Problem 1. Consumption and Leisure Decision. (58 points) In class, we considered separately
a consumption decision between goods x; and x2 and a lesisure decision between consumption good x and
leisure . Now we consider those together. Yingyi likes three goods: consumption goods 1, x2, and leisure
. He maximizes the utility function
u (@1, x2,23) = 2725217,

with 0 < a; < 1fori=1,2 and 0 < v < 1. The consumption good z; has price p; (for i = 1,2), the hourly
wage is w and the individual has total income M.

1. Write down the budget constraint. Consider that Yingyi has H hours to work and, if he does not
work, he takes leisure. For example, H could be 24 hours if the time period is a day. Hence, the hours
worked h equal H — [. There are no sources of income other than income from hours worked. Write
down the budget constraint as a function of x1, xo2, and I. [Hint: Money spent on goods has to be
smaller than or equal to money earned] (5 points)

2. Write down the maximization problem of the worker with respect to x1, x2, and [ with all the relevant
constraints Assume that the budget constraint is satisfied with equality. Why can we assume that the
budget constraint is satisfied with equality? Provide as complete an explanation as you can. (5 points)

3. Write down the Lagrangean and derive the first order conditions with respect to x1,x2,l, and A. (4
points)

4. Solve for x] as a function of the prices pi,p2,w, the total number of hours H, and the parameters
a1, g, and 7. [Hint: combine the first and second first-order condition, then combine the first and
third first-order condition, and finally plug in budget constraint] Similarly solve for z} and I*. (6
points)

5. Plot the Engel function relating the demand for good 1 zj (H) to the number of hours available H.
(Plot 27 in the x axis and H in the y axis) In what sense H plays the role of income? Explain. (5
points)

6. Plot the demand function for good 1 x7 (p1) as a function of p;. (Put z; in the x axis and price p; in
the y axis) Is the demand function downward sloping? Interpret. (5 points)

7. Are goods x; and x5 gross complements, gross substitutes, or neither? Define and answer. (5 points)

8. Plot the demand function for leisure {* (w) as a function of its (shadow) price w. (Put ! in the x axis
and price w in the y axis) Is the demand function downward sloping? Interpret. (6 points)

9. Relate the response to question 8 (leisure | and price w) to substitution and income effects. Be careful
here, this is not exactly the case we saw in class. (6 points)

10. Using the envelope theorem, compute how the indirect utility v (p1, p2, w, a1, ae,v, H) changes as H
changes: 0v/0H. Remember that the indirect utility is the utility of Yingyi at the optimum level of
the parameters: v (p1, p2, w, a1, a0,v, H) = w(z},x3,1*). What is the sign of dv/0H? Interpret (6
points)

11. (Extra credit) Solve for the Lagrangean multiplier A* (p1, p2, w, a1, 2, ) using the first order conditions
above. Comment on what this implies for dv/0H. (6 points)



Solution to Problem 1.

1. The budget constraint is
P11+ pexe < w (H —1),
which can be rewritten as

p121 + paxry +wl < Hw

2. Yingyi maximizes

max u (x1,m2,23) = a{xg?lY
st.prry +poxs +wl < Huw
st.ky > 0
st.xzg > 0
st.l >0

3. The Lagrangean is
L(x1,22,23,\) = 27" 2321 — X (pro1 + pa2 + wl — Hw) .

The first order conditions are

f.o.c. with respect to x1 : aqa$ 252l — Apy =0
f.o.c. with respect to z1  :  apx{ a5 1Y — Apy = 0
.0.c. with respect to z; : yz{'z —dw =
ith tt My - Aw =0
f.0.c. with respect to A : — (p121 + pawe + wl — Hw) =0

N

. Following the hints provided:

e From the first two f.o.c. we derive

Q1 T2 p1 L. . P1 G2
— — = — which implies z9 = ——x7.
Q2 T P2 b2 a1
e From the first and third f.o.c. we derive
l
AL _ Pl yhich implies [ = Elxl.
Y T w w o

e Substituting the solutions for x5 and x3 into the budget constraint we obtain

«
p171 + P2 <Z£—2$1> +w (ﬂl$1> = Huw
D2 a1 w Qg

which can be simplified to

Qi Y
p1x1 +p1—x1 +p1—x1 = Hw
aq aq

which implies
N a Hw
] =——".
o) +az+7 p1

e Using the expressions above for x5 and x3, we obtain

N a9 Hw
x5y = ——————— and
a1 +oax+7 p2
o Y Hw Y

a;t+oe+77 w _041—‘1-0424-7



10.

11.

. As we can see,

aq w
oar+ax+ypr
which is positive and independent of H. The Engel curve then is linear and increasing. In this case,

the number of hours available for work has a relationship to demand akin to that of income because
the individual has an implicit income of Hw.

Oxy/0H =

As we can see,

arHw
(1 +as +7)pi
The demand function for x] is downward sloping in price p;. The higher the price, the less consumers
want to purchase of the good that is now more expensive. This tells us that x; is not a Giffin good,
but we knew this from 5, above, because there we proved that good one is a normal good, and a Giffin
good must be inferior.

dx}/0p1 = —

Good one is a gross complement (substitute) for good two if dz7/dps > 0 (< 0). In this case,
0x3/0ps = 0 (and also dx3/9p; = 0), hence the two goods are neither gross substitutes nor gross
complements. This is a feature of Cobb-Douglas preferences.

The demand function for [* is independent of w, an unusual feature. This is because there are two
opposing effects: (i) a substitution effect that leads to a reduction of leisure time when the shadow cost
of leisure w goes up; (ii) an income effect that leads to an increase in leisure when an increase in the
wage w occurs. For a Cobb-Douglas function these two effects cancel each other out. This is unusual
because in this model a change in the shadow price w increases the income available (Hw), in addition
to changing prices. To see this explicitly, consider the following:

e Applying the envelope theorem to the expenditure minimization problem we get
de
ow

e Plugging this into the Slutsky equation we get

o ony ol
ow Ow OM

e Note that, unlike what we have seen before, the last term is negative, which means that the

income effect is positive instead of negative. Increasing the "price" of leisure increases income.

7]
~ ow P11 +pexe+w(l— H) = X(a{' 232" =) =1"—H

(- H)

See the answer to question 8, above.
The envelope theorem states that it is enough to compute the partial derivative of the Lagrangean
function with respect to H. Hence,
ovt 0 [
0H 0H

27 25?7 — X (pra1 + paxe + wl — Hw)] = XM'w > 0.

More total hours means that Yingyi can increase consumption or leisure or both, making him unam-
biguously better off, since his preferences are monotonic.

To solve for the Lagrangean multiplier \*, notice that from the first f.o.c.,

a2

A=
P
Substituting the values for z7, x5, and I*, we get
o (e BT (e om0\ (o )’
- I\ aitas+vy ;1 aitasty pa Qi tazty
Y41
1 ajtazty—1 1\ 1\ @2
_ aalaag,y'y < ) (H)Oé1+042+“/71 (w)alJroéz*l (_) <_>
re a1 +ag + 7y D1 P2



which in turn means that

1 a1 tag+vy—1 1 aq 1 Qg
N w = aftay?y” (—) (H)> ot (g yarta <—) < ) .

ay + g+ D1 p_2

Notice that the marginal utility of extra time is increasing in the wage, w, and decreasing in the prices
of the two goods, p1, and ps. This makes sense. When Yingyi has a high wage, he can transform
additional time more easiliy into utility from consumption. Conversely, when prices of goods are high,
it is harder for Yingyi to transform extra time into utility from consumption.



Problem 2. (28 points) Complements and Substitutes.

1. (a) Define when two goods 1 and x5 are gross substitutes/complements and net substitutes/complements.
(4 points)
(b) Is it possible for two goods to be gross substitutes and net complements if both goods are normal
goods? And if both goods are inferior goods? Use the general form of the Slutsky equation and
provide an explanation for the result. (10 points)

2. Kim has utility function w (z1,22) = exp (21 + x2) for z; > 0,7 =1,2.

(a) Plot the indifference curves of Kim. What kind of goods do they represent? (4 points)
(b) Are the preferences represented by this utility function monotonic? Define. (4 points)
(c) Are they rational? Define. (6 points)

Solution to Problem 2.

1. (a) Good one is a gross complement (substitute) for good two if dz3/Ip2 > 0 (< 0) and vice versa.
(Note that it is possible for good one to be a gross complement for good two while good two is a
gross substitute for good one since one could be normal while the other is inferior.) Meanwhile,
goods one and two are net complements (substitutes) if Ohi/Op2 > 0 (< 0) where hf is the
Hicksian demand for good one. (Note that it is always true that Ohf/dps = Oh%/Op; for any two
goods, so net complementarity and/or substitutability are always symmetric.)

(b) First consider the general form of the Slutsky equation for consumption goods:

Oz _ Ohi  0Oaf

2 3 *

ap,  op; OM"

If the two goods are gross substitutes we have gi > 0, and if they are net complements we have

gzi_ < 0. By the non-negativity of demand we have z7 > 0. If both goods are normal we have
J
g?\/} > 0 so there is no way to get gz; — gijv}xj‘ > 0 as required, so the answer is no, it is not

possible. However, if both goods are inferior we have gﬁ < 0 so that if ,%x; is big enough

we can get g—};} — %xj— > 0 so the answer is yes, it is possible. (Note that two goods can be net

complements in a model with more than two goods.)

2. Kim’s preferences:

(a) The indifference curves are straight lines with slope —1. The goods x1 and x5 are perfect substi-
tutes, the individual only cares about the sum of the two goods. To see this, remember that we
can apply any strictly increasing transformation to a utility function and we will get a new utility
function that represents the same preferences. In particular, we take the natural log of Kim’s
utility function,

log(exp(z1 + x2)) = 21 + 72

This utility function should be familiar to you as representing perfect substitutes.

(b) The preferences are monotonic if x; > y; for all ¢ implies = %= y. These preferences are indeed
monotonic. If z; > y; for all 4, then exp (z1 + x2) > exp (y1 + y2). To confirm this, check that
6% =exp(z1 +x2) > 0fori=1,2.

(c) Preferences are rational if they are complete (for all z;,y in the consumption set, X, either z > y,
or y »= x) and transitive (for all z, y, and z in X such that = y, and y > z we have x = 2).
It is not necessary to prove these two properties for Kim’s preferences because we already know
that if preferences can be represented by a utility function, they must be rational.



Problem 1. Utility maximization. (75 points) In this exercise, we consider a standard utility
maximization problem with an unusual (for us) income. The utility function is

u(z,y) = alog (z) + (1 — a)log (y) -

This function is well-defined for > 0 and for y > 0. From now on, assume x > 0 and y > 0 unless otherwise
stated. The price of good z is p, and the price of good y is py. The unusual part is that consumers’ income
is given not by a monetary budget M, but by endowments of the goods. To be more precise, the consumer
starts off owning w, > 0 units of good = and w, > 0 units of good y. (These numbers are given, treat them
as parameters) The consumer can sell the goods so the initial allocation works as a source of wealth. Given
this, the income of the consumer is pw, + pywy.

1.

10.

11.

12.

Write down the budget constraint. Notice that the budget constraint is standard other than for the
income expression, which is given above (5 points)

. Just for this point, we pick some specific parameter values. Plot the budget lines assuming w, = 1,

wy = 1. Plot first for the case p, = 1, p, = 1, and then plot the budget line for p, = 2, p, = 1. How
does the budget line shift? In a new graph, plot the budget constraint for the same two combinations
of prices, but assuming M = 2. How does the shift in budget line in the case with endowments w, and
w, compare to the standard case with income M? Provide intuition. (10 points)

Let’s go back to the general case. The consumer maximizes utility subject to the budget constraint
with endowments as in point (1). Write down the maximization problem of the consumer with respect
to = and y. Explain briefly why the budget constraint is satisfied with equality.(5 points)

. Write down the Lagrangean function. (5 points)

. Write down the first order conditions for this problem with respect to z, y, and \. (5 points)

Solve explicitly for z* and y* as a function of ps, py, ws, and wy. (5 points)

Use the expression for z* that you obtained in point 6. Differentiate it with respect to p,, that is,
compute 0x*/0p,. Is this good a Giffen good? (5 points)

We are now interested in the sign of dz*/dp,. That is, we would like to know if how the demand for
one good depends on the price of the other good. Based on this, are these goods (gross) substitutes or
complements? (5 points)

Consider now how the demand for x* varies as the endowments w, and w, vary. That is, compute
0z* /0w, and 0x* /Ow,. Provide an interpretation of these results. (5 points)

So far you derived the optimal demands z* and y*. Now, consider the demands net of the endowments,
that is 23 = 2" —w, and z; = y* — w,. These net demands represent the net demand for a good.
If the net demand is positive, it means that the consumer buys additional quantities relative to the
endowment. If the net demand is negative, it indicates that the consumer sells (at least partially) the
endowment. Derive expressions for 2} and z;. (5 points)

*

Compute how the net demand for good z, that is, 2, varies as the endowment for x varies, that is,
compute 9z} /O0w,,. Compare to your answer in point (9) regarding 0x* /0w, and interpret the difference.
(10 points)

Suppose now that you have to solve the same problem as above, that is, same budget constraint as in
point (1), but the utility function is v (x,y) = x%'~®. Can you derive the solution for this problem
without redoing all the algebra? Explain. (10 point)

Solution to Problem 1.



. The budget constraint is
Do + PyY < PaWa + Pyy

. The difference from the standard case is that the budget line pivots around the endowment (wg,w,).
In the standard case, it pivots around the axis intercept of the good that does not change price (in this
case, good ).

. The maximization problem is

max alog (z) + (1 — a) log (y)
,y

St P2+ pyY < Prwa + Pywy,
z>0andy >0

We can write down the budget constraint with equality because the utility function is strictly increasing
both in z and y. (Now follows the long explanation, you were not required to give this.) With this
utility function, du(z,y)/0x > 0, and we can by symmetry show du(z,y)/dy > 0. Given that utility is
strictly increasing in both goods, the consumer will never choose a point on the interior of the budget
set, i.e., a point (£,y) such that p,& + pyJ < pews + pywy. The reason is that the consumer could
choose a point (z',¢") with 2’ > & and §’ > ¢ that still satisfies the budget constraint, i.e., such that
P22 + Py < Paws + pywy. (just pick (#/,9’) sufficiently close to (£,%)). But, given the monotonicity
of u, the bundle (%', ¢") provides a higher utility than the bundle (&, ). Therefore the consumer in the
optimum will never choose a bundle (£, ¢) such that p,& + py§ < paw, + pywy. We can therefore limit
ourselves to the points with p,x + p,y = Py, + Pywy.

. Lagrangean is L(z,y, \) = alog (z) + (1 — a)log (y) — X (P22 + pyY — PaWa — Pywy) -

. First order conditions:

oL «

= LN, =0

ox T b

oL (1-a)

— = = _\p,=0

dy y Y

OL

W™ - (P2 + PyY — Pawz — Pywy) =0

. Using the first two first order conditions, we find

a Yy pe

1—aE_py

or
We substitute this into the budget constraint to get p,z*+p, (1 — @) /&) (px/py) z* = M or pyz* (1 + (1 — a) /o) =
PaWz + Pywy OT

We substitute (2) into (1) to get

*=((1-a)/a oGPeWe TPy o NPaWe TPy o L P
y* = ((L—a)/a)(pa/py) o (1-a) o (1 ){ﬁpy w] (3)

. The derivative of z* with respect to price p, is

ope p2

ox* w
—Q yPy < 0.

This good is a not a Giffen good, since the demand for good z is decreasing in its price.



10.

11.

12.

. The derivative of z* with respect to price p, is

ox* w
— =aZ >0.
Opy Pa

The demand for good x increases in the price of good y. Hence, the two goods are (gross) substitutes.

. The derivatives of * with respect to the endowments are

Oz =a >0 and Oz :a&

> 0.
Owy 8Wy Dz

An increase in the endowments makes the agent richer. Since these preferences imply that the goods
are normal good, higher endowments of either good lead to more demand.

Using the expressions above for z* and y*, we obtain

zy = x*—wx:a[wx—kp—ywy}—wx:a&wy—(l—a)wx
Dz Dz
* % Dz Pz
Zy = T —wy:(l—a)[wy—l——wx}—wy:(l—a)—wz—awy
Py Py

The net demand for good x, 27, decreases as the endowment of good z, w,, increases. This is unlike
what we showed above, in that the demand z* goes up in w,. What is happening is that as the
endowment of x goes up, the individuals are richer, but they do not spend all of the extra income
into good x, deciding to spend some of it into good y. Formally, the demand for z* goes up by « for
an increase in w,, which is less than one. That is why the net demand is actually decreasing in the
endowment of x: being richer in x leads to some increase in consumption of x, some increase in y,
leading to a decrease in net demand for x.

Notice that the utility function v (z,y), which is a standard Cobb-Douglas, is a monotonic transfor-
mation of the utility function u (z,y), with v (z,y) = exp (u(z,y)). Hence, the two utility functions
represent the same preferences, and thus the two utility maximization problems are identical. As such,
the solution would be identical.



Short problem. (Utility Maximization with Graphical Solution) (40 points)

1.

Consider an individual with budget constraint 2z 4+ y = 10. That is, price of x is p, = 2, price of y is
py = 1, and income M equals 10. Plot the budget constraint. (5 points)

. Plot indifferent curves for the case u (x,y) = 2 + y2. (Remember: an indifference curve is defined by

u(u,y) —a = 0). (5 points)

. Using the plots of the indifference curves and the plot of the budget constraint, find graphically the

utility-maximizing choice, and solve for * and y*. (Remember that you are maximizing utility subject
to the budget constraint and subject to > 0 and y > 0) (10 points)

. Why in the above case it would not be a good idea to solve the problem with a Lagrangean? (5 points)

. Now, using the same budget constraint 2z + y = 10, plot indifference curves for the case u (x,y) =

4z + y.(5 points)

. Using the plots of the indifference curves and the plot of the budget constraint, find graphically the

utility-maximizing choice, and solve for z* and y*. (5 points)

. What preferences are the ones in points (2) and (5)7 What cases do they indicate? (5 points)

Solution to Short Problem.

1.

The budget constraint is simply given by the equation y = 10 — 2z, it is a straight line crossing the y
axis at 10 and the x axis at 5.

. These indifference curves are circles centered in the origin.

. Graphically, one can see that the point of tangency between the indifference curves (the circles) and

the budget lines are not optimal points, in fact they would minimize utility. The solution in this case
it to go to one of the corner solutions with either x = 0 or y = 0. The solution for x = 0 would be
(z*,y*) = (0, 10), yielding utility 102 = 100. The solution for y = 0 would be (z*,y*) = (5,0), yielding
utility 52 = 25. Hence, the solution is (z*,4*) = (0,10), as you should be able to see graphically.

. If you were to solve the Lagrangrean, given that the preferences are not convex, you would be finding

a minimum, not a maximum, you would find the tangency point highlighted above.

. The indifference curves are straight lines with slope -4

. The utility-maximizing solutions will once again be at the corners, this time for (z*,y*) = (5,0),

yielding utility 20. At the other corner (0,10), the utility is only 10.

. The preferences in point (2) and examples of the CES family with p = 2. The preferences in point (5)

are cases of perfect substitutes, in which 4 units of good y are equivalent to one unit of good z.



Problem 2. Profit Maximization with Taxes (96 points) We consider the market for widgets, which
is characterized by the aggregate (inverse) demand function p (X) = a — bX, where X is the total quantity
of widgets demanded in the market. The cost function of each company is ¢ (y) = cy®, with ¢ > 0.

1.

10.

11.

12.

13.
14.

15.

16.

17.

Assume perfect competition (that is, the price p of the widget is given) and set up the profit maxi-
mization of each firm. (5 points)

. Solve for the profit-maximizing level of production y* (p) (that is, the supply function) using the first-

order condition. (5 points)

Check the second-order conditions. Under what values of the parameters are they satisfied? Interpret
the economic significance of this parameter restriction. (5 points)

Now consider the conditions for the market equilibrium. For points 4-7, assume that the parameters
are such that the second order conditions are satisfied. Assume that N firms produce and write the
equation for the equilibrium price p* that equates aggregate supply and demand. Do not attempt to
solve explicitly for p*. (5 points)

. Now introduce taxation. Denote by p the price inclusive of tax that the consumer pays, and by p — ¢

the price net of tax that accrues to the producer. Rewrite the market equilibrium condition. (5 points)
[Note: If you get stuck here, you can move on to point 8]

Use the implicit function theorem to compute dp*/dt. (5 points)
Show that 0 < dp* /0t < 1. What does it mean economically? (5 points)

From now on, consider the case & = 1. Assume for now no taxes (¢ = 0). What is the economic
interpretation of this special case? (5 points)

Characterize mathematically the supply function y* (p) for an individual company, and plot it. (5
points)

Solve for the market equilibrium price p* and total quantity X™* produced in the market, assuming no
taxes. [Note: A figure may help you here] (5 points)

Compute the aggregate consumer surplus and the producer surplus. You can help yourself with a plot
of market demand and supply. [Note: Do not worry here about the distinction between compensated
and uncompensated demand] (5 points)

Solve now for the market equilibrium price p* and total quantity X* produced in the market assuming
a tax t. How much of the tax do the companies pass through in prices (that is, what is 9p*/9t)? (5
points)

Compute the consumer surplus and the producer surplus for the case with a tax ¢. (5 points)

Compute the total surplus adding the consumer surplus, the producer surplus, and the revenue raised
with the taxes. (5 points)

Using what you just found, argue that the deadweight loss from taxation is given by ¢2/2b. Do you
agree or disagree with the following statement? Provide a precise argument: ‘Small taxes are not very
distortionary, but large taxes can induce very large deadweight loss’ (8 points)

Consider now the case of monopoly. Keep assuming ov = 1 and a tax ¢t. [Note: As above, the price p
denotes the price that consumers pay inclusive of taxes, and p — ¢ is the price that producers receive]
Set-up the maximization problem and solve for the profit-maximizing price p},; and quantity X73,. (8
points)

How much of the tax does the firm pass through to the consumer (that is, what is 9p*/0t)? Compare
to the case of perfect competition for o = 1. (5 points)



18. Compute the producer surplus and the consumer surplus and compare to the case of perfect competition
for « = 1. (5 points)

Solution of Problem 2.

1. Each firm maximizes
maxpy — ¢ (y) = py — cy”

2. The first-order condition for y* is
p—acy® =0,
)1/((1—1) (

leading to the solution y* = (p/ac so long as « is different from zero)
3. The second-order condition for y* is
—a(a—1)ey* 2 <0.

This condition is satisfied for a > 1. This condition is the condition of decreasing returns to scale.

4. To solve for the equilibrium price, we must equate supply Y and demand X. First, remember that
total production is Y = Ny* = N (p/ac)l/(a_l) . One way to do this is to substitute the solution for
Y* from the production decision into the demand function:

p /(a1
p—a+bN (—) =0
ac

5. The market equilibrium with taxes is

6. We can compute

1 ) R N
ot L 2 (YO (p— gy
_ (VD gy
= 1+b_N1 L)1/(04 1)( t) o

7. Both numerator and denominator are positive (remember o > 1), hence dp*/0t > 0. Since the de-
nominator equals the numerator plus a positive number (1), the ratio has to be smaller than 1, hence
Op* /Ot < 1. This shows that the incidence of the tax is partially on the consumer and partially on the
producer.

8. The case e = 1 corresponds to the case of constant returns to scale with no fixed costs.

9. In this case the marginal cost function ¢ (y) equals a constant c. Further, in order for the company to
break even, the following condition has to be satisfied:

py —cy >0,

which implies that the company produces only if p > ¢. Hence, the supply function is

o0 if p>c
y" (p) =4 anyy€[0,00) if p=c
0 if p<ec



10.

11.

12.

13.

14.

15.

16.

17.

18.

Given that the supply function is horizontal, the price is determined by the marginal cost c: p* = c. It
follows that the quantity produced X* is ¢ = a — bX™*, or X* = (a — ¢) /b.

The producer surplus is zero, since each firm produces at marginal cost and makes zero profits: m =
p*y* —cy™ = cy* — cy® = 0. The consumer surplus is the area below the demand curve and above the
price. This area is a triangle with base X* and height (¢ — p*) = (a — ¢). Hence,

a—c)la—c) (a—c)®

_ _
¢S = b 2 2

In the case with a tax ¢, the price that the producer is now willing to accept in order to break even is
¢+ t. Hence, the price in equilibrium is p* = ¢ + ¢t. The quantity produced X* is c+t =a — bX™, or
X*=(a—c—1t)/b.

The producer surplus is still zero. The consumer surplus is now

_(a—c—t)(a—c—t) (a—c—1t)?
©5= b 2 2 ’

The revenue raised with the taxes is t * X* = ¢ (a — ¢ — t) /b. Hence, the total surplus is

B (a—c—t)? (a—c—t)t (a—c—t)(a—c—t+2t)
e R S— 2% =
(a—c—t)(a—c+1t) _ (a—c)® —¢2

2b 2b

The deadweight loss of taxation is the difference between the total surplus before taxes are introduced,
that is, (a — 0)2 /2b, and the total surplus with taxes, in the above expression. The difference is —#2/2b.
This implies that the deadweight loss grows not linearly with the tax, but with the square power. Hence,
while small taxes will induce a small distortion, large taxes can induce a large distortion.

With a tax t, a monopolist maximizes

m)?x(p(X) —t) X —cX=(a—-bX —t) X —cX,
with first-order conditions
a—2bX"—t—c=0,
which implies X* = (a — ¢ — t) /2b. The price is
a—c—t _atc+ t

—a—-bX*"=a—-0» =
p=a “ 2 2

The firm passes through only 1/2 of the tax (dp*/0t = 1/2), which is half as much as in the case
of perfect competition. This is because the monopolist finds it profit-maximizing to bear half of the
burden. If it were to pass it on fully, it would lower demand ‘too much’.

The producer surplus is larger than in the case of perfect competition (where it was zero):

P (e )X = (a;a) <a2tbc> _ (af4tbfc)2'

The consumer surplus is smaller than in perfect competition:

CS_a—t—ca—(%)_a—t—ca—c—t_(a—t—c)2
2 2 2 4 8b '

The total surplus [not required] is

—t—c)2+(a—t—c)2_3(a—t—c)2
4b 8b B 8b

Notice that this is smaller than in the case of perfect competition.
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Problem 1. Production (38 points). Consider a farmer that produces corn using labor. The labor
cost in dollar to produce y bushels of corn is ¢ (y) = Cy?, with C' > 0. There are 100 identical farms which
all behave competitively. Corn sells at a price p per bushel.

1.

Derive the marginal cost ¢’ (y) and the average cost ¢ (y) /y. Plot them. Derive graphically the supply
curve. (Have the quantity y on the horizontal axis). (5 points)

. Write the expression for the supply of corn y(p) for each firm, and derive the expression for the

aggregate supply function Y% (p) (5 points)

. From now on, suppose that the demand curve of corn is D (p) = 200 — 50p and assume C = 1. Derive

the equilibrium price p* and total quantity sold Y°*. (5 points)

Derive the profits of each firm. (5 points)

. Now assume that land is not free, and that the farmers are renting the land from a monopolist (that

is, there is only one land owner, and it is impossible to rent land somewhere else). How much will the
land-owner charge each of the farms? Explain. (8 points)

. Taking the rent of the land into account, how much are the profits of each firm? (4 points)

In what sense there is a parallel between the presence of rents in the land and the entry of firms in the
long-run equilibrium? (6 points)

Solution of Problem 1.

1.

d (y) = 2Cy and ¢(y) /y = Cy. Since marginal cost is always larger than average cost, the supply
curve is the marginal cost curve. See graph in appendix.

. The condition p = ¢’ (y) implies

p = 2Cyor
* _ b
v ) = 35

The aggregate supply function, summing across all firms, is

100 » 50p
Y (p>:;%:7

. The equilibrium is

y*(p) = 50p= D (p)=200—50p
p(50 +50) = 200
Pt o= 2
and
Yo = 100 *y(p)
= 200 — 50 * p*
100



4. Since Y°* = 100, each firm produces 1 unit and earns profit 7 = p*y* —c(y*) =2 - 12 =1

5. Since land does not enter the corn production function, the land rental price (r) is a fixed cost the
farmer must pay to operate. Fixed costs do not change the farmer’s profit-maximizing choice of y, but
if profit is negative at that y, the farmer will choose not to produce at all (exit the industry).

In this case, given the profits calculated above, no farmer will pay more than $1 for land. Every farmer
will pay any price less than or equal to $1, however, because operating will still be profitable. So the
monopolist faces a land demand curve that is perfectly inelastic for r < 1:

1 ifr<i1
D(r) = 00 ?’I‘_ ,
0 if r> 1.

Given this demand, the monopolist maximizes his own profits by setting » = 1: the monopolist extracts
all the farmers’ profit as rent.
6. Each farmer’s profit will be zero.

7. Both drive farmers’ profits to zero, though in the case of rents the surplus is taken by the land-owner
while in the case of perfect competition, it becomes consumer surplus.



« « «
u (w1, 2, x3) = 7 25?25,

with 0 < a; < 1 for ¢ = 1,2,3. The consumption good x; has price p; (for i = 1,2,3) and the individual has
total income M.

10.

11.
12.

. Compute the marginal utility of consumption with respect to good 1, du (x1, x2, x3) /0z1. (2 points)

. What is the limit of the marginal utility for 1 — 0 and for 7 — co? Interpret the economic intuition

behind this feature of this utility function. (5 points)

. Write the budget constraint. (3 points)

. Write the maximization problem of Seung. Seung wants to achieve the highest utility subject to the

budget constraint. Write down the boundary constraints for 1, x2, x3, and neglect them for now. (3
points)

. Assuming that the budget constraint holds with equality, write down the Lagrangean and derive the

first order conditions with respect to x1, za, 3, and A. (5 points)

. Solve for 7 as a function of the prices pi,p2, p3, the income M, and the parameters a;, s, and ag.

[Hint: combine the first and second first-order condition, then combine the first and third first-order
condition, and finally plug in budget constraint] Similarly solve for 3 and x3. (6 points)

. Is this true or false? Show: “Cobb-Douglas preferences have the feature that the share of money spent

on each good does not depend on the income, or on prices” (6 points)

. Are the boundary conditions for z1, x2, and x5 satisfied? (2 points)

. Is good z7 a normal good (for all values of M and prices p;)? Compute and answer. (4 points)

Plot the implied demand function for x;, that is plot z; as a function of p;. (Put p; on the y axis and
x1 on the x axis) (4 points)

Is good x; a Giffen good? Why did you know this already from the answer to question 97 (5 points)

Are goods z1 and x2 gross complements, gross substitutes, or neither? Define and answer. (5 points)

Solution to Problem 1.

1.

The marginal utility of consumption du (1, x2,x3) /0x; is

a1-1_ .« o
ou (x1, 2, x3) /01 = anay a2 a?.

. For 1 — 0 the marginal utility converges to +oo (keep in mind «; < 1). This means that for very low

consumption of z1, the agent has un unlimited desire for some consumption of that good. For z; — oo
the marginal utility converges to 0. This means that for very high consumption of z1, the additional
unit of consumption has almost no added utility.

. The budget constraint is

p121 + paxa + psxs < M.



4. Seung maximizes

max u(xy,x2,r3) = a7'xg?zs®
T1,72,73
s.t.p1xy +pawa +p3xz < M
st.ky > 0
st.kg > 0
st.xz > 0

5. The Lagrangean is
L(x1,72,23,\) = 27" 25%25° — X (p121 + p2xo + pawz — M) .

The first order conditions are

f.o.c. with respect to x1  :  aqx{ ' ad2ast — Apy =0
f.0.c. with respect to z1 : azx‘f‘lxgrla:? —Apo =0
f-o.c. with respect to 7 : agx?lxgzmgi‘_l —Ap3 =0
f.0.c. with respect to A :  — (p121 + paxe + p3xs — M) =0

6. From the first two f.o.c. we derive

which implies

p1 Q2
X9 = ——
D2 a1
From the first and third f.o.c. we derive
1 X3 D1

which implies

which implies
* a1 M

xlz D
a1 + oo + a3 pr1

Using the expressions above for x2 and x3, we obtain

Q2
x5y = ——————— — and
a1 + g + a3 p2

a3 M
Ty = ——————.
a1 + a2 + a3 ps

7. We can re-write the expressions above for «7, 3 and z} as follows:

*
T;Pi (&3]

M a1+ az + ag

for i = 1,2, and 3. The left-hand side is the share of money M spent on good i, and the right hand
side of the equation shows that this is a constant, it does not depend on prices or income. Hence, the
statement is true. This is a peculiar feature of Cobb-Douglas preferences.



10.

11.

12.

. In all of the expressions above for x7, =5 and z3, the conditions =} > 0 are satisfied, and hence the

boundary constraints are satisfied.

. We can compute

1
Oxy/OM = L—,
Qi + ag + ag p1

which is positive for all levels of the parameters, and hence the good is normal.

The demand function is a hyperbola, monotnically decreasing as we expect most demand functions to
be.

Hence, the good in not a Giffen good. We knew this already from the fact that good z; is a normal
good, that is, dx5/0M > 0. Given the Slutzky equation, we know that a normal good can never be
Giffen. Formally,

Oxy Ohy Ox]

opy  Op oM

Since Oh;/dp1 < 0 and dxF/OM > 0 (normal good), we know that dxf/dp; < 0.

Two goods are raw complements (substitutes) if dz5/9p2 > 0 (< 0). In this case, dz}/9p2 = 0 (and
also dz5/0p; = 0), hence the two goods are neither substitutes nor complements. This is a feature of
Cobb-Douglas preferences.



Problem 2. (26 points)
1. Angela has utilty function u (z1, z2) = 221 + 225.

(a) Plot the indifference curves of Angela. What kind of goods do they represent? (4 points)
(b) Using the plot you did, find the utility-maximing solution z7, z3 for prices p; = 1, po = 2 and
income M. Argue the steps you make. (8 points)

2. Kim has utility function « (z1,22) = min (z1, 2x2)

(a) Plot the indifference curves of Kim. What kind of goods do they represent? (4 points)
(b) Are the preferences represented by this utility function monotonic? Define. (4 points)

(c) Are they strictly monotonic? Define. (6 points)

Solution to Problem 2.
1. Angela’s preferences:

(a) The indifference curves are straight lines with slope —1. The goods x; and z3 are perfect sub-
stitutes, the individual only cares about the sum of the two goods. Do not be fooled by the 2
in front of the utility function, you can just divide the expression by 2 and get back the usual
u(z1,22) = x1 + 2.

(b) Since good x5 is more expensive, the individual will never purchase it, and will spend all the
money on good x1. Hence, the solutions are 7 = M/p; = M and z3 = 0.

2. Kim’s preferences:

(a) The indifference curves are straight angles. The goods x; and x5 are perfect complements, as for
the case of left and right shoe, Kim only cares about z; if she also has enough of zs.

(b) The preferences are monotonic if z; > y; for all ¢ implies = = y. These preferences are indeed
monotonic. If z; > y; for all ¢, then min (21, 2x2) > min (y1,2ys) .

(c) The preferences are strongly monotonic if «; > y; for all ¢ and z; > y; for some j implies z > y.
Consider z = (6,2) and y = (5,2). Clearly, z; > y; for all ¢ and z; > y; for some j, but « > y
does not hold, since u () = 4 = u (y) and hence x ~ y.



