u21

p2 u21 u22

������
= �p

2
1u

2
11 + 2p1p2u12 � p

2
2u

2
11

ex. U = 50A + 200B � 0.5A2 � 2.5B2. Find A,B that maximize the
utility given

PA = 10
PB = 5
Ȳ = 490

9
=

; 490 = 10A+ 5B

) max U = 50A+ 200B � 0.5A2 � 2.5B2

subject to 10A + 5B = 490

A
⇤ = 30

B
⇤ = 38

U
⇤(A⇤

, B
⇤) = 5, 040

|H̄| = 525 > 0 max.

Application: Expenditure Minimization Problem

Objective function min
x1,x2

E = p1x1 + p2x2

Subject to Ū = U(x1, x2)

L = p1x1 + p2x2 + �(Ū � U(x1, x2))

FONC

L1 = p1 � �u1(x1, x2) = 0
L2 = p2 � �u2(x1, x2) = 0
L� = ū� u(x1, x2) = 0

9
=

;
u1

u2
= p1

p2
and ū = u(x1, x2)
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Chapter 9

SOSC |H̄| < 0 min.

ex. U = 50A+200B�0.5A2�2.5B2 and consumer would like to have
a utility fixed at ū = 5,040. Find A and B that minimize the expenditure
given that PA = 10 and PB = 5

) min E = 10A+ 5B subject to 5, 040 = 50A+ 200B � 0.5A2 � 2.5B2

) A
⇤ = 30

B
⇤ = 38

E
⇤ = 490

Duality: Given that household wants to maximize his/her utility func-
tion given the budget constraint, that particular household can also mini-
mize the expenditure given the desired level of utility. We claim that the
solutions for expenditure minimization and utility maximization are the
same. Let’s prove this statement:

ex. u = x1x2 given p1, p2, y0

maxx1,x2 u = x1x2 subject to p1x1 + p2x2 = y0

L = x1x2 + �(y0 � p1x1 � p2x2)

FOC:

L1 = x2 � �p1 = 0 ) x2 = �p1

L2 = x1 � �p2 = 0 ) x1 = �p2

L� = p1x1 + p2x2 = y0

) x2

x1
= p1

p2
) x2 =

p1
p2
x1

) p1x
⇤
1 + p2(

p1
p2
x
⇤
1) = y0

2p1x⇤1 = y0

9-11

yutilily.profit.TL



Chapter 9

) x
⇤
1 =

I
2p1

x
⇤
2 =

I
2p2

min
x1,x2

E = p1x1 + p2x2

st. x1 + x2 = ū

L = p1x1 + p2x2 + �(ū� x1x2)

FOC:

L1 = p1 � �x2 = 0 ) p1 = �x2

L2 = p2 � �x1 = 0 ) p2 = �x1

L� = x1x2 = ū

) x2

x1
= p1

p2
) x2 =

p1
p2
x1

ū = x
⇤
1 · (

p1
p2
x
⇤
1)

) x
⇤
1 =

q
(p2p1 ū)

x
⇤
2 =

q
(p1p2 ū)

Application: Profit Maximization Problem

Objective function max
q1,q2

⇧ = p1q1 + p2q2 � c(q1, q2)

Subject to Q̄0 = q1 + q2

L = p1q1 + p2q2 � c(q1, q2) + (Q̄� q1 � q2)

FONC

L1 = p1 � c1(q1, q2)� � = 0
L2 = p2 � c2(q1, q2)� � = 0

�
p1 � c1 = p2 � c2 and Q̄ = q1 + q2

L� = Q̄� q1 � q2 = 0
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Chapter 9

SOSC |H̄|>0 max.

ex. Suppose that p1 = 80 , p2 = 100 , TC = 100 + 0.1q21 + 0.2q22 and
q1 + q2 = 325. Find q1 and q2 that maximize profit.

max
q1,q2

= 80q1 + 100q2 � 100� 0.1q21 � 0.2q22 subject to q1 + q2 = 325

) L = 80q1 + 100q2 � 100� 0.1q21 � 0.2q22 + �(325� q1 � q2)

FONC

L1 =

L2 =

SOSC |H̄| =

Application: Output Maximization Problem

Objective function max
K,L

Q = Q(K,L)

Subject to C̄ = wL+ rK

L = Q(K,L) + �(C̄ � wL� rK)

FONC

LK = QK � �r = 0
LL = QL � �w = 0

�
QK

QL
= r

w

L� = C0 � wL� rK = 0
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Chapter 9

We can find Q
⇤(K⇤

, L
⇤) , K

⇤
, L

⇤

SOSC Also check |H̄| =

������

0 r w

r QKK QLK

w QKL QLL

������

ex. Suppose Q = KL , w = 6 , r = 10 , C̄ = 60. Find K and L that
maximize output.

max
K,L

Q = KL subject to 60 = 6L+ 10K

L = KL + � (60-6L-10K) ) L
⇤ = 5 K

⇤ = 3

|H̄| = 120 > 0 max.

Application: Cost Minimization Problem

Objective function min
K,L

C = wL+ rK

Subject to Q̄ = f(K,L)

L = wL+ rK + �(Q̄� f(K,L))

FONC

LK = r � �fK = 0
LL = w � �fL = 0

�
fK
fL

= r
w ) C

⇤(K⇤
, L

⇤) , K
⇤
, L

⇤

L� = Q̄� f(K,L) = 0
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Chapter 9

SOSC |H̄| =

������

0 fK fL

fK LKK LLK

fL LKL LLL

������
< 0 min.

ex. Suppose Q = KL. A firm will produce 15 units of goods. Find K
and L that minimize total cost given that w = 6 , r = 10.

Min C(w,r) 6L +10K

st. 15 = KL

L = 6L+ 10K + �(15�KL)

) K
⇤ = 3

L
⇤ = 5

|H̄| = �60 < 0

6 n-choice Variable and Multi-Constraint Cases

6.1 One Constraint

Objective function z = f(x1, x2, ..., xn)

Subject to g(x1, x2, ..., xn) = c (one constraint)

L(x1, x2, ..., xn) = f(x1, x2, ..., xn) + �

h
c� g(x1, x2, ..., xn)

i

FONC

L1 = f1 � �g1 = 0
L2 = f2 � �g2 = 0

...
Ln = fn � �gn = 0
L� = c� g(x1, x2, ..., xn) = 0

9
>>>>=

>>>>;

(n+1) conditions
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Chapter 9

SOSC |H̄| =

����������

0 g1 g2 · · · gn

g1 L11 L12 · · · L1n

g2 L21 L22 · · · L2n
...

...
... . . . ...

gn Ln1 Ln2 · · · Lnn

����������
(n+1)⇥(n+1)

d
2
z is positive definite st. dg = 0 if and only if |H̄2|, |H̄3|, ..., |H̄n| < 0

always negative ) Min

d
2
z is negative definite st. dg = 0 i↵ |H̄2| > 0 ,

|H̄3| < 0

...

(�1)n|H̄n|> 0 alternate signs)Max

ex. min C = wL +iK + rT find K , L and T that minimize cost

st. Q̄ = f(K,L,T)

L = wL+ iK + rT + �(Q̄� f(K,L, T ))

9-16
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Chapter 9

6.2 k Equality Constraints

Objective function z = f(x1, x2, ..., xn) subject to constraints:

g
1(x1, x2, ..., xn) = c1

g
2(x1, x2, ..., xn) = c2

...
...

g
k(x1, x2, ..., xn) = ck

L = f(x1, x2, ..., xn)+�1[c1�g
1(·)]+�2[c2�g

2(·)]+ · · ·++�k[ck�g
k(·)]

L = f(x1, x2, ..., xn) +
kP

j=1
�j[cj � g

j(x1, x2, ..., xn)]

FONC

@L
@x1

= f1 � �1
@g1

@x1
� �2

@g2

@x1
� · · ·� �k

@gk

@x1
= 0

...
...

@L
@xn

= fn � �1
@g1

@xn
� �2

@g2

@xn
� · · ·� �k

@gk

@xn
= 0

9
>=

>;
n equations

@L
@�1

= c1 � g
1(x1, x2, ..., xn) = 0

...
@L
@�k

= ck � g
k(x1, x2, ..., xn) = 0

9
>=

>;
k equations

SOSC

H̄ =

�������������������

0 0 · · · 0 | g
1
1 g

1
2 · · · g

1
n

0 0 · · · 0 | g
2
1 g

2
2 · · · g

2
n

...
... . . . ... | ...

... . . . ...
0 0 · · · 0 | g

k
1 g

k
2 · · · g

k
n

� � � � � � � � �
g
1
1 g

1
2 · · · g

1
n | L11 L12 · · · L1n

g
1
2 g

2
2 · · · g

k
2 | L21 L22 · · · L2n

...
... . . . ... | ...

... . . . ...
g
1
n g

2
n · · · g

k
n | Ln1 Ln2 · · · Lnn

�������������������
(n+k)⇥(n+k)
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Chapter 9

Consider (n-k) bordered leading principal minors:

|H̄k+1|, |H̄k+2|, . . . , |H̄n|

Max of z, sign |H̄k+1| = (�1)k+1 alternate sign for |H̄k+2| and so on.

Min of z, sign |H̄k| = (�1)k+1 take the same sign

ex. z = f(x1, x2, x3)

st. g(x1, x2, x3) = c and h(x1, x2, x3) = d

L = f(x1, x2, x3) + �1[c� g] + �2[d� h]

FONC:

SOSC: n = 3, k= 2 ) n-k = 1 only one bordered Hessian matrix

|H̄n| = |H̄3| or |H̄k+1| = |H̄2+1| = |H̄n|

) |H̄3| =

����������

0 0 g1 g2 g3

0 0 h1 h2 h3

g1 h1 L11 L12 L13

g2 h2 L21 L22 L23

g3 h3 L31 L32 L33

����������
5⇥5

max if |H̄k+1| = |H̄3| < 0 because sign of |H̄3| = (�1)2+1 = �1 < 0
should be negative

max if |H̄k+1| = |H̄3| > 0 because sign of |H̄3| = (�1)2 = 1 > 0 should
be positive

9-18

I d t

e t

net ste
E.nEii.aimODexn

5sk I note 4
HI HII tH nax.mkt sltmfltiaf.fi aoi in

p1117316

t.si 1 iitsi

I IHI.latTs C if't Iso

min
V

latest.sk El 170



Chapter 9

ex. z = f(x1, x2, x3, x4)

st. g(x1, x2, x3, x4) = c

h(x1, x2, x3, x4) = d

FONC:

SOSC n = 4, k =2 ) n - k = 2 bordered Hessian matrix.

Consider |H̄k+1| = |H̄2+1| = |H̄3| =

����������

0 0 g1 g2 g3

0 0 h1 h2 h3

g1 h1 L11 L12 L13

g2 h2 L21 L22 L23

g3 h3 L31 L32 L33

����������

|H̄k+2| = |H̄2+2| = |H̄4| =

������������

0 0 g1 g2 g3 g4

0 0 h1 h2 h3 h4

g1 h1 L11 L12 L13 L14

g2 h2 L21 L22 L23 L24

g3 h3 L31 L32 L33 L34

g4 h4 L41 L42 L43 L44

������������
6⇥6

max if sign of |H̄k+1| = |H̄2+1| = |H̄3| = (�1)2+1 = �1 negative
or |H̄3| < 0 and |H̄k+2| = |H̄4| > 0

min if sign of |H̄3| = (�1)2 = 1 or |H̄3|>0 and |H̄k+2| = |H̄4| > 0
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Chapter 9

ex. Given objective function y = f(x1, . . . , x35) and 22 constraints

1. What is the dimension of H̄?

2. What is the dimension of zero matrix inside H̄?

3. Write SOCs for max.

7 Other Economic Application

7.1 Homogeneous function

F (�x,�y) = �
r
F (x, y)

where r is a degree of homogeneous function.

r can indicate 3 types of return to scales (IRTS, CRTS, DRTS)

ex. Q = KL

K0, L0 ) Q0 = K0L0

�K0,�L0 ) Q1 = �K0�L0 = �
2
K0L0 = �

2
Q0

If r = 2, then if we increase both L and K by 2 times, then the level of
output would be rising by �

2 = 22 = 4 times = IRTS
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ex. Q =K+L

Q(�K,�L) = �K0 + �L0 = �(K + L) = �Q0(K,L) ) CRTS

ex. Q = K
↵
L
� What should the value of ↵ abd � be such that Q has

a property of CRTS?

Q(K,L) = K
↵
L
�

Q(�K,�L) = (�K)↵(�L)�

= �
↵+�

K
↵
L
�

= �
↵+�

Q(K,L)

↵ + � < 1 DRTS
↵ + � = 1 CRTS
↵ + � > 1 IRTS

Recall AC = TC
Q

at IRTS, " TC by 2, bit " Q > 2 ) AC #

DRTS, " TC by 2, bit " Q < 2 ) AC "
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ex TC = 2
p
Q

AC = TC
Q = 2

p
Q

Q = 2p
Q

IRTS ) Q " ) AC #

) F (�x,�y) = �
r
F (x, y) if r = 1 , CRTS ) AC constant

r > 1 , IRTS ) AC #
r < 1 , DRTS ) AC "

7.2 Types of Goods

ex. U = x+ y

Px = 2
Py = 1
I = 100

(1st approach): L = x+ y + �(100� 2x� y)

FONC

L� = 100� 2x� y = 0
Lx = 1� 2� = 0
Ly = 1� � = 0

9
=

; Lagragian cannot solve the corner solution.

(2nd approach) MUx = 1
MUy = 1
MRS = 1

) A consumer should buy more Y * it is cheaper and give same MU

) Demand for x = 0 and Demand for y = 100

This case: Px

Py
= 2

1 = 1 > |MRS|

How about | Px

Py
| < |MRS|

| Px

Py
| = |MRS|
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ex. U = min [x,y]

x y u
1 1 1
1 2 1
2 1 1
2 3 2

“perfect complement”

ex. U = min [2x,y]

kink point is 2x = y

ex. U = min[x,y]
Px = 2
Py = 1
I = 100

9
>>=

>>;

(1st approach) L = min[x, y] + �(100� 2x� y)

Solve for x⇤, y
⇤

(2nd approach)

kink point x = y and budget constraint: 100� 2x� y = 0
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