6 Integration

6.1 Definition of Integral

For a function, F(x) that its derivative is f(x)

Or mathematically F'(x)=f(x)
a5 Orioin IV\R{)W\)\ of 'FC)C)

This function, F(x), then can be called an ‘anti-derivative’ of f(x). For example,

* If f(x)=nx"",then F(x)=x";aslongas n#0.
* If f(x)=Ce“,then F(x)=e"

s If f(x)=l,then F(x)=Inx.
X

It should be noted that a function ion does not have a unique anti- -derivative.

For example, if flx)=3%"

then F(x)=x is one anti-derivative

or El)=a w1, Fl)sa 18, (R (Infinite number of anti-derivatives)
W

ol dhert et be anb-denvahye of {’("1')

We may spot that any F(x)= x> +C where Cisa constant, can be anti-derivative of f(x).

(You can try differentiate F(x) and you will see that this is true because di(C 1=0.)
Foo = ey D c’\C = = L) (doesul wiakter whek valus of

o as | C & a tongtawnt
Hence, for this fuction f(x)=3x?, art o ay J

F(x)=x"+C where C is a constant and is called a constant of integration.

ov He @ oy ot ‘F"W‘k\lv‘»\‘) Foy whevt ey s €ox)

This process of anti-differentiation is called [NTEGRATION(,V.),
INTEERATG (Vo)

In other words, to integrate a function, f{x) is to find F(x) such that F'(x) = Fix).

A symbol for integrating a function f{x) is written as [ f(x)dx



Integration

[f()dx=F(x)+C ifandonlyif F'(x)= f(x)

where [ is called the integral sign.

Ax) is called the integrand.
C is called the constant of integration.

dx is part of the integral notation and indicates the variable involved.

REMEMBER that the integration is not unique; DON’T FORGET THE CONSTANT
OF INTEGRATION!

6.2 Indefinite Integral

If we have to integrate a function, f(x) and values of x are not given, we said we have to

integrate without a limit. Hence, the integral will be a function of x. ( loole \Whe eqg hahon

(/},, — Copntonin v\Kf') g )

\/I

= (_1-/\(.4\'
IndeGinite i w{-xnu\

From some of the differentiation rules, the following integration formulas can be derived:

1 [kdx=kx+C, kis a constant == IP(AW\ these
n+l Y Y \ ke
2 [xtdx=2 +C,n-l (vot given m exoun )
n+

3 fe*dx=e*+C
1
4 J';dx—ln|,\1+C

5 [&f (x)dx = k[ f(x)dx, k is a constant
6 lreotglx=]f(x)dxt]gx)d

{ A 'A)\Lg; \‘/\f\?& ’l'u
alw(h\{\ ¢
. . . . . . / 1 \
NOTE: we can f:l_\}gl_y_s_chh_ck:glftlrlglp‘tfeg_f?tlon result by differentiating it! ° (i\ft‘if’\ \U\(‘\lbk\,\_;x
oL wishale I exoenE

Ex.1 Find the following integrals.

O [r (9@, k=w) [ANS: 5x + C]
-\
& 5
(i1) Ix4dx (ULK@ 5 n=sy = I wide = L el [ANS: '%-+C]
Lt
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1 2 “"f\ - o JeAc
Gii) [——dx = S"K A% = AT [ANS: 2Vx+C]
Jx - ~—}-H
p
0
(iv) _[(2§/x4 —7x* +10e* —l)a'x [ANS: %xs —z—xd +10e* —x+C]

o sdubown in o sepaxme §ile

(x—=1)(2x+7) 112, 5
v) j(—~—3 )dx [ANS: 3[3 +ox 7x:|+C]

M o soluhow 1w oo W%{L
Nole thak oM ahspves W Bx \\l oL oftum/ho s contlmme, A e e
7 Led wWhen we do mdefivite (leqgy —€_ hgud"
L’W Ex.2: Suppose a firm has a marginal cc;’g;tL v W‘" ke M\_CT&’\ Rk
L fs)
MC = a+bQ +dQ*
Find the equation of its total cost curve.

2 3
[Ans: C(Q)=aQ+ 2%— + % +e. eis the constant of integration. It is the value of C(Q)

when Q =0, i.e. the fixed cost of production.]

If a value of f(x,)[initial boundary condition] is given,

the constant of integration (C) can be evaluated to obtain a specific equation.

Ex.3: If f'(x)=2x and f(l)=4, find f(x). [ANS: x> +3]
fooy sofwdx = 2ic = AHC ) Guren £0) =4 L 4 =14
Thertfvre L) = 3 5

Ex.4: Find the function f(x) whose tangent has slope \/ x\}x\/— for each value of x and

oL . Tl = Soyjwnce { (X) WT:‘C 15

= S ey pﬂ* whose graph asses through the point (1, IKL 1 [ANS i;vc + 7]
T ) v 7SN 7 IS T2 15

ﬁ\)-~| Py = ST = Lot x

S

H-h‘_‘_‘_-_—-___'_____—‘__—__—
(odr . 25 4. 2% ag_xjsfs oen F T, 1= Enc
Z 4+ S~ " H\’ > :_3 L
g =z , C-=Z « fa)s
Ex.5: For a firm, the marginal cost is MC =30 +4. If the fixed cost are 40, find the total it

cost function C( &) C/Ca) [ANS: C=%Q2+4Q+40]
Meanive, (o) = i
(@)= [38re - 38 s ¢ anivey () =t
2

6‘:\"% QCO)-‘»LI—U:-‘—-? 4o=c 2

vy LB = EQ T+ + 4O
A\ Qi QNSWES W EX 2 — RS vt b‘\“’*’h‘“‘” % Lontar e Vo b’ (Qor ')Q
b Lot even p btuvidavy ( condifion 1% j“‘et’\ W\é‘j ave Ml v debuire \\’\\1»“)‘”&)‘5
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If there are n numbers of constants of integration, n numbers of initial boundary conditions

f(x,) are required to evaluate all constants of integration.

4 3 2

Ex.6: If "= x* + x+1, find y(x) for [ANS: -i‘—2+%+%+c,x+c2]

*y'e [Prrenpa < 'a_tgi ¥ ?L_-,i«\/;:o\rcl
'
) g A |L“' A\
S:\g“{%k %-\"K/‘\'C\)AX— = -\’,}E _,\__gf_:_)_"_\_ o XC Nooned J\‘N?o
TE- b 2 - beand

|

3 conditions

| 4 3 2
(i) when y(0) =0 and y(l) =% ' [ANS: _{_+%+x_+ x)

Y>>0 = g
D*>Le L &l il 40
s g

‘,C_, _7 /5 &_ i s \X/L“ *%3 ll_\__x
. Aﬂ-_ IS e e '_:\ [ Iﬂ — -‘E:"/,):

¢ 4 & (o 2
4 3 2
(i) when y(0)=0and y'(0)=0 [ANS: %+%+%1
i) = 6 = C pwre P35k 4
A

8/(0)10 = %+%+O+C\ ~';-_>C1"—"'O

s Ry B

J T ¥ =z

NOTE that if y'(a) and y'(b) are given, these are not enough because C, cannot be

determined.

7t SIUO 1S givew b be = M than we o wrike

44 :O\B*al)(av.}cﬂ 4y
= T = T
3 P \ bolh equationsg

gim'l\cw\ﬁ S Q/U@ [ S\WCV‘ 2 be n Ao wot contain Cop

= = - T O y = i Jr b
n = _b_} 5 E—- A b A C\ ______(4}) Sg‘ \LQ/\;J ave  nov aebu

R P W e want 40 And
Ex.7: Given the marginal-revenue function MR = 2000— 200 -30*. Find the demand Cl
function. [ANS: 2000-10Q - Q]

Hint: If there is no product sold (Q = 0) then the revenue is zero.

(Sdekion N & Sepavedre Al
i
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6.3 Power Rule for Integration and Integration by Substitution.
This ?Owe(“ ruke 13 ap,hm,ttﬂ e Sawe cus@ wr 0.1

ASMA w evrder  {o Mhiavo&e, . ([u(x)]"”J [u(0)]" -u'(x)
ot et levadledse

we must QUrromge {hhe ol

givavx dﬂhva)\"w‘t 4 leole J'[u(x)]"-u'dx=%—«+c Tm hz\(wp»] as tmuj ag

gm,tlcw {-‘9 OV\(},/DY mote OF HAOS—Q Lo ol T S’JE‘LL L:w_wu [’l‘@w -\1 i<

'1"'( Mul g O- O W b, gL S (x)_d_x:‘u i r‘:“"("—\“ nwle \n led-gi'\wih}t-v\

n+l

Jwn this ccwe) we May hee J[u(x)]"du=:+l+c Power Rule

[L( Cr/ﬂ b ) by b vew/awmuda e b ol B ap ] 0y = . txoumple
[ﬂ-.lCLJ 'I[T*'r

n+l

If u is differentiable and a function of x, then [u"du ==

Cifn#-1.
n+1+ ifn# a,Lch( S’b"ﬂ

|
l-}élwular l’]_) V\.LLQ, Lm
Ex.8: Find [(x+57dx. = 1y b mahe Hhis Lol jx‘”‘dw- g

. . ; S &
\m\/u.@ nb.2L {19 swhstitute Xts = WU P,
Integration by substitution, try u=x+5=du=1dx £l [fj cha b= Lo
6 &9& = KQL{
Sy o5 MW o du _
J(x+5) dv=fu'du == +C L oy A (el
2 6
Substitute u gives [ (x+5)5dx=%z—+c
Note that you MUST give the answer explicitly in term or x NOT u.
4
| E AU =6 AX. (6x)?

Ex.9: Fmd[%/cs_xdx (Hint: u=6x) - ;. ,_@ [ANS: #C]

TV?’ ax = | Tt d‘)\\"@gf u.c - (Ggfic
B

B ol TR

e——

rrrs Hd“w"i'f LE J(\) e 8
A2 v du (e fore wiegrde by wsing doc= clw MmO

Ex.10: Show that [x*(3x* +7) dx m—?;?)— (65 [Hint:u=3x"+7]

\(%"u dx = hee we hove o C)Mvvua,(_ “ﬁ‘m + e an e;xpr&ssim
n torms of W omd W dxr +o mv\g,ﬂ“lg

\'ﬂ \-el‘“mg. of dM
As ;U(%?L 7 =2 dy = Q% Klluga\x &\/{{u du
..t{:j b 1 &7(,: A A0 ) t{’
q,Lq, ‘,!/ - g :t_k_}cﬂu\ U
Ctﬁ)B =% :[Titl'ms T 7 o %G»
K t\j,\t(/\/\ Cb\'[ oot 2 4
?> bl(’,\/t\h‘) donH 4 \Q;{(\ ® L
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6.4 More Integration by Substitution

Let 1 be a function of x,

Ie"a'u =e"+C

jla’u =Infu[+C
u

Uzax D du=adx
LA <= A
a.

2B
1V

Ex.11: Show that [e“dx = le‘”‘ +C.

e - Ty
fedL- f%&m_

[Hint: u = ax |

ol
I T TG S
o
Ex.12: Show that _[a‘dx= S e

Ina

Ex.13: Show that [((2: +1)e™dt)= ™ +C. [Hint: u=1>+1]

7t

Ex.14: Show that | 5

dt=-Lmlsi> ¢+ C.
6 10

Fill in the table by specifying the substitution you may choose for each integral.

Integral Substitution u
1. J(Sx + 4)% dx
2. j(i)dx
3—-x
8, Itez"zdt
4. jr(z +12) dr
3
5. |———=4d
'[(Zx = 5)4 g
6. Ixze_"!dx
el‘
7. d
'[e' +1 t
t+3
8. |—=d!
'[ Ve +61+5
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6.4.1 Integration Hints
» Try to arrange the integrand into a familiar integration forms (seen formulas). If you

can’t find the right form, try some more! There is no shortcut! ONLY PRACTICE!

»  When integrating fraction forms, sometimes a preliminary long division is needed to
get familiar integration forms. ([ ndorsyanm Haie ﬂ,\mvﬂv\ -EX.IS‘/ EX. )b BX |7
‘ ' y = :
Ex.15: Show thatj(iﬂ)dx= x—3]n|x+6|+C.
x+6 -
S X43 s problomakic becoure TF swestiure U = o, we shill have
AL IR Pae _‘,Ut) i H\'Q/ WOV\- For gumﬂz\iuxf) e Haiy
T Mx 3
l\@ Jo a,mmvwﬁt S . N wheve C = cov sFanis, Iu\ it cane x42 Ql

wn¥b Wl At
Loy - L oo X oL S50=3 0 Kl -3 WX = x 2 |n(zte)
b L L b Gt

+c

i e RV 2
Ex.16: Show that j(x—J”‘;—-3"—3de=%+ x+Infx? -3+ C.
x —

al’x=§.rc2 +§1n|xl+C.

2
Ex.17: Show that j[g" e J =

y 2_
\/\W Exi18 Show that | &1 *5 o 2 _axs Zimpax-1l+C.
" 3x—-1 3 :

2 6
R(’\) Fxld: Show ‘hatf?x(xzﬂ)’dxzﬂw. Kook, - W Ktwhy
S 6 - o Pfcwhom) ) e cukshitvho
‘iﬁc&\\’\_nf_i\,\_&

\\WL (/\) Ex.20: Show that [ x'e** dx = L s,
/ == 16

Ex.21: y'=(3-2x)",y0) =1 y(x)=". [ANS: —%(3—2):)3 +1—21]

Ex.22: y"=}17, y(=D=1y1)=0,y(x)=". [ANS: —In|x{]

Tn oovcdlusion trom EX. (S - &Y. 18, i the eqels lottuin fecehons
7

Mmoo = i the power of M(X) equals er \CUC(]‘U(‘ than  hx)

I vide M wikth MX) Yo gk O(x) + C
. : V1 C LR Mrlaeix p )
\\j(_/\i \/\(\'\J\Q) “\—3&‘ hb \",L\ AV ] ﬂ MF]T}LD

before  dotnn oy nkeqradnon,
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6.5 Summation (Revisions)

2. = notation for summation called ‘sigma’.
i, k =index of summation (a ‘dummy’ symbol)

0, n = limits of summation

5
Ifn=5, Xi=0+1+2+3+4+5

i=0

5 5
Ex.23: Show that ) 3i* =33 i .
i=l

i= i=0

ANS: 37 =3(1)> +3(2)° +3(3)” +3(4)* +3(5)°

Mo

=312 +22 +32 +47 +5?)

=3ii2
i=0

iCx,. = C_Enlx‘.

i=0 i=0

n(n+1)

Ex.24: If Sk =1+2+3+....+n, show that| S k=

k=1

is the general form in term of n.

e
I
[\

ANS: Let S:§]k=l+2+3...+n (D
Reverse S=n+n-D+(n-2)..+1 (2)
(DH+(2) 285 =(n+D)+(n—-1+2)+(n-2+3)+..+(n+1)

28 =(n+D+(r+D+(n+D+...+(n+1)

28 =n-(n+1)
S:n-(n+1):ik
2 k=1
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5 100
Ex.25: Find) iand ) i. [ANS: 15, 5050]
i=1 =1

6.6 Definite Integral as an Area under a Cutve

Area under a curve can be expressed as a limit of a sum of terms called a definite integral.

b
A= I f(x)dx=Area under a curve between x = [a, b]

A
y
fx)
> X

y“ Over y“
o O B T ooepyse
VN R ; | : ST, I
for) 17 ; . : et | e RN NN
o SN DB L b N ORRIN

a ) ' ' b % R B S : b %

X1 X2 X3 Xq X5

H—A—‘Y—J%_H_J

Ax, Ay, Ax,  Ax,

4
A= F(0)Ax, + f(x3)Ax, + f(x,)Ax, + Jxs)Ax, = Zf(xm)Axf
il
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AR
- Q
1
'
I Sy
)
'
““
_"l. IIIIIIIIIIIIIIIIIIIII
'
o
_-1 |||||||||||||||||||| -
."__
L
g L N oo s
(R
(el I
LT
I I e, L Ay
TR T
R T 1
Eers B N ' -
1o Lo [, | (S,
Big: b T
el R ' '
by b ' ]
Yy Vo [l [P,
' ' 1
O T =
o
St
L
o
R
L
“ AR
=
o o
A -
AT 3
1
i
e e S 3
= )
=]

R I
U"." m
" o
S I L S
@ ' o
P 3

_" '
' '
{ | benes 2
[T | 1 "
[ 1
R -
[ ' 1
6 .
— 3R
-~

Z J(x)Ax,

A" = f(x)Ax, + f(,)Ax, + f(x3)Ax + f(x,)Ax,

i

10
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Yook

2- ----------
f(x)=2x

-

=
Il

—%]=

8
&
4

et
4 2 8
|

A =—x2=—
A 4 =7

2

) Pl dfevatras: i

Estimated area (Over estimate)

§4=A,+A2+A3+A4=[H2+TSMJ—%

Over estimate by = % -1= i

~

-~

Al= R0 B[V AL

AN AN I
Il
p—
1
]

I
42

™~

[SER

=T SN

P e
4 2 8
Estimated area (Under estimate)

0+1+2+3)_3
8

[acerm sl §4=A1+A2+A3+A4=[ “Z

Under estimate by =1—

&=

3
4

11
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y=f(x)=2ux, x=[0,1], Ax =

SYCRYCRYS

1
4

() so-LrowtoL)ao2)-

+

1)

1
4

s DAL sl i)
4|\ 4 4 4 4
§4=%>1 (Exact area =1) §4=%<1 (Exact area =1)
§4=§f(x,.)Ax
4 Y S, = % F(e)Ax
/ f(x)=2x
x=[0,1]
L
A iy -
—_ 6
0 > X SG:Ef(xf)Ax
123456
6 6666 6 S, if(x)Ax

i=1

SV ORYRYORTORYOR
il 4]

=~[l+2+3+4+5+6]_ = Overestimateby:%—h%

0 A )b
O

=—[0+1+2+3+4+5]—l—5— 2 Underestimateby:l—gz-l-

6 6 6
The estimated result is getting closer as the interval (Ax) gets SMALLER!

1)

% I

12
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General Term f(x) =2x Divide x =[0,1]into n subintervals. Hence, Ax= 2

=

5, =

I

et
A4

S 2%-[l+2+3+...+n]
n

]f(x,-)Ax

S :%[M]:”_ﬂ Note: Enjk =_n(n+1)
h 2 n k=1 2
S, =5/ (x)ax
i =lf(9)+if(l)+lf(gJ+...+lf(”_“l)
n"\n) n\n) n'\n n n
A {A A5
n h n n n
i =%-[0+1+2+...+(n—1)]
n
S, 2%‘[(H_I)HJ=H—_ Note: ikzn(nﬂ)
n 2 n P 9

n

As subinterval is getting smaller (Ax — 0) = n is larger = S, ,3, closer to the exact area

A.

§”=n+1 s n-1

h n

13
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Question: For Sa= ikl and §, = sl , what happen if n—0?
n n

e T ) =1im(1+l]=1
n

n—yo L EI ) n—»x!

lim§, = llm—1 = llm(l —1—] =1

n—>x n—»%x n n—y»x

limS, =lim$, =1

n—« n—a

As n— o, B and S, — A (A = 1, exact area)

n

Common limit of S, and S, = Definite integral of f(x)
1
S A=[2xdx=1
0

The common limit of §,and S.as n—> o, if it exists, is called the definite integral of

f(x) over (51—,_!2. &7&';0 ave Livats

A*—"tff(x)dx ; . mWQhG“

9% —O¥AL

For example, /7 \¢ cnbi“”i

jzxdx [xI,—l2 0’ =1=lim§, =limS§,

n—x

A” l L\Jondc\ uc ‘JLL\ h ufur} &DY\ Vot IS Haot

et

A= R\ FlOde = aveas Ayt Ay _—
o

NOTE: Definite integral DOES NOT always represents an area.

b
[ f(x)dx= A — A,= NEGATIVE. Area can’t be negative!

Buk 1f Yo want o And an aren) | have 1o spot tuheHher ﬂ”’”Fh of
‘ 14

(1N {:me,\\'o\n Crossey L—awy  ak (,uxﬂ 1-vadues betweery Hhe lim't awb.
For - esompk fre F\Chﬂf T fnd an aren Lu,mu b Fex) % r-aw
,QL/\’N\Q(\/\ A=0" L L= LJJ?'HCU lmwe " (zw\ /\‘ t\lm(/\,w .5 g F(b) dAx Hf\im

"R"\‘\ Ao wdareh % ' ) ci“f/l md SUm H«uw [’vq,(/ﬁ\”
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6.7 Fundamental Theorem of Integration Calculus

" To informally develop the fundamental theorem of integral calculus and to use it to
complete definite integrals.

" To obtain a change in function values when the rate of change of the function is
known.

; A=?f(x)dx

¥4 A = Area between the curve y = f(x), x =a, x =D,
’ ’f = filx I
y =Rx) and the x axis. = Nuwmbey
T 1 > X
a b
ya ﬂ;rligf(x)dx , A = Area function
/ ” l” i ki V y = ﬂX)
£y g A(x) = Area between the curve y = flx), x =x, x =0f,
aryy and the xaxis. = funchow contain, ey X
r' :’ ,’ L
Lol & > X

yA A(x+h) =i5:?(x)dx

Increase x by A unit

AT EA =
" A(x+h) = Area between y = flx), x = (x+h), x =,
! ’
P and the x axis.
’
i r” l” I’
T
i " /’ ’ » X
———— .
a) b

D

| //\ \_//y = fx) The different in area
?] AA = A(x+ h) — A(x)
i L
, - ﬁ(x) AL — & £ dx
’ > O 6
a X b x/ (M )

Mx+h / b = g {2@0) AL

b - ,/'(9
b

So 1f the Lwits ave fom ‘\1)5 b €q. Kﬂg\'(;x) LV

G

Thou N b e araa Wndex™ Curve (ghenn X = (A ‘[’Z' X = b
e s = / -
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Ash— 0, areal’ . /"/,] is approximately rectangle.

T AN,

Estimate to rectangle with height ;

AA=A(x+h)—A(x)=y-h

= |

= _ A(x+h)-A(x)
P X y__h—

5= AGcth) = AW

h
h—0and y—> f(x)
%‘if(}[:A(x+h;—A(x)}: £

This is the definition of a derivative of A.

A'(x) = f(x)
A derivative of an area A is f{x) the function itself.
A is an anti-derivative of f{x).

[ f(x)dx = A(x) +C, (1)

The integral of a function f{x) is the area function A(x). Anti-derivative of f{x) is F(x).

[ f(x)dx=F(x)+C, (2)
() =(2), A(X)+C, =F(x)+C,
Alx)=F(x)+C 3)
A =0=F(a)+C=>C=-F(a)
(3) becomes A(x) = F(x)- F(a) 4)

If x=>b, (4) becomes

A(x)=F((b)-F(a)= f f(x)dx

Hence, if fis continuous on interval [a,b], F(x)is any anti-derivative of f{x) on the interval

then

[rodr=F®)-F@ |%%  learn

X

( hel gqiren llh &&Xaw )
J

16
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A A s A _
y P -y YT y=/x
) fx) f)
-1t ), R L= ’/\-/
‘{ P /! i ! b g S
TR R g Loy
’ ’ r ‘ ’ ’
‘ IA’ P [S=m . rA"l AAS
2 f’, iy . — ',’ ," S A -E(x)
\\r/’—\"" \W" ~ g f
g(x) # r” l” ’ t" f” g(X) * f” AZ" ," ‘
b £y &2 T -~ LA S
> X B L "
a b a b a b

6.7.1 Area between Curves
Find area bounded by f{x), g(x), x = a, and x = b
A=A -A
b

A= jj'f(x)dx — [ g(x)dx

A=1[F(0)-g(x))dx

b b b
o [0+ g(0)]dx = | f(x)dx + [ g(x)dx

Similarly others properties of definite integral can be derived from area between curves.

v g\ve
6.7.2 Properties of Definite Integral /7 J
\/\/\/\/\,\/ T

D ffede=free
2) [ fdx=0
3) ?kf (x)dx=k !j f(x)dx (k is a constant)

4) ?[f(x)ig(x)]dx:?f(x)dxileg(x)dx

iy a4 b

b a
5) [ fX)dx==] f(t)dt Any variable will give the same result.
a b

6 | f0ode={reids+] fds

f \ A UX0O .’V\-
(S\\rt‘-v\ L )

A\

| eavn e Cnol

BuA ‘\-i-\x/xj o Come- wars cliwm ke
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Integration

Ex.26: Use a definite integral to find the area of the region bounded by the given curve, the

x axis, and the given lines.

(Note: We need to sketch the curve to make sure that there will be no negative area!)
A TN

gl gl A g S L2

1 y=x+5,x=2,andx=4

A
Y -

v

£

y=e',x=1,andx=3 A= S
|
y=x2—2x,x= l,and x=3

y=x',x=-2,and x=4

y=l,x:1,andx=e
X

(vi) y=l,x=1,andx=ez
X
3:1}- . =9 =
Yud =1 =1 - ) Y = q-b

-

2650
o d Ay = KQ{/“’UL) & amel e +otad arven XS A‘ X Ay

2
Ay 'Lq‘—?,xo\x
\ 2
2

o
Al“ [3 2

Axh, = %Arﬂ%

9.

— —

‘)(:S

k;

2
) ﬂ
I

Y

o .
—gﬁL

P —

4 x? !
A=[(x+5)dx:[—-+5x}
2 2

2

[i; + 5(4)] —[2—; + 5(2)]

A=28-12=16

A

e -¢€
[Ans: e’ —e)

2
e di = [61]\

[Ans: 2]

[ANS: 68]

[ANS: 1]

[ANS: 2]

x4~ = =9 T

=3

Prom wo) do L =1, the aren bounded by ¥he cwrve s negakir
Cthe C‘\'mf\n of Guehiow s below 14;%9

bheveas Waan % =2 o K =3
[ To fud e aren bourided e eed Ly Rud A, = k i((i&—:yp\ d')(\

\ This \Sp\wﬁ

WV
[’ C{)V‘h LC\,\"\.\"
a0
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Integration

Ex.27: Express the area in terms of integrals

Find intersection points
J1 =X x(x— 2)22,= x
; C%_z:) = | or =0
-2 =% Fr=%20

l\ﬁﬁl Wi Cam sheotely T
J’-—_‘ M

A ‘YW(JU\ o L |
wWhne treavees By o2 a1
PUS\F\\]\Q’ oy W(Y"Vhw Ali\ I A?;

B

| »X
0 X X2
, 2 3 2
T%tl_ﬂbzdb—~ §’Ld‘a’,+ [x/o(‘x_ s—g X Ca-2) dx
A= |
0 0 e

o \ . L .
In Mg case 'W\L\&N"* bouvued s JW\QV\ s (V\\'C\_ﬂsvcxls UF 52‘5\ 20 /'\l
e Y, 74 T ousidered 3 o posiRve aven ™ Howeuen 36 Hhe. e

bounded s found as nkeqrlds of  Yi-Yq ,then Af s, Poth  methods Mowl
Ex.28: Find the area of the region bounded by the graphs of the given equations. Be sure

an , )
to find any needed points of intersection. Jre the Same.
O vre 1 JLI/LZ/ ey ,

) y=8-x*, y=2*x=-1,andx=1 [Ans: 44/3]

Intersection: 8- x* = x?

vo =1 4o\
2x°=8 = x=%2 ‘
Qe v
a<flb-)-vhe-tt e punive
- : OUreo
; 9
(ii) ye=ia®, ey [Ans: J‘[(Z—xz)—x]dx=5]
-2
%
\(\\N (i) y=x*+2, y=8 (Ans: [l8-(2-x*)]dx=8V5)
i
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Integration

6.7.3 The Average Value of a Function
Let f(x) be a function that is continuous on the interval a < x <b. Then the average

value V of f(x) over a <x <b is given by the definite intergral

1 b
[ (dx

V=

Ex.29: A manufacture determines that t moths after introducing a new product, the

company’s sales will be S() thousand dollars, where

() = 750t
Va4t +25

What are the average monthly sales of the company over the first 6 months after the

introduction of the new prodtlct? _ [Ans:
250] = oy ¢ ISV
I = e el g 00 I0E gy
-0 J{yyTyis b I {atths

This is a frachon  buk At L%VTW =) %@\- et = constomA «t Simlar
“‘“T) the 'H(’ ol *ﬁ’w, 'F"Gﬂﬁom. Premu_ o Uxe Suwbghhoann A = LF“"!'L&’

[y

s S dt = SThis 1§ ®
du = gtdt = olr6 Lodu 3 Ry T,
§ = _\_ g 7504 U e °._\_ d U = 72’0 [X/Lol\/(
b A by 4%
% u'/L 169 " : oX
= BV | 2 = 750 | 210 | = 250 I
& Y1 ]’)A’ 43 e N Thig g

W et -
i 5 i I ; =0
6.8 Definite Integral (With numerical limit, the answer is real number.) ‘(
Onlihe ndobinte i\/\\"cq e = no limit =) ‘Hwe andlyexr 18 OV equak o),
If F(x)is any anti-derivative of the function f(x), the ‘definite’ integral of f(x)between

aand b, (a < x<b),is

b
[f()dx=F@®)-F(a)=[Fx)]  a<b

a is the lower limit of integration and b is the upper limit of integration. Definite integral

will give a definite numerical value, NO x or C. C will cancel itself out during the

calculation.

——

p= B = = " - L

. B 20 P

o whew % = () S ;V] \_C:ﬂ = TC\.)) YO ’%
Fly tC

The d @'@e',wmi in Oréa—
= FElb) - )
ho need l’() '{“Cmd, s
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Whon LS o =) (‘v%}f?‘j\‘c‘w\
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adove XK S
‘ﬁm“%;\ gt ey e a.l'-dovjs 2 Integration
7 can Hmd iV’l\YjW‘\ow SW{:\D’W“M\/T\?

5 2 5 m % =0 40 A2
Ex.30: Show that[3x’dx =124 and [(4-x*)dx=10 = between 2 =7 1

S e % IS b i G k’arh o(—- ~(’\Luﬂ (,HU N ‘\% (/\,-L)C;U\(
\r%){/ = [%] = g - \ =5 l(l/Ll’ ‘ ’){ ’Clr}(:i‘ :> Q&,v) ﬁ \/\{?\ \‘ N ‘(:Jli‘lh‘c\?
| \ V5 LUW:H\-HL*' “({)‘ i,h‘ s b E’.»“"hc’.-vg’)
1 \{""\-\l* =] -: =
O :.% . o g ({ ec =3 X

When using integration by substitution for a definite integral, we need to substitute the

| e B W
limit as well or substitute before taking limits.
N~ [the = Ex, 74 uhore
2 i - L — — e
HI . 31: Show that (2.2 1) (62)ax = 2. (tmit of s 25y 14
1

oo ok
ave wvwed ngkead,

1+ «,/;
Ex. 32: Show that
?{ Vx 3

}dx=7—6.

6.9 Consumers’ and Producers’ Surplus

Economists are interested in studying how consumers’ and producers’ welfare are
influenced by changes in the economic parameters. A common measure of such welfare

changes is the consumers’ and producers’ surplus.

C1) £2)

Point of equilibrium

Total amount

Supply consumers would pay

= =P &

PL-nga) &9’) S = | f(@)dQ

: ; 0
Por A g Demand Poj :
P> : 7

: :. ve fO) : ; ’:, f0)

T > Q = T ! Q
0, 0s eo+a0 O

p = price per unit (example of unit is bahts/unit) O = Quntity buy or sell

®  Supply curve [g(Q)] indicates the price p per unit at which the producers will sell (or
supply) Q units,

®  Demand curve [ f (Q)] indicates the price p per unit at which the consumers will
purchase (or demand) Q units.
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* Point of equilibrium (E) indicates the consumers to purchase precisely the same
) amount (Q, ) that the producers are willing to offer at the price per unit (p,).
'Ul.V ‘h) \\p,-k{’, 15 & rev¥i0Bemand and supply curves are intercepted. Po=q(0,) = f(Q,)
—— -___-_L__‘_"——;——___Y e ——
u If the market is at equilibrium (p = po), there are consumers who are willing to pay

more than p,. For example, at the price of p,, consumers would buy Q, unit. These \ IR \:.,)
: WA

consumers benefiting from the lower price pz\?\’_‘(’jn_ f“""i i e~ ich 13
'\"':iv)m-e ). 5 pAQ s the total amount of money that customers would spend by buying AQ unit if the

'QH'P FJ\'; e
ot Q4

e Bt ' price per unit was p. In fact, the price is at the equilibrium p; so the customers only
vn ¢ W

(}L-?\.t‘-‘c,}(’_ ’

buy p,AQ . Thus, the customers save or benefit (p ~Po)AQ.
®  Area under the curve is the amount of money to sell or buy the product.

o é Q‘o é
O
J [r©@-plo=cs

2 2
£f(Q)a'Q ¥ {P()dQ

* For those who are willing to pay for commodity at price p, or higher, the total amount
) 9
they are willing to pay is the total area [ f(Q)dQ . In fact, consumers only pay [P,dQ.
0 0

Thus, the customers save

9
cs= [[r@-nldo.
0

" Consumers’ Surplus [CS] is the total amount save by all the customers buying he
commodity at a price lower than what they are maximally are willing to pay.

® Some producers are also benefiting from the equilibrium price, since they are willing to
supply at prices lower than p,. Similarly,

[}
Ps= [[r-f@]do

* Producers’ Surplus [PS] is the total benefit of all the producers who obtain a price
higher than the price they are willing to sell it for.
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/\\f\‘ ‘\S Ww a" y&m&lbmﬂi LF i /ﬁ %(,F) \ (Z/CLCS A 'HLVJ(J’]\'UV] c,.('f)
Ex.33t A demand function i{ q =10000e™"7 Lnit. At what price will revenue be

maximised? £ CG()') = {)[cﬁ’) 06" g %’(f’)-' oo :\QC,O) [Ans: 50 units]
< s =7 Ue Hay  dgfvwHoen be coarse
RCF) i \0000[) e F C@({‘) IS ﬂ{vﬁ.m
/ — 0.0 -0.02 —0-0% ,
Rep) = towo ( €% + 9009 &™) = twoo & F( 1-0.02)
7 « /
R(p)= ouwhen | =002p = p=xp ¥
C Note Hhere ave W\éwu/ ij 2t cl\o,elg i( Mz R o Maxim (_‘\VL-\)
Ex.34: A demand function is p = f(g) =100-0.05¢ unit. A supply function is
p = g(q) =10+0.1g bahts/unit. Determine consumers’ and producers’ surplus under

market equilibrium.

[Ans: 600 units, 70 bahts/unit, 9000 bahts, 18000 bahts]

Solution: At equilibrium point(q,, p,), the demand and supply functions are

intercepted.

100-0.05¢ =10+0.1q
0.15g =90

q, =600 units
Po =10+0.1g, =10 +0.1(600)

P, =70 bahts/unit

s = {lr- ki PS =1lp-f(@Ha
&g 600
= Jlft00-0.054}- 70k = [[70-{10+0.14}}tq
¢ 0
2700 600
2 @ |k
:[30(600)—%5(26ﬂ}—0 2[60(600)_0.1(20(»2]_0

=9,000 bahts =18,000 bahts
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Ex.35: A demand function is p = unit. A supply function is p = % +4.5 bahts/unit.

g+5
Determine consumers’ and producers’ surplus under market equilibrium.

[Ans: 5 units, 5 bahts/unit, 50In2-25 bahts, 1.25 bahts]

Ex.36: A demand function is p =2'""?. A supply function is p = 2. Determine

consumers’ surplus under market equilibrium.

11
[Ans: 5 unit, 64 bahts/unit, 2— ——6-4~ =320 | bahts]
In2 In2
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