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Chapter 1: Systems of Linear Equations and Matrices (Part 2)

1 Matrix Operations

Definition 1.1. A matrix is a rectangular array of numbers. The numbers in the array are called
the entries in the matrix.

A general m× n matrix is of the form:

A =


a11 a12 . . . a1n
a21 a22 . . . a2n
...

...
...

am1 am2 . . . amn

 .
• A matrix A with n rows and n columns is called a square matrix of order n.

• The entries a11, a22, ..., ann are said to be on the main diagonal of A.

Definition 1.2. Two matrices are defined to be equal if they have the same size and their
corresponding entries are equal.

Definition 1.3. Matrix Operations

• If A and B are matrices of the same size, then the sum A + B is the matrix obtained by
adding the entries of B to the corresponding entries of A, and the difference AB is the matrix
obtained by subtracting the entries of B from the corresponding entries of A. Matrices of
different sizes cannot be added or subtracted.

• If A is any matrix and c is any scalar, then the product cA is the matrix obtained by
multiplying each entry of the matrix A by c. The matrix cA is said to be a scalar multiple
of A.

• If A is an m × r matrix and B is an r × n matrix, then the product AB is the m × n
matrix whose entries are determined as follows: To find the entry in row i and column j
of AB, single out row i from the matrix A and column j from the matrix B. Multiply
the corresponding entries from the row and column together, and then add up the resulting
products.
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Definition 1.4 (Transpose). If A is any m × n matrix, then the transpose of A, denoted by
AT , is defined to be the n×m matrix that results by interchanging the rows and columns of A;
that is, the first column of AT is the first row of A, the second column of AT is the second row of
A, and so forth.

(AT )ij = Aji, i = 1, 2, ...,m, j = 1, 2, ..., n.

Definition 1.5. If A is a square matrix, then the trace of A, denoted by tr(A), is defined to be
the sum of the entries on the main diagonal of A.

Note: The trace of A is undefined if A is not a square matrix.

Example 1.1. Find trace of the following matrices.

A =


a11 a12 . . . a1n
a21 a22 . . . a2n
...

...
...

am1 am2 . . . amn

 , B =


1 2 4 0
1 0 0 0
−1 −2 −1 10
0 1 1 −3

 .

1.1 Matrix Multiplication by Columns and by Rows

We can use matrix partitioning for finding particular rows or columns of a matrix product AB without
computing the entire product. Specifically, the following formulas, whose proofs are left as exercises,
show how individual column vectors of AB can be obtained by partitioning B into column vectors and
how individual row vectors of AB can be obtained by partitioning A into row vectors.
AB computed column by column

AB = A[b1,b2, . . . ,bn] = [Ab1,Ab2, . . . ,Abn]

I.e. “ the j-th column vector of AB = A[j − th column vector ofB]”
AB computed row by row

AB =

 a1
a2
am

B =

 a1B
a2B
amB

 .
I.e. “ the i-th row vector of AB = [i− th row vector ofA]B”
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1.1.1 Matrix Products as Linear Combinations

Definition 1.6 (Linear Combination). If A1,A2, . . . ,Ar are matrices of the same size, and if
c1, c2, . . . , cr are scalars, then an expression of the form

c1A1 + c2A2 + · · ·+ crAr

is called a linear combination of A1,A2, . . . ,Ar with coefficients c1, c2, . . . , cr.

Theorem 1.1. If A is an m×n matrix, and if x is an n× 1 column vector, then the product Ax
can be expressed as a linear combination of the column vectors of A in which the coefficients are
the entries of x.

Proof:

Example 1.2. (Exercise) Consider the vectors

v1 =


11
11
1
1

 , v2 =


1
11
11
1

 , v3 =


1
1
11
11

 , w =


121
221
1211
1111

 ,
Determine whether or not w can be expressed as a linear combination w = λ1v1 + λ2v2 + λ3v3 and
if so, what are the relevant values λ1, λ2, and λ3?
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1.1.2 Linear independence

Definition 1.7. Let V = v1, . . . ,vk be a list of vectors in Rn.
Suppose that there is a linear relation between the vectors vi is a relation of the form

λ1v1 + · · ·+ λkvk = 0

where λ1, . . . , λk are scalars. In other words, we can express 0 as a linear combination of V.

• For any list we have the trivial linear relation

0v1 + 0v2 + · · ·+ 0vk = 0.

• There may or may not be any nontrivial linear relations.

• If the list V has a nontrivial linear relation, we say that it is a linearly dependent list.

• If the only linear relation on V is the trivial one, we instead say that V is linearly inde-
pendent or just independent.

Example 1.3. Consider the list V given by

v1 =


1
1
0
0

 , v2 =


0
0
1
1

 , v3 =


1
0
0
1

 , v4 =


0
1
1
0

 .
Determine if the list V is linearly dependent.
Solution: Since there is a nontrivial linear relation v1+v2−v3−v4 = 0, then the list A is dependent.

Example 1.4. Consider the list A given by

a1 =

[
1
2

]
, a2 =

[
12
1

]
, a3 =

[
−1
−1

]
, a4 =

[
3
1

]
.

Determine if there is a nontrivial linear relation on the list A.

Solution: Since there is a nontrivial linear relation 3a1 + a2 + 3a3 − 4a4 = 0, then the list A is
dependent.
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Example 1.5. Consider the list U given by

u1 =


1
1
0
0

 , u2 =


0
1
1
0

 , u3 =


0
0
1
1

 .
Determine if the list U is linearly dependent.

Example 1.6. Let v and w be vectors in Rn, and suppose that v 6= 0 and that the list (v,w) is
linearly dependent.
Prove that there is a number α such that w = αv.

Proof
Because the list is dependent, there is a linear relation

λv + µw = 0

where λ and µ are not both zero.
There are apparently three possibilities:
(a) λ 6= 0 and µ 6= 0;
(b) λ = 0 and µ 6= 0;
(c)λ 6= 0 and µ = 0;
However, case (c) is not really possible. Indeed, in case (c) the equation λv + µw = 0 would reduce
to λv = 0, and we could multiply by 1/λ to get v = 0, which contradicts that v 6= 0 by assumption.

In case (a) or (b) we can take α = −λ/µ and we have w = αv.
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1.1.3 Checking linear dependence by using row-reduction

There is a systematic method using row-reduction for checking linear (in)dependence, as we will explain
shortly. We first need a preparatory observation
We will consider 3 case of matrix B of size p× q.

• When p < q, the matrix B is said to be “wide.”

• When p = q, the matrix B is said to be “square.”

• When p > q, the matrix B is said to be “tall.”

Lemma 1.1. Let B be a p× q matrix in RREF.

(a) If B is wide (p < q) then it is impossible for every column to contain a pivot.

(b) If B is square (p = q)then the only way for every column to contain a pivot is when B = Iq.

(c) If B is tall (p > q)then the only way for every column to contain a pivot is if B consists of

Iq with p− q rows of zeros added at the bottom. I.e. B =

 Iq

0(p−q)×q



Proof:
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Theorem 1.2. Procedure for checking linear dependence by using row-reduction
Let V = v1, . . . ,vK be a list of vectors in Rn. We can check whether this list is dependent as
follows. Let

A =

 v1 v2 . . . vK


and let B be the RREF of A. Then

• If every column of B contains a pivot (so B has the form discussed in the previous Lemma)
then V is independent.

• If some column of B has no pivot, then the list V is dependent. Moreover, we can find the
coeffcients λi in a nontrivial linear relation by solving the vector equation Bλ = 0 (which is
easy because B is in RREF).

Proof:
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Remarks
If K ≥ n then V is automatically dependent and we do not need to go through the method.
For example, any list of 5 vectors in R3 is automatically dependent, any list of 10 vectors in R9 is
automatically dependent, and so on.)
Indeed, in this case the matrices A and B are wide, so it is impossible for B to have a pivot in every
column.

Example 1.7. Consider the list V given by

v1 =


1
1
0
0

 , v2 =


0
0
1
1

 , v3 =


1
0
0
1

 , v4 =


0
1
1
0

 .
Determine if the list V is linearly dependent.
Solution:
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Example 1.8. Consider the list A given by

a1 =

[
1
2

]
, a2 =

[
12
1

]
, a3 =

[
−1
−1

]
, a4 =

[
3
1

]
.

Determine if there is a nontrivial linear relation on the list A.

Solution:
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Example 1.9. Consider the list U given by

u1 =


1
1
0
0

 , u2 =


0
1
1
0

 , u3 =


0
0
1
1

 .
Determine if the list U is linearly dependent.
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2 Algebraic Properties of Matrices

Theorem 2.1. Properties of Matrix Arithmetic
Assuming that the sizes of the matrices are such that the indicated operations can be performed,
the following rules of matrix arithmetic are valid.

(a) A + B = B + A [Commutative law for matrix addition]

(b) A + (B + C) = (A + B) + C [Associative law for matrix addition]

(c) A(BC) = (AB)C [Associative law for matrix multiplication]

(d) A(B + C) = AB + AC [Left distributive law]

(e) (B + C)A = BA + CA [Right distributive law]

(f) A(B−C) = AB−AC

(g) (B−C)A = BA−CA

(h) a(B + C) = aB + aC

(i) a(B−C) = aB− aC

(j) (a+ b)C = aC + bC

(k) (a− b)C = aC− bC

(l ) a(bC) = (ab)C

(m) a(BC) = (aB)C = B(aC)

Proof of (d)

14



MA332 Chapter 1: Systems of Linear Equations and Matrices @Saifon C.

Remarks
It is not true that all laws of real arithmetic carry over to matrix arithmetic.

1. No commutative law:

For example, in real arithmetic it is always true that ab = ba, which is called the commutative
law for multiplication. In matrix arithmetic, however, the equality of AB and BA can fail for
three possible reasons:

• AB may be defined and BA may not (for example, if A is 2× 3 and B is 3× 4).

• AB and BA may both be defined, but they may have different sizes (for example, if A is
2× 3 and B is 3× 2).

• AB and BA may both be defined and have the same size, but the two products may be
different (as illustrated in the next example).

2. No cancellation law:
AB = AC ; B = C

Example:

3. A Zero Product with Nonzero Factors

AB = 0 ; A = 0 and B = 0

Example:
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3 Inverse of Matrix

Definition 3.1. Let A be a square matrix.

• If a matrix B of the same size can be found such that AB = BA = I , then A is said to be
invertible (or nonsingular) and B is called an inverse of A.
Note: In this case, we also have that B is invertible (or nonsingular) and A is called an
inverse of B.

• If no such matrix B can be found, then A is said to be singular.

Example 3.1.

A =

[
2 −5
−1 3

]
, B =

[
3 5
1 2

]
.

AB =

[
2 −5
−1 3

] [
3 5
1 2

]
=

[
1 0
0 1

]
.

BA =

[
3 5
1 2

] [
2 −5
−1 3

]
=

[
1 0
0 1

]
.

Thus, A and B are invertible and each is an inverse of the other.

Theorem 3.1 (Uniqueness of inverse ). An invertible matrix has exactly one inverse.
I.e. If B and C are both inverses of the matrix A, then B = C.

If A ∈ Rn×n is invertible, then its inverse will be denoted by the symbol A−1. I.e.

AA−1 = A−1A = In

3.1 Computing the inverse of an invertible matrix
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Theorem 3.2. The matrix A =

[
a b
c d

]
is invertible if and only if ad − bc 6= 0, in which case

the inverse is given by the formula

A =
1

ad− bc

[
d −b
−c a

]
.

Example 3.2. Determine whether each of the following matrices is invertible. If so, find its inverse.

(a)

[
6 1
5 2

] [
−1 2

3 −6

]

Example 3.3. Solve a pair of equations of the form

u = ax+ by

v = cx+ dy

for x and yin terms of a, b, c, d, u and v.
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Theorem 3.3. If A and B are invertible matrices with the same size, then AB is invertible and

(AB)−1 = B−1A−1

Aproduct of any number of invertible matrices is invertible, and the inverse of the product is the
product of the inverses in the reverse order.

Proof:

Example 3.4. Show that (AB)−1 = B−1A−1.
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Powers of a Matrix
Let A be a square matrix.

• We define the nonnegative integer powers of A to be

A0 = I and An = AA . . .A [ n factors]

• If A is invertible, then we define the negative integer powers of A to be

A−n = (A−1)n = A−1A−1 . . .A−1 [ n factors]

•
ArAs = Ar+s

(Ar)s = Ars

Example 3.5. Let A−3 =

[
a b
c d

]
. Find A6.
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Example 3.6. Prove that if A is an invertible matrix, then AT is also invertible and

(AT )−1 = (A−1)T .
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