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Chapter 1
INTRODUCTION

1.1 IMPORTANCE AND NECESSITY
OF ECONOMETRIC STUDY

Economics is the social science that studies and researches into how the limited re-
source is efficiently allocated so as to satisfy the unlimited want of human. Economists,
thus, have formed the theories to explain economic phenomena and to present the solu-
tion to economic problems that probably occur in the economic system.

Nonetheless, economic theories, able to describe the dynamic of economic behaviour
only, may not be sufficient to suggest the policy dealing with specific issues. For example,
the theories may be incapable of identifying how much government spending is appropri-
ate for expansionary policy so that the economy will be stable, namely the economy will
expand so properly that no financial bubble results and no additional burden has to be
shouldered by the government itself. Hence, economists initiated application of statistics
and mathematics to economic theory and defined this field of study as “econometrics”.

Econometrics is the adaptation of statistical and mathematical tools for calculating
and estimating the value of the variables in an economic model invented from the use of
mathematical economics. Accordingly, econometrics is useful as the mean through which
the economic theories can be applied to the real world phenomena.

For illustration, suppose company A selling goods X attempts to develop the profit-
maximizing strategy. The data necessary to be studied is the demand for goods X itself.
Generally, economic demand theory states that, as the price of goods (Px) increases, the
demand for goods (Q%) would decrease. In term of mathematical economics, the model
describing this situation may be written as;

le(:a‘i‘bPX
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Then, economists would gather the information about the price and quantity of goods
X and, through econometrics, use that information to estimate the value of coefficient a
and b such that the company A can realize the demand for goods X. This approximation
of demand function can be utilized further to calculate the price-elasticity of goods X
which is helpful for developing suitable pricing strategy in the future.

1.2 PROCEDURE FOR ECONOMETRIC-MODEL
ANALYSIS

There are seven steps for the analysis of econometric model!. In this section, Keyne-
sian theory of consumption is used as an example to illustrate how to apply econometrics
to establish the regression function describing the relationship between income and con-
sumption expenditure.

1. SELECTING THE THEORY OR HYPOTHESIS OF INTEREST

John Maynard Keynes, the English economist, stated that the consumption of people
would increase as their income increases. Yet, the increase in consumption expenditure
would not increase in the same amount as the increase in income. In other word, marginal
propensity to consume, the proportion of consumption expenditure per 1 Baht increase
in income, would be greater than 0 but lower than 1.

2. IDENTIFYING MATHEMATICAL MODEL OF THE THEORY

The above theory portrays the relationship between consumption expenditure and
income; however, neither the rate of change nor the mathematical model is specified. In
term of mathematics, the model representing that theory may be written as;

C=a+bYand0<b<1 (1.1)

where C' is the consumption expenditure, Y is income, and a and b are parameters of the
models which are intercept and slope coefficients respectively.

This model is generally classified as single-equation model and, if the model con-
sists of more than one equation, it is called multiple-equation model. From the above
model, marginal propensity to consume (M PC') is measured by the coefficient b. Also,
describing the Keynesian theory of consumption, the model identifies the relationship
between income, which is an independent variable for this model, and consumption
expenditure, which is a dependent variable.

!Gujarati, Damodar N. and Dawn C. Porter, Basic Econometrics, McGraw Hill, Singapore, fifth
edition, 2009, p.3
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3. IDENTIFYING ECONOMETRIC MODEL OF THE THEORY

The next step is to identify the econometric model for consumption expenditure,
which can be written as;

C=a+0bY +u (1.2)

where u; is known as a disturbance or random term which is a random variable.

Normally, in basic econometrics, the parameters a and b will be estimated through
the use of linear regression model, which determines the effectiveness of the consumption
theory in explaining the real phenomena in economic system with the disturbance term
representing other factors not included in this model.

4. GATHERING DATA

For the data of consumption and national income in Thailand, Office of the National
Economic and Social Development Board (NESDB) takes responsibility as the provider.
The sample data is shown in Table 1.1.

Table 1.1: The data of consumption expenditure (C) and national income (Y) at constant
price (trillion bath)

Year | C Y || Year | C Y

1990 | 1.88 | 3.36 || 2001 | 3.01 | 5.42
1991 | 1.98 | 3.65 || 2002 | 3.20 | 5.76
1992 | 2.17 | 3.98 || 2003 | 3.44 | 6.17
1993 | 2.35 | 4.33 || 2004 | 3.69 | 6.56
1994 | 2.53 | 4.68 || 2005 | 3.85 | 6.84
1995 | 2.74 | 5.06 || 2006 | 3.96 | 7.17
1996 | 2.88 | 5.34 || 2007 | 4.00 | 7.57
1997 | 2.84 | 5.20 || 2008 | 4.12 | 7.69
1998 | 2.55 | 4.80 || 2009 | 4.06 | 7.62
1999 | 2.66 | 5.02 || 2010 | 4.27 | 8.18
2000 | 2.84 | 5.24 || 2011 | 4.34 | 8.21

Source: NESDB. at June 2013
5. ESTIMATING ECONOMETRIC MODEL

After receiving all the data, the econometric technique is used for regression analysis
to detect the characteristics of these two groups of data and to estimate the value of
parameters a and b. According to the Table 1.1., the following estimates of a and b are
obtained,

C; = 0.1021 4 0.525Y, (1.3)
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where C, is the estimated consumption expenditure. Figure 1.1 depicts the consumption
expenditure as the function of national income.

Equation (1.3) indicates that, in accordance with the data from 1990 to 2011, as the
real national income increases by 1 Baht, the consumption expenditure in the system
increases by, approximately, 0.525 Baht.

Figure 1-1: Consumption Expenditure and National Income from 1990 to 2011 (Trillion
Baht)

6.0 7 Consumption
Expenditure C
(Trillion Baht)

C=0.1021 + 0.525Y

3.0 7

2.0 7

National Income Y (Trillion Baht)
0.0 T T T T T 1

0.0 2.0 4.0 6.0 8.0 10.0 12.0

6. TESTING THE HYPOTHESIS

After acquiring equation (1.3), the next step is to perform hypotheses testing of
whether values of parameters a and b significantly equal 0.1021 and 0.525 respectively.

Starting with the sign and magnitude, it can be seen that the estimate of b is positive
and below 1, which corresponds to the stated Keynesian theory of consumption. Fur-
thermore, the estimate of a is positive, coinciding with the theory since, even without
income, people still need to make consumption expenditure to survive. This expenditure,
for instance, may be received from liquidating an asset or borrowing.
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Next, the ability of independent variable (national income) to explain the dependent
variable (consumption expenditure) will be examined, which will be discussed later in
chapter 3 and 4. Moreover, the reliability of the model has to be tested so as to find out
if the model faces any problems, which will be clarified from chapter 6 to 9, and should
the model confront those problems, which remedial measures have to be taken.

7. APPLYING ECONOMETRIC MODEL TO PREDICTION OR POLICY MAKING

Suppose that the econometric model stated in the previous step passes the statisti-
cal tests, the parameters b in the model can be used to calculate a multiplier. As an
illustration, for the closed economy without government, the multiplier is derived as,

1

MUlt'Lpl’LGT = m

(1.4)

From the model where M PC' = 0.525, the value of the multiplier will be 2.11 which
means, as private or government sector raises the expenditure by 1 Baht, the national
income will rise by 2.11 Baht. Hence, with this information, the policy would be estab-
lished efficiently and effectively.

Besides, policy-maker might set the specific level of consumption expenditure, like 4.5
trillion Baht, in order to achieve some objectives such as unemployment rate reduction.
Then, the government has to find the necessary national income that satisfies that level
of consumption expenditure. Thanks to the model used previously, the required amount
of national income is 8.4 trillion Baht. Government, accordingly, uses this number as the
targeted level of national income to accomplish those objectives.

C, = 0.1021 + 0.525Y;
45 = 0.1021 + 0.525Y;

— 4.5-0.1021
Yo = 0.525
Y, = 8.4

1.3 DIFFERENCE BETWEEN REGRESSION,
CAUSATION AND CORRELATION

Regression analysis deals with the statistical relationship between independent and
dependent variables with the hypothesis that the independent variables can explain de-
pendent variables. Nonetheless, this relationship does not always imply the causation
of one or more variables on the other. To discover the causation, only the data and
statistical technique are not sufficient. As a result, economists have to rely on additional
information such as economic theory and common sense.
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For instance, generally, it is reasonable to believe that rice production per rai depends
on or is caused by the level of rainfall. Regression analysis can be used to derive the rela-
tionship between these two variables. In the other way around, it is impossible that the
level of rainfall relies on rice production; even though, the statistical relationship (in this
way) can be found through regression analysis. Hence, the statistical relationship is not
necessarily the same as causation and the correct regression analysis should be based on
the theory; otherwise, the analysis will be performed in vain.

For correlation and regression analysis, although both techniques are used to obtain
the relationship between two variables, the interpretations of each analysis are different.
Correlation analysis measures the relationship of two variables in both directions. Statis-
ticians, for example, may want to identify the relationship between weight and height
of specific group of people, or the relationship between the students’ scores in physics
and mathematics class. On the other hand, regression analysis estimates or forecasts
the relationship from one variable to the other without reverse relationship, such as to
forecast the scores in physics class using the scores in mathematics class.

Another interesting difference is the fact that, for correlation analysis, both variables
will be random or stochastic. For regression analysis, an independent variable will be
fixed or non-stochastic, which is acquired through repeated sampling, and dependent
variable will be random conditional on each value of independent variable.

1.4 CLASSIFICATIONS OF DATA FOR
ECONOMETRIC ANALYSIS

Data in economics is classified into many categories. Normally, economist will use the
theory together with many sets of data for evaluation and analysis to describe various
situations such as how the growth rate of economy affects the change in SET index, how
the oil price in Singapore influences the inflation rate of Thailand. Also, some types of
data are recorded in different time intervals. As illustration, NESDB announces the value
of product in Thailand quarterly and annually while SET index is recorded daily.

Due to various characteristics, the data has been classified into 4 types such that
econometricians can realize the distinct property of each type of data for using in the
analysis. The 4 types of data are;

1. Time series data is the data collected in every time interval such as annually, monthly,
and weekly. Table 1.2 is the example of time series data.
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Table 1-2:Time series data

Year GDP C I G X-M
1990 4.2 2.0 3.0 1.0 -2.2
1991 4.6 2.1 2.1 1.4 -1.0
2012 8.4 2.3 4.0 2.0 0.1

2. Cross-sectional data is the data collected from the group of sample at the same point
in time like the census of population on various issues from the sample (Table 1-3)

Table 1-3: Cross-sectional data

Sample Year 2013 | Income | Education | Gender Marital Status | Expenditure
Mr A. (1) 15,000 | Bachelor’s | Male Married 10,000
degree
Mrs B. (2) 35,000 | Master’s Female Single 30,000
degree
Mr C. (3) 10,000 | Technical | Male Single 15,000
Certificate
Mrs Z (500) 100,000 | Doctoral Female Married 20,000
degree
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3. Pooled data is the data collected from the different groups of sample in each time
interval (Table 1.4)

Table 1.4: Pooled data

Sample Income | Education | Gender Marital Status | Expenditure
Year 1990
Mr A. (1) | 10,000 | Secondary | Male Single 2,000
education
Mrs B. (2) |20,000 | Bachelor’s | Female Single 18,000
degree
Mr D. (500) | 350,000 | Doctoral Male Married 400,000
degree
Year 1991
Mrs Z. (1) | 20,000 | Master’s Female Single 1,000
degree
Mrs B. (2) | 22,000 | Bachelor’s | Female Single 20,000
degree
Mr D. (500) | 350,000 | Doctoral Male Married 400,000
degree
Year 2012
Mr E (1) | 40,000 | Bachelor’s | Male Married 35,000
degree
Mrs F (2) | 70,000 | Bachelor’s | Female Married 40,000
degree
Mrs G (500) | 80,000 | Bachelor’s | Female Married 100,000
degree
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4. Panel data is the data collected from the same groups of sample in each time interval
(Table 1.5)

Table 1.5: Panel data

Sample Income | Education | Gender Marital Status | Expenditure

Year 1990

Mr A. (1) | 10,000 | Secondary | Male Single 2,000
education

Mrs B. (2) | 20,000 | Bachelor’s | Female Single 18,000
degree

Mr D. (500) | 350,000 | Doctoral Male Married 400,000
degree

Year 1991

Mr A. (1) | 12,000 | Secondary | Male Single 4,000
education

Mrs B. (2) | 22,000 | Bachelor’s | Female Single 20,000
degree

Mr D. (500) | 360,000 | Doctoral Male Married 420,000
degree

Year 2013

Mr A. (1) | 15,000 | Bachelor’s | Male Single 10,000
degree

Mrs B. (2) | 35,000 | Master’s Female Single 30,000
degree

Mr D. (500) | 800,000 | Doctoral Male Married 780,000
degree
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SUMMARY

1. Econometrics is the synergy between mathematics, statistics and economics used
to verify the economic theories with the empirical evidence. Also, econometrics can be
applied in various practical means.

2. The procedure of econometric analysis consists of 7 steps, starting with selecting
the theory or hypothesis of interest; then, identifying the mathematical model of the the-
ory, identifying the econometric model of the theory, gathering data, estimating economic
model, testing hypothesis of whether there is statistically significant and, after passing
the test, applying the model to answer economic problems.

3. Regression analysis does not necessarily imply causation. Correlation analysis is
different from regression analysis in the statistical interpretation. In other words, correla-
tion analysis considers the relationship of two variables in both directions; while regression
analysis considers the relationship only in one direction, namely only from one variable
to the other without reverse relationship.

4. Data can be classified into 4 categories which are time series data, cross-sectional
data, pooled data and panel data.



Chapter 2

STATISTICAL REVIEW

To be prepared for econometric study, your necessary statistical knowledge will be
refreshed throughout this chapter. Firstly, the definition and useful properties of summa-
tion are brought up. Then, the concept of probability and random variable are discussed,
followed with the various probability distributions. Finally, we talk about the concept of
estimator and the properties required for a good estimator.

2.1 DEFINITION AND PROPERTIES
OF SUMMATION

The notation ) | (sigma), in mathematical term, denotes the summation of a variable
X from the first X (the number assigned below >_) to the n'"X (the number assigned
above ). In term of equation, thus,

Y Xi=Xi+ X+ + X, (2.1)
=1

The noteworthy properties of summation include,
LY " k=nk

3. 2 i@+ bX;) =na+b3 0, X;

4. Z?:1(Xi + Yi) = Z?:l Xi+ Z?:l Y;

17
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where a, b and k are constant.

Multiple summation is the summation of variable that is in the form of matrix,
shown as,

n m

ZZXZ']' =X+ X+ + X + Xog + Xoo + + Xop + .0+ Xy (2.2)

i=1 j=1

where
X X2 oo Xim
X — X‘zl )(‘22 . X‘Zm
an Xn2 s Xnm nXm

The significant properties of multiple summations include,

Lo Do Xy =200 2 i Xij
2. 30 27:1 XYy =1, Xi ¥ Z?:l Y;
3. Z?:l 2?:1()(” + Y;j) = Z?:l 27:1 Xij + 2?:1 27:1 Yij

4. (Z?:l Xi)2 = Z?:l Xi2 +2 Z;:ll Z?zi—i-l Xin

2.2 SAMPLE SPACE, SAMPLE POINT AND EVENTS

Sample space is the set of all possible results of an experiment. For example, if you
toss the coin twice, all feasible outcomes are composed of head twice, head followed by
tail, tail followed by head, and tail twice. Let H denotes head and T denotes tail. The
sample space can be written as,

SS ={HH HT,TH,TT}

Sample Point is the member of sample space, eg. the event that head occurs twice
from tossing a coin twice. Specifically, sample point is,

SP=HH or H'or TH or TT

Events are the set of some consequences of the experiment such as the events that
head occurs twice. Specifically, events are the subset of sample space.
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A = the event that head occurs twice = {H H}

Events are mutually exclusive, if the occurrence of one event makes no other events
in sample space possible. As an illustration, for the experiment of tossing two coins once,
let C be the event that both turn head and D be the event that both turn tail. Since C
and D cannot happen at the same time, these two events are said to be mutually exclu-
sive. Another example is the experiment of drawing one card from the standard 52-card
deck, let E be the event that the rank of card is King and F be the event that suit of card
is Clubs. As the event E and F can occur simultaneously, namely the King of Clubs, the
two events are not mutually exclusive.

Events are collectively exhaustive if they cover all possible outcomes in the sample
space. With the experiment of tossing the coin twice, let A be the event that head appears
twice, B be the event that tail appears twice, and C be the event that head and tail each
appear once. In this case, A, B and C are collectively exhaustive since all events cover
all possible results from sample space; that is, HH, HT, TH and TT.

2.3 PROBABILITY AND RANDOM VARIABLE

Probability is the possibility that any event will occur, given some specific sample
space.

Let A be the event occurring in the given sample space and P(A) be the probability
that A will happen. Then, P(A) is defined as;

P(A) = times the event A will occur (2.3)

~ the amount of all possible outcomes in sample space

For instance, to draw one card from the standard 52-card deck, let A be the event
that the rank of card is 2. Times the event will occur is 4 and the amount of all possible

outcomes is 52; hence, the probability of A is 51‘2 or %3

Some properties of probability are;

1.O<SPA) <1

2. If A, B and C are composed to be exhaustive set, then,
P(A)+ P(B)+ P(C)=1

3. If A, B and C' are mutually exclusive, then,

P(A+ B+ C)=P(A)+ P(B)+ P(C)
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BRAIN-TEASER
“Let’s Make a Deal” or “Monty Hall Problem”

An American television-show lets the guests choose one from the three panels, one
of which the Prize, like car and television set, is behind; and the other of which the
Zonks (booby prize) are behind.

Once the guests choose the panel, the host of the show will turn one of the Zonk-
panels and ask whether the guest would like the choose panels again from the two
left.

The question is “Would the decision to reselect the panels enhance the probability of
winning the price?”

Random Variable Suppose that the results of an experiment are in the form of
value, the variable, whose value is determined by one of those results, is known as ran-
dom variable. Random variable can be either discrete or continuous value.

For discrete random variable, the example is the sum of the values on the face of two
dice, when rolling two dice once. In other word, the obtained sum will range from 2 to
12, and it is impossible to get 2.5 or 3.5.

For continuous random variable, the example is the height of the high-school student,
constricted to the range from 160 to 180 centimetres. It can be seen that the value of the
height need not be the integers and can take the value of 160.5 or 160.52 centimetres.

These two distinct characteristics of random variable enable us to classify them into
different probability density functions, which would be stated in Section 2.4.

2.4 PROBABILITY DENSITY FUNCTION

As the value of random variable depends on an experiment, the probability density
function would portray the overall image of possible random results. The type of the
probability density function relies on the characteristic of the random variable. In this
section, many important types are discussed.
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2.4.1 Probability Density Function for Discrete Random Vari-
able

Let X be the discrete random variable with the value X1, X2, Xn and we get,

f(X) = PX=X;) for @ = 1,2,..n
f(X) =0 for X # X,

Example: Let X be random variable of the sum of values on the face of two dices.
The value might be 2, that is the value from both rolling round is 1, or 12, that is the
value from both rolling round is 6. The Figure 2-1 summarizes all possible results#

Figure 2-1: Probability Density function of the Sum of Values on the Side of the Dice,
Obtained from Rolling the Dice Twice

£(X) 6/36

5/36 5/36

4/36 4/36
3/36 3736
2/36 2/36
1/36 1/36
B 1
T T T
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2.4.2 Probability Density Function for Continuous Random Vari-
able

Let X be the continuous random variable. The probability density function of X
satisfies the three following conditions.

L f(X)=0

2. f_oooo f(X)dx =1

3. [0 f(X)dzr = P(a < X <b)

Figure 2-2 exhibits the probability density function for the continuous random vari-
able, where the area under the curve represents the probability that the variable will lay
on that range. Specifically, P(a < X < b) means the probability that X will take the

value between a and b.

Figure 2-2: Probability Density Function for Continuous Random Variable

f(X)

P(a <X< b)

/

N

N
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2.4.3 Joint Probability Density Function

In this subsection, only joint probability density function for discrete variable
is discussed. Let X and Y be discrete random variables. The joint probability density
function, identifying the probability that X and Y happen simultaneously, is written as,

f(X,)Y)=P(X=zand Y =vy)

Example: The following table explains the joint probability density function.

Table 2-1: The table illustrating the joint probability density function of X and Y

X
-1 0 1
110.11 0.08 0.05
Y 2(0.09 0.05 0.03
31035 007 0.17

According to the table, the probability that random variable X will be 0 and random

variable Y will be 3 is 0.07 or 7 percent. In mathematical term, it can be written as
f(X=0,Y =3)=0.07.

2.4.4 Marginal Probability Density Function

The above joint probability density function f(X,Y’) shows the joint distribution of
two variables. On the other hand, marginal probability density function with re-
spect to joint probability function, displays the probability density function of single
variable like f(X), f(Y), which can be derived from;

f(X) = > f(X,Y) -called marginal PDF of X
fY) = > f(X,Y) called marginal PDF of Y

where ), or >, means the summation of probability over all values of X and Y
respectively.

Example: According to Table 2-1 above, marginal PDF of X is obtained from
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X =-1) =
Flx=0) =
X =1) =

Sy (X =-1Y)
FX = —1,Y = 1) + f(X
0.11 4+ 0.09 + 0.35

0.55

2y [(X=0Y)

FX=0Y=1D+f(X=0Y=2)+f(X=0Y

0.08 + 0.05 4+ 0.07
0.20

2y [(X=1Y)

FX=1LY=1)+fX=1Y=2)+f(X=1Y

0.05+0.03 +0.17
0.25

and marginal PDF of Y is obtained from

fr=1) =
fy=2) =
vy =3) =

2x (XY =1)

—LY =2)+ f(X =—1,Y =3)

= 3)

= 3)

FX=-1LY=D)4+f(X=0Y=1)+fX=1Y=1)

0.11 + 0.08 4+ 0.05
0.24

2x f(X,Y =2)

FX=-1Y=2)+f(X=0,Y=2)+ f(X =1,V =2)

0.09 + 0.05 4 0.03
0.17

2x [(X,Y =3)

fX=-1Y=3)+f(X=0,Y =3)+ f(X =1,V =3)

0.35+40.07 4 0.17
0.59

According to the calculation above, the result can be summarized into Table 2-2.

Table 2-2: Table demonstrating joint probability of random variable X and Y

X
1 0 1

1 0.11 0.08 0.05 | f(Y =1)
= 0.24

Y 2 0.09 0.05 0.03 | f(Y =2)
=0.17

3 0.35 0.07 0.17 | f(Y =3)
= 0.59

fX=-1) [(X=0) f(X=1)]f(X)=1

= 0.55 =020 =025 | f(Y)=1




Panit Wattanakoon 25

2.4.5 Conditional Probability Density Function

Conditional probability density function is the probability of one event given
that some events have already occurred. The function is written as,
JXY) =P(X =2y =y)
This function can be obtained from the joint probability density function through,

) =15

Example: According to Table 2.1, find f(X =1|Y =2) and f(Y =2|X =0)

FX =0y =1) = [X=0¥=D

|

o
o
<o

fY =2|X =0) f(r=2X=0)

Example: Let event A be tossing the dice once and the point is odd number and B
be the tossing the dice once and the point is at least 5. Find the probability that the
point coming up is odd given that the point has to be at least 5.

A and B will occur simultaneously if the point from tossing the dice is 5; so, the joint
probability of A and B is %. The probability that B occurs is %. Hence, the conditional
probability of A given B is

P(A|B) = 2 —

ajorl=

7

D=

2.4.6 Statistical Independence

Two random variables are independent if the resulting value of one variable does
not affect the resulting value of the other; namely,

FXY) = f(X)f(Y)

Example: Consider Mr. Ake’s expenditure for a meal and the Miss Somsri’s expen-
diture for a dessert. Given that they do not know each other, the realization of Mr. Ake’s
expenditure does not imply the realization of Miss Somsri’s expenditure. We can, thus,
conclude that the expenditures of these two people are independent#

Example: Consider drawing cards sequentially from the standard 52-card deck with-
out putting it back into the deck. Once the first card is drawn, the probability of drawing
the second card will be influenced because the amount of cards in the deck is reduced. In
this case, it can be concluded that drawing the first and second card are not independent#
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2.5 EXPECTATION, VARIANCE, COVARIANCE
AND CORRELATION

2.5.1 Mean or Expected Value
Because the value of random variable hinges on the value of random results of exper-
iment which cannot be determined certainly, statisticians have invented the measures of

central tendency of the random variable. One of them is expected value.

For discrete random variable, the expected value is calculated by;
E(X) = ZXif(Xi) = X1 f(X1) + Xof (Xo) + ... + X f(Xn)
For continuous random variable, the expected value is calculated by,

B(X) = / X F(X)dxX
where;

E(X) is the measure of central tendency of random variable, resulting from repeated trial
of experiment.

Yo Xif(X;) is the average of random variable weighted by the probability correspond-
ing to each value.

a and b are the lowest and highest constant possible respectively.

Example: Find the expected value of rolling two dice once (Figure 2-1)

E(X) = 2 Xif(X))
= Xof(Xo) + X3 f(X3) +... + Xiaf(X12)
= 25432 +42 + 55 + 62 + 75 + 84 + 95 + 102 + 112 + 12
= 7

Hence, the expected value is 7#
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Crucial properties of expected value include,

1. E(b)=10

2. BE(aX +b)=aB(X)+0b

3. E(XY)=E(X)E(Y) ;given that X and Y are independent
4. B(g(X)) = Y2, g(X)f(X)

where a and b are constant.

Conditional expectation value is the expectation value of random variable under
some conditions such as expectation value of X conditional on Y or E(X|Y = 5)

Let f(X,Y) be the joint probability function of X and Y. The expectation of X
conditional on some value of Y is defined as,

For discrete random variable E(X|Y =y) = >  Xif(X|Y =v)
For continuous random variable E(X|Y =y) = [T X,f(X]Y =y)

Example

EY|IX=1) = Y, Yif(Y|X=1)
Lf(Y =1[X =1) +2f(Y =2|X = 1) +3f(Y =3|X = 1)
1(552) +2(352) + 3(552)

= 2484

2.5.2 Variance

Variance is the measure of dispersion of the value of variable around the expected
value. The higher the variance, the more dispersing the random variable (Figure 2-3). If
X is the random variable with expected value u, we get;

Var(X) = 02 = B[X — B(X)* = B(X)* — 4 (24)
From,
Var(X) = o2
= E[X - EBE(X))?
— B[X2—2XE(X) + (B(X))
— B(X2) —2(E(X))? + (B(X))?
— E(X)2 _ N2
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Figure 2-3: Distribution of Random Variables with Different Variance

Low Variance

High Variance

Important properties of expected value include;

L B(X = p)? = B(X?) —

2. Var(b) =0

3. Var(aX +b) = a*Var(X)

4. Var(X 4+Y)=Var(X)+ Var(Y) ; given that X and Y are independent
5. Var(aX +bY) = a*Var(X) + 0*Var(Y)

where a and b are constant.

2.5.3 Covariance

Covariance can indicate the relationship between any two variables such as X and
Y. If the covariance is positive, it implies that as X changes, Y will change in the
same direction. On the other hand, if the covariance is negative, it implies that as X
changes, Y will change in the different direction. Lastly if covariance is zero, it implies
no relationship between X and Y. The covariance can be calculated by;

con(X,Y) = B[(X — jix)(Y = py)] = B(XY) = pxpay
The essential properties of covariance are;

1. If X and Y are independent,
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cov(X) = E(XY)—uxpy

= HxHy — PxHy
=0

2. cov(a+bX,c+dY)=bd cov(X,Y)

;where a, b, c and d are constant.

2.5.4 Correlation

Correlation is the measure of covariance in which the value is scaled to range from
-1 to 1. For an illustration, if the correlation is equal to 1, it implies that, as X changes,
Y changes proportionately in the same direction. Yet, the correlation between X and Y
does not necessarily means that X causes Y to change or the other way around. It is
merely the measure of relationship between two variables and can be calculated as;

cov(X,Y)

var(X)var(Y)
cov(X,Y)
OxX0oy

2.6 IMPORTANT PROBABILITY DISTRIBUTION

p =

In this section, various types of probability distributions, which are usually applied
to economics, are discussed such as normal distribution, x* or Chi-square distribution,
student’s t distribution and F distribution

2.6.1 Normal Distribution

Normal distribution, characterized by the bell-shape, is the probability distribution
for continuous random variable. Another interesting property is that the value of mean,
median and mode of random variable, which features normal distribution, are the same.
The random variable X having normal distribution with mean p and variance o2 is

denoted by X ~ N(u,c?) with the function of
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Figure 2-4: Normal Distribution

Approximately 68%

Approximately 95%

N

Approximately 99.7%

Figure 2-4 depicts the normal distribution that is characterized by bell-shapes and
has the following properties.

1. The distribution is symmetric around its mean value.

2. The area under the curve, representing the probability, between p + o, u £ 20
and p + 30 is approximately 68 percent, 95 percent and 99.7 percent of the total area.

3. The random variable X, having normal distribution with mean u and variance o2,
can be converted to standard normal distribution through;

X —p
o
4. Let X; ~ N(uy,0?) and Xy ~ N(ug,03%) and the random variable X; and X, be

independent. Also, let Y = aX; + bX,. The random variable Y also has normal distri-
bution, namely Y ~ N (ap + bus, a*c? + b?03)

7 —

5. Central limit theorem states that, as the sample size increases (at least 30), the
distribution of arithmetic means will be approximately normally distributed; despite the
original distribution of population.
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6. Mean and variance of random variable normally distributed will be independent
from each other. That is, they are not the function of each other.

2.6.2 Chi-square Distribution

Let Zy, Z5,, Z, be the random variables that are independent from one another with
mean 0 and variance 1 or Z ~ N(0,1) Then, the variable Z is defined as;

k
7=>Y 7
1=1

The variable Z has x? distribution with degree of freedom! equal to the number of
variable Z’s constituting Z, which is k. Figure 2-5 portrays x? distribution.

1

Figure 2-5: Chi-Square x? Distribution

(X

XZ

The properties of x? distribution are as following

!Degree of freedom is the number of value used to calculate the value final statistic that can vary
freely. For example, suppose that the arithmetic mean of 4 value is 100, implying that the sum of 4
value is 400. If 3 values out of 4 are known to be 50, 60 and 90, the last value is restricted to be 200
such that the total sum id 400. In this case, we say the degree of freedom is 3, or generally n — 1. Yet,
statistically, degree of freedom can be calculated through various fashions.
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1. The smaller the degree of freedom (k), the more right-skewed the y? distribution.
As the degree of freedom approaches infinity, x? distribution will resemble normal distri-
bution.

2. The mean and variance of x? distribution are k& and 2k respectively.

2.6.3 Student’s ¢t Distribution

Let Z; ~ N(0,1) and Zy ~ x*(k) and both of them be independent. The variable ¢ is
defined as;

7 ZVk
t=—=="—t
2 v

Figure 2-6 exhibits student’s t distribution with the following properties.

1. Students ¢ distribution is similar to normal distribution; that is, it is symmetric
around the mean value but flatter than the normal distribution. As the degree of freedom
increases, students ¢ distribution will approximate normal distribution.

2. The mean and variance of students ¢ distribution are 0 and k—fz respectively.

Figure 2-6: Student’s ¢ Distribution

k=120 (normal distribution)

-~
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2.6.4 F Distribution

Let Z; ~ x?(ky) and Z ~ x?(ks) and both of them be independent, the variable F is
defined as;

Z1

_ ki
F_ Z’Fklyk@

ko
Figure 2.7 illustrates F' distribution with the following properties.

1. F distribution is right-skewed distribution. As both degrees of freedom increase,
the F distribution will approach normal distribution.

2. The mean and variance of F' distribution are 2, which is defined when ky > 2,

Fp—2
23 (b +2—2) 7, which is defined when k; > 4, respectively.

and k1 (k2 —2)2 (k2—4

3. 12 =Fip

Figure 2-7: F' Distribution

f(F)

50,50

2,2

10,2
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2.7 ESTIMATOR AND ITS DESIRABLE
PROPERTIES

2.7.1 Estimator

Normally, if we want to explain the relationship between X and Y through linear
equation, the slope and vertical intercept have to be found which, in turn, use to form
linear equation. Unfortunately, this might not always be the case. Consider the data in
Table 2-3 that identify the amount of fertilizer used by farmers in one village and the
amount of rice product corresponding to each amount of fertilizer. The plot of X and Y
is shown in Figure 2-8.

Table 2-3: The amount of fertilizer and the corresponding amount of rice products in ton

X (Fertilizer: Ton) Y (Rice Product: Ton)
0 5

9

13

15

19

24

Ol W N~

Figure 2-8: The Plot of the Amount of Fertilizer and the Corresponding Amount of Rice
product

30 7 Rice (Ton)

20 7

15 7

10 7

Fertilizer (Ton)
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Suppose the relationship of two variables is explained by;
where a and b are population parameter and a and b are sample statistics or estimators.

When (0,5) and (5,24) are used to obtain vertical intercept and slope, we get;

Y = a+bX;
(0,50 5 = a+b0)
(5,24) 24 = a+b(5)
a4 =5
b 3.8

According to above computation, the equation 1 is obtained, as depicted in Figure
2-9. Nonetheless, if the data (1, 9) and (3, 15) are used to obtain the linear equation, the
equation 2 will result. Consequently, the decision of which pair of data is used determines
the values of @ and b. The point to be considered is, thus, which sample statistic is the
most appropriate.

Figure 2-9: Linear Equations Representing the Relationship between Fertilizer and Rice
Product

30 7 Rice (Ton)

Equation 1

20 7 Equation 2

15 7]

10 7

Fertilizer (Ton)
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2.7.2 Desirable Properties

The target of statisticians is to find the sample statistic that identifies the relation-
ship between any variables. Still, the population data is not always available to be used;
hence, the sample data is used instead. The method of sampling would yield different
set of sample data, which, in turn, results in different values of sample statistics. The
difference of the values of parameter and statistic is called sampling error.

Accordingly, the best statistic or estimator is the one that generates the lowest sam-
pling error. The procedure of estimation is as following.

Let 6 be the estimator of unknown parameter 6, we get

1) The mean of 6 = E(f)

2) The variance of = E[§ — E(6))?

3) Sampling error = 6 — 6

4) Bias = E(0) — 6

5) Mean Square Error (MSE) = E[f — 6)?

Since 0 may be greater or lower than 6, the differences of each term might cancel each
other when they are summed up to find the average value. Hence, the sum of squared

difference is used rather than the sum of difference. Moreover, MSE can be written in
another form. To derive;

MSE = E[l— E(6)+ E(6) — 62
— El(0- E@) + (E0) - o)
— B0 EO)? + (B() — 0)* + 26 — E@))(E@) — 0)
— El)— BEO)P + BIE(®) — 01> + 2E[(0 — E0))(E@) — 0)
= FE[0 —AE(H)]2 + E[E(0) - > + 0
Var(0) + [Bias(9))?
where;

2B((6 - E(6))(B(9) - 9)] = 2E[<é
0

2(E()) )+ 0(E(0)]

= 0

Therefore, MSE will be minimized if the bias is zero and the variance is low.
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The first criterion for considering which estimator is the best is zero bias. Variance,
then, is considered. In the Figure 2-10, even the variance of @ is zero, its bias (the
distance between 03 and 0) is larger than the bias of 6, and 6, which is zero. Hence,
only #; and 6, pass the first criterion. According to second criterion, 65 is better than 6,
thanks to lower variance.

Figure 2-10: The Estimators

6

For small sample size, f is called efficient estimator for § whenever

1. 6 must be unbiased, namely Bias = 0

~

2. 0 must have minimum variance, namely Var(f) < Var(0)

When 6 is any other unbiased estimators, we can conclude that 6 is the minimum
variance estimator. Figure 2-11 illustrates the selection of efficient estimator. In spite of
low variance, estimator B is biased. In this case, even though estimator A has higher
variance but it is unbiased. Thus, estimator A is selected over B.
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Figure 2-11: Efficient Estimator

All Estimators

Unbiased Biased

For large sample size, although there is no efficient estimator with the small sample,
as the sample size increase, the estimator may become closer to the true parameter. The
estimator with this property is said to be consistent, as shown in Figure 2-12.

Figure 2-12: Consistent Estimator for Large Sample Size

A

e4where n=100

A

eswhere n =80

A

ezwhere n =50

A

91 where n = 25

|
0



Chapter 3
SIMPLE REGRESSION MODEL

3.1 METHOD OF ORDINARY LEAST SQUARE

3.1.1 Concept and Assumptions of Model Estimation

Consider the data of weekly income and consumption expenditure of 60 families in
one village. The relationship between consumption expenditure (Y') and income (X)) can
be obtained by letting Y depend on X and be defined as;

where;

Y is weekly consumption expenditure per family.
X is weekly income per family.

a and b are population parameters

u; 1s disturbance term or error term.

Table 3-1 illustrates the data of income and expenditure of 60 families. 10 families
receive the weekly income of 1,000 Baht; yet, they have different levels of consumption
expenditure ranging from 370 to 1,200 Baht. The condition expectation on the families
with 1,000-Baht weekly income is 782 Baht, or E(Y'|X = 100) = 782. On the other hand,
the unconditional expectation for this group of 60 families is 1,386 Baht.

39
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Table 3-1: Data of weekly income and expenditure of 60 families

Income (Baht)

X = 1,000 1,200 1,400 1,600 1,800 2,000
Consumption 500 550 1,250 1,540 1,500 1,900
Expenditure 600 700 1,400 1,690 1,600 2,050
(Baht) 782 790 1,000 1,500 1,750 1,600
Y| 670 500 1,100 1,590 1,698 1,850

720 880 1,250 1,580 1,700 1,700
370 1,400 1,300 1,650 1,850 1,820
1,200 1,300 1,600 1,500 2,000 1,997
900 1,500 1,900 1,200 1,780 2,300
980 963 1,800 1,350 1,600 2,500
1,100 1,050 1,400 1,400 1,500 2,250

Conditional Expectation | 782 963 1,400 1,493 1,698 1997
E(Y|X)

Figure 3-1: The Conditional Distribution of Expenditure for Various Levels of Income

3,000 Consumption

Expenditure

2,500 ¢

:

2,000 7

1,500
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500 7

Income

800 1,000 1,200 1,400 1,600 1,800 2,000
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Population regression function is acquired through the use of population data to
find the linear function explaining the relationship between dependent (Y') and indepen-
dent variable (X). In Figure 3-1, population regression line is drawn to depict this
linear relationship of which linear equation ! is written as;

E(Y|X,) = a+bX; (3.2)

This regression model identifies that the rise in income, on average, will raise the
consumption expenditure. However, this expected relationship might not be perfectly
applicable to every family. For example, due to an increase in income, some families may
increase their expenditure by lower or higher amount than the other families. The above
model represents only approximate relationship; hence, there might be some error. This
error or disturbance (u;) can be defined as;

u; =Y; = E(Y]X;) (3:3)

From equation 3.3, if E(Y]X;) is a linear equation and y; is rearranged to be on the
left of equation, we get that consumption expenditure (y;) depends on two factors, which
are income (X;) and disturbance (u;), and is described by,

Importantly, disturbance term is random variable since many families have different
consumption expenditure, conditional on any specific level of income. The error term,
thus, can take many values, which can be positive or negative. Using weekly income of
1,200 Baht as an example, it can be seen that, the error term can take different values
(depicted by Figure 3-2) such as;

X =1,200: Y; = 550 = a+b(1,200)+ uy
Y, = 700 a+ b(1,200) + uy

Yio = 1050 = a+ b(1,200) + uy

where uy # us # ... # Ug.

'In simple regression analysis, only the regression model that is linear in parameter is considered.
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Figure 3-2: Distribution of income, consumption expenditure and disturbance term
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Nevertheless, if we assume that population regression line passes through the condi-
tional expectation of Y, the condition expectation of the error term will be zero.

To clarify;

from Y; = EY;|X;) + u;
E(Yi|X;) = E(E(Y;]X:)) + E(ui| X;)
= EY|X;) + E(u]X;)

Accordingly, other related effects out of the model are reflected in the error term. The
reasons for the existence of disturbance term are as following;

1. Vagueness of theory: In reality, it is difficult to prove the accuracy of economic
theory used for testing. Hence, the error term in the model serves as the other factors
overlooked by the theory.

2. Unavailability of data: Even though economists realize that there are other factors
that should be included in the model, it might be difficult or unavailable to obtain the
data of those factors, probably due to problem in collecting process or high cost. The
error term, thus, substitutes for those factors.
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3. Core variable and peripheral variables: To establish economic model, apart from
core independent variable, many trivial variables also possess the explanatory power for
the model. Yet, using error term, instead of those peripheral variables, reduces the time
and mitigates the burden of collecting the data.

4. Intrinsic randomness in human behaviour: The variety among people is prevalent
in the world and their actions are so unanticipated that the error term is required to
explain those unpredictable behaviour.

5. Poor proxy variables: Suppose that the economist would like to study the gross
domestic product in monthly term; but, only quarterly data is available. Another similar
data available in monthly term, like manufacturing production index (MPI), might be
used as a proxy. Certainly, this data cannot perfectly represents GDP since a country’s
production does not rely only on industrial factor. Accordingly, the other effects of GDP
that MPI cannot generate are included in the error term.

6. Principle of parsimony: When there are many economic theories with similar abil-
ity to explain the real world phenomena, the uncomplicated one is generally preferable
and easy to be accepted.

7. Wrong functional form: Although the relationship among variables could be ex-
plained in the economic theory, the function that the mathematical economist uses to
represent that relation may be wrongly defined. The existence of error term, then, would
partially alleviate the effect from this mistake.

Furthermore, in the real world, the population data is usually time-consuming and
expensive to obtain. Consequently, only the sample of that population is used to estimate
and test the established model. The equation obtained from this process is called sample
regression function.

Consider the data in Table 3-1. If two sets of 6 data are sampled from the population
as in Table 3-2, the scattergram of each data set will be like Figure 3-3.
Table 3-2: Two groups of sample from the population data in Table 3-1

Sample 1 Sample 2
Y X Y X

200 1000 900 1000
700 1200 1050 1200
1300 1400 1800 1400
1650 1600 1500 1600
1850 1800 2000 1800
1820 2000 2050 2000
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Figure 3-3: Scattergram for Each Group of Sample
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From Figure 3-3, after sampling the data, we can always obtain the sample regression
function from it. SRL1 and SRL2 depict the sample regression function from different

sample.

It is, hence, clear that population regression function and sample regression

functions from different group of data are not necessarily the same. If we want to acquire
the error term for population and sample regression function from the data, we will get;

PRE: Y, = a+bX;+ y

SRF: Y, = a-+bX;+;
Vi = a+bX;

Y, = Vit

where u; and 4; are the disturbance terms, namely deviation from the data, of population
regression function and sample regression function, respectively. Figure 3-4 illuminates
the difference between u; and ;. Also, for income at X;, Y; obtained from sample regres-
sion function is the same as Y; obtained from population regression function. For income
greater than X;, Y; underestimates Y; and, for income lower than X;, Y; overestimates Y;.
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Figure 3-4: Comparison between Population and Sample Regression Function
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As shown in Figure 3-4, the sample regression function with the least w; implies that
the function has the least error or deviation from the data. In the next section, ordinary
least square, which is one of the methods used to obtain estimator with the least error,
will be discussed.

3.1.2 Ordinary least square (OLS)

To get sample regression function through ordinary least square (OLS) estimation is
to find the estimator, which results in the least ;, by making the value of 4;* as low as
possible 2 With the knowledge of calculus, the procedure of minimizing the error term is
as follows;

Y, = a-+bX;
U = Y=Y, =Y, —a—bX,
0 = — 4 —bX;)?

2We consider ;2 because > 4; might be zero, though the deviations are not smallest.
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Minimize, ; i, we get;

o w2 oY (Yi—a—bXy)?
94 - o4

o> 02 9 (Yi—a—bX;)?
b - b -

Then, the solutions of this minimizing problem are the estimator l;, with close form
solution as equation 3.5, and the estimator a, with close form solution as equation 3.6.

p oY XY AR XYY Y- X)( - Y)
nY X - (X)) S(X, - X)?

XIS X NXY: o
WS XTI (N T

We call G and b the OLS estimators with the following properties.

(3.5)

a =

(3.6)

1. Sample regression line (SRL) passes sample mean of X and Y (X,Y)

3. 540X =0
4.3 40,Y; =0

Nonetheless, OLS estimation requires classical linear regression model (CLRM)
assumptions; otherwise the estimators would suffer some problems. In the following
chapters, the relaxation of these assumptions will be discussed to study the effects on the
estimators after the relaxation.

1. The regression model must be linear in parameter.

2. The independent variable (X) must be fixed, or nonstochastic, in repeated sampling

4. Var(w;) = Elu; — E(w;)]? = E(u?) = 02

5. cov(u;,u;) = Elu; — E(u;)|[u; — E(uj)] = E(uu;) =0

7. The amount of data must be greater than the number of parameters in the model,
otherwise, the normal equations will be unsolvable.

8. The variance of X must not be zero.
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9. There is no specification error.
10. There is no perfect multicollinearity.

Without the violation of above assumptions, it can be proved that the OLS estimators
feature the desirable properties stated in chapter 2; that is, it is best (or having minimum
variance) and unbiased. Thanks to Gauss-Markov Theorem, it can be concluded that
OLS estimators are BLUE (Best Linear Unbiased Estimator). The variance and
standard deviation of OLS estimators are calculated as;

o ouy XP
Var(a) = DS(X, - X (3.7)

N o 2. X7
se(a) = u\/n S - X (3.8)
Var(h) = =—=——"*—== (3.9)

se(b) = — (3.10)

cov(a, b) = —X[Var(b)] (3.11)

~ From the equations above, it can be seen that the variance and covariance of a and
b depends on the variance of the error term. When the true value of the variance of the
error term is unknown, the estimator of that variance has to be obtained through;

/\'2
5,2 = 2t (3.12)

“ n—2

The next crucial point is the ability of OLS estimators to explain the movement of
the real data. The measure for this ability is coefficient of determination: R?. This
coefficient helps identify the extent to which the movement of independent variable affects
the movement of dependent one. Zero R? means the change in the independent variable
cannot explain the behaviour of the dependent variable. On the other hand, R? = 1
means the movement in the independent variable perfectly explain the movement of the
dependent one. R? can be calculated as;
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i o= Yi-Y
i = [, = Y] - [Y; -]
U = Yi—Yi
Yi = Yt
yi2 = (gz + 721)2
- gi2 + 1212 + 23}1'61
Syl = Y0C 4 2+ 2 ie; where Y gie; = 0
LYY = LUl
TSS = ESS+ RSS
where;
Sy? S (Y; — Y)? = Total Sum of Square: TSS
Sgi2 = S.(Y; — Y)? = Explained Sum of Square: ESS
S 2 = S(Y; — Y)? = Residual Sum of Square: RSS

The definition of R? is the ratio of ESS to TSS (£22) which can be calculated as

equation 3.13 and 3.14.

In another form;

TSS

, ESS Yo

_ oo 3.13
TSS ~ S (313)
TSS = ESS+ RSS
TSs _  pSS | RSS
TSS TSS TSS
1 = R*+ £33
~ 2
o1 (3.14)

>y
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3.1.3 Interpretation and Important Statistics
for Simple Regression Model

For sample linear regression, the interpretation of both a and b will be described
through the example of regression function mentioned in Chapter 1, which illustrates the
relationship between consumption expenditure and national income of Thailand.

Figure 3-5: Simple Regression Model and Interpretation

6.0 7 Consumption
Expenditure C
(Trillion Baht)
5.0 7 C =0.1021 + 0.525Y

«

R? = 0.99087

4.0

2.0 7

National Income Y (Trillion Baht)

0.0 T T T T T 1
0.0 2.0 4.0 6.0 8.0 10.0 12.0

For the figure above, it can be found that the slope of the model is 0.525 and the
vertical intercept is 0.1021. The interpretation is, as the national income increase by 1
million million Baht. Thai economy will experience the increase in consumption expen-
diture by approximately 0.525 million million Baht.

Also, if national income of Thailand is zero, Thai economy still has the consumption
expenditure of 0.1021 million million baht, which might be received from borrowing or
liquidating the properties.

The coefficient of determination or R? is equal to 0.99087, which means the change

of national income 99.087-percent explains the change in consumption expenditure in
Thailand.
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3.2 INTERVAL ESTIMATION AND
HYPOTHESIS TESTING: THE TEST
OF STATISTICAL SIGNIFICANCE

3.2.1 Concept and Additional Assumption

In the previous section, the estimators obtained is specifically called point estima-
tor with the belief that they can represent the parameters in the model explaining the
relationship of independent and dependent variables. Also, it is proved that the OLS
estimators are BLUE.

Nevertheless, the interval estimation could be established. It is the estimation
of parameter by specifying the possible range in which the parameter most possibly
lies. To reach that result, the normality assumption of the error term (u;) is required.
Mathematically,

u; ~N(0,02) i=1,2,...,n

With this assumption, the error term possesses the following properties.

1. Expected value:

E(u;) =0 (3.15)
2. Variance:
Elu; — E(ul)]2 = E(uf) = ai (3.16)
3. Covariance between u; and u;:
Elu; — E(u)|[u; — E(uy)] = E(uug) i # j (3.17)

Also, u; and u; are independent from each other. In other word;

u; ~ NID(0,02) (3.18)
where NID stands for normally and independently distributed.
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3.2.2 Interval Estimation

As the repeated sampling from population may results in different group of sample
and different estimators, it can be concluded that estimators are random variable that
depends on the sample. Moreover, when considering the two estimators, a and b, both are
normally distributed, & ~ (a,02) and b ~ (b, o?). If the two estimators are transformed
into standard Z-value, we get

Notice that the estimators of their variance are x? distributed.

2
g 2
(77/ - 2)0__15 ~ Xn—2
u
Nonetheless, the variances used to obtain the standard Z-value are unknown param-

02
n—2
has to be used instead of standard normal distribution.

eter; so, the estimator (duz = Z:—) Hence, t-distribution, with n-2 degree of freedom,

) tn—2 (319)

where 62 = ——%»__.

b (X;—X)2
t-value is distributed as Figure 3-6. The level of significance would identify the area
under the curve of t-distribution and probability. For example, the level of significance
of 0.01, 0.05, and 0.1 imply that the areas under the curve on the left and on the right
of diagram are 0.01, 0.05 and 0.1 respectively. Also, this means the areas in the middle

(1 — «) are 99 percent, 95 percent and 90 percent respectively.
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Figure 3-6: t-distribution at o Level of Significance

T >

| [
A ~ A
o25e(b) b b+ ty ,se(b)

b-t

When the level of significance of t-distribution is known, confidence interval can
be formed as;

P(—ts <t<ts)=1-a (3.20)

We call ta the critical value at level of significance specified in the ¢-distribution.
Furthermore, when ¢-value in equation 3.19 is substituted in equation 3.20, we get;

Pl—ts < b-b <ts]l=1-—a (3.21)
2 se(b) ?
Rearrange the equation 3.21;
Plb—tase(b) <b<b+tase(b)] =1—a (3.22)

Consequently, the confidence interval at 100(1 — «)% of b is

bt tase(b) (3.23)

From above confidence interval, if the standard deviation increases, the confidence
interval will be widened or the uncertainty of whether the parameter lies in that interval
will increase. Additionally, if the level of significance changes from 0.05 to 0.01, the con-
fidence interval will be wider to make sure that the parameter will lie within that interval.
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For the interpretation of confidence interval, for example, the confidence level of 95
percent means, 95 out of 100 cases will include the true parameter. This is different from
the meaning that any particular confidence interval has 95% probability to include the
parameter. The reason is that any particular interval is already fixed; thus, the proba-
bility that the parameter will be in that interval is either 1 or 0.

Example: From the model Y; = a + bX; + u;. Let b=5 and se(l;) = 2. The sample
size is 20. Find the 95% confidence interval of b.

b=b%ta_gomsaq-1s5€(b) =5+ 2.101(2)

Hence, 95% confidence interval will be between 0.798 and 9.202 as shown in Figure

374

Figure 3-7: 95% Confidence Interval

SN
SN
95 Percent

/2 = 0.025

/2 = 0.025

A A A A
b -ty se(b) =0.798 b + ty ,se(b) = 9.202
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3.2.3 Hypothesis Testing

Hypothesis testing is the verification of the hypothesis like whether the value of pa-
rameter a or b is zero, namely whether the change in independent variable X can explain
the change in dependent variable Y. Generally, hypothesis testing may be performed in
two fashions which are one-tailed test and two-tailed test. Figure 3-8 depicts both type
of hypothesis testing.

Figure 3-8: One-tailed and Two-tailed Hypothesis Testing

One-Tailed Test

15—0(

Region of; Acceptance Region of Rejection

! t
t=0 tO(
Two-Tailed Test
1-X
Region of Rejection Region ofi Acceptance Region of Rejection
| | t
a2 t=0 to 2

To clarify, two-tailed hypothesis testing is used when there is no basis of theory
or no specification of relationship between variables before the test. For instance, if we
would like to test whether parameter b is statistically significantly different from 0 or not.
The hypothesis can be set as;

where Hy and H, are the null hypothesis and alternative hypothesis respectively.
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To verify if the parameter b is different from 0 is to consider, at specific confidence
level like 95%, whether there is the probability that b = 0. If it is different from 0, we
can conclude that, the null hypothesis that b = 0 is rejected at 95% confidence level.
However, if it is not different from 0, we cannot reject the null hypothesis, namely the
result is not statistically significant at 0.05.

One-tailed hypothesis testing is proper when there is the basis of economic theory
to specify the relationship between two variables and the hypothesis can be set as;

H()Z b
H,: b

VIA

0
0

In this case, it is the test of whether parameter b is less than or equal to zero.

To test for statistical significance, considering Equation 3.21 that identify the confi-
dence interval at the level of significance «, we can identify b*, which is the value from

null hypothesis, and the critical t-value with n — 2 degree of freedom which is obtained
from the ¢-table. Then, Equation 3.21 can be rearranged as;

b—b*
P[—tz < — < tg] =1—-« (3.24)
27 se(b) :

Rearrange Equation 3.24 again, we get;

Pb* —tase(b) <b <" +tase(b)) =1—a (3.25)

The result above is the interval that the estimator b may lie in at a level of sig-
nificance. This interval is the identification of region of acceptance and if b lie outside
this region (or lie in the region of rejection), it can be conclude that the null hypothesis
should be rejected. The reason is that, even at probability of «, we still obtain that value.

The procedure of hypothesis testing is as follows;

1. Establish the null and alternative hypothesis.

2. Select the level of significance

3. Calculate the value of £ from the observed data.

4. Define the region of acceptance and rejection or find the critical value

5. Compare the critical value to the value of £ and reject the null hypothesis if the
absolute value of ¢ is greater than the critical value.



96 CHAPTER 3. SIMPLE REGRESSION MODEL

Example: From the model Y; = a+bX;+u;, let b=5and se(I;) = 2. The sample size
is 20. Test the hypothesis of whether X is the statistically significant variable at o = 0.05
(Hint: Use the one-tailed hypothesis testing since there is economic theory supporting
that b has to be greater than 0)

1. Establish the null and alternative hypothesis

HQZ

b
H,: b

VIA

0
0
2. Select the level of significance at a = 0.05

3. Calculate the value of ¢ from the observed data

S

 bh—b 5-—
=220 95
se(b) 2

4. The critical t-value at 0.05 level of significance with df = 18 (n — k = 20 — 2) is
found to be 1.734.

5. Because ¢ > critical ¢ or 2.5 > 1.734, the null hypothesis is rejected because, even
at probability of a = 0.05, we still observe that b is greater than 0. In other word, there
is the relationship between variable X and Y as illustrated in Figure 3-9#

Figure 3-9: One-Tailed Hypothesis Testing

95 Peircent
' (04

Region of: Acceptance Region of Rejection
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3.2.4 Mean Prediction

The main point of establishing the regression model is using the model to predict or
estimate the value further from the currently observed data. As illustration, we may want
to estimate the price of common stock of any company such that the future direction and
magnitude of price adjustment are achieved.

Normally, the regression function obtained from the process of OLS could be used to
predict the value of dependent variable in the future by plugging in the value of inde-
pendent variable in the function. Figure 3-10 shows the situation in which the regression
function is generated from the sample including the data from X; to X, and Y] to Y,,.
When we want to find the value of Yy or Y, 1, the value of Xy and X,, ;1 could be put
into the function to find those value. Yet, we need to assume that this relationship has
no structural break. Mathematically, it can be written as;

Model: a+bX; +u;
Regression Function: f a—+bX;
Estimation:  E(Y,11|Xn11) = a+0bX,4

> &<
|

Figure 3-10: Prediction
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However, the above prediction may contain some error; thus, to alleviate this problem,
statistician applies the confidence interval to predict E (Y, 1|X,11) as;

Expected Value: E(Y|X,11) = a+bX,1

Regression Function: Var(f/n h) = o % 4 ()((;(i} ))-(2)2]
t-distibution: t — Yapi—(atbXng1)
se(Yn+1)

The standard normal distribution Z is not the choice because the variance of error
term o2 is unknown. In this case, t-distribution will have n — 2 degree of freedom and
the confidence interval can be written as;

~

Yo — (a+bXn11)

Pl—ta < <ta]=1-a (3.26)
’ Se(YnJrl) ’
Rearrange Equation 3.26, we get;
PlY,1 —tase(Vii1) < Yoy < Yot +tase(Vopa) = 1 — (3.27)

or;

Pla+bXps1 — tase(Yos1) < a+bXpp1 < a+bXpp1 +tase(Your) =1 —a  (3.28)

Figure 3-11 depicts the interval estimation in which red lines above and under re-
gression line illustrate the interval estimation. Also, it can be seen that, the farther the
prediction, the wider the confidence interval. In other word, as X, and X(n + 1) deviate
from X, the confidence interval will get wider.

Example: Let Y, = 14.4656, Var(Y,.1) = 0.3826 or se(Y,.;) = 0.6185, and
X1 = 20, where n = 13. Estimate E(Y,,41]|X,11) at 0.05 level of significance.

~

P[Yn—i-l - t%S@(Yn+1) S E(Yn+1|Xn+1) = Yn+1 S Yn—i—l + t%SQ(Yn—'Fl)] =1-a«
P[14.4656 — 2.201(0.6185) < E(Ypi1|Xns1) < 14.4656 + 2.201(0.6185))] = 1 — a

P[13.1043 < E(Yy41|X0i1) < 15.826) = 1 — o

That is, we can estimate X, in the 95% confidence interval from 13.1043 to 15.826#
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Figure 3-11: Interval Estimation
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3.3 ADDITIONAL ISSUES OF REGRESSION MODEL

3.3.1 Regression through the origin

Apart from the regression function with vertical intercept, we can also build the model
without the vertical intercept, namely with origin as the vertical intercept. Figure 3-12
exhibits the regression function through origin, obtained from OLS process.
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Figure 3-12: Regression Function through Origin

Notwithstanding, due to the change in model, the estimation of error term in the
function is also changed to;

Model: Y, = aX; +uy
i = Y,—Y,=Y—aX;
Sz o= Y (Y- Yi)? = (Y — aX;)?

Then, applying calculus to minimize the sum of error squared, we get the formula for
estimator of a as;

EDIP.OF
a= S X2 (3.29)
Other statistics are illuminated in Equation 3.30 and 3.31.
o2
Var(a) = E}? (3.30)
~2
Var(u) = 20 (3.31)

—_

n —
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The coefficient of determination, in this case, is not achieved in the same way as R?
in simple regression model. Owing to the different model, the formulas for TSS, ESS,
and RSS change. Hence, the coefficient of determination is calculated as

raw r* = (> XY (3.32)

XYY

Notice the following facts resulting from the regression function through origin.

2. The coeflicient of determination might be negative, which conveys no meaningful
interpretation.

In principle, if we do not have reasonable theory to back up the use of regression
through origin, the simple regression model should be used. The first reason is, if the
simple regression function is obtained, we could find out first whether the vertical inter-
cept or a could be test for statistical significance and, if it is not, we then apply regression
through origin. The second reason is that, if we apply regression through origin from the
start and, in fact, it has the vertical intercept, that model will suffer the specification
error which will be further studied in chapter 9.
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3.3.2 Scaling and units of measurement

Scaling and units of measurement is the multiplication of observed data with some
constant. The interesting point is that whether that process will affect the characteristics
of estimators through OLS process.

Considering Table 3-3, when we multiply the set of data Y and X with w; and w»
respectively, it means the model will be derived from different data. Thus, OLS estima-

tion will result in the different estimates.

Table 3-3: Scaling and Units of Measurement

Model: V; = a + 8X; + u; | Model: Y = o* + "X} + u]

where ) where w; and wy are constant
xi:Xi__)( Y =wY;
OLS: OLS
a=Y —pX af=Y* - pgrX*
6 _ szz?yz 6* _ Xz::ﬂl;;yl
1 *2
Var() = X502 Var(a") = 2507
~ 0.2 A 0_*2 ‘
Var(3) = % Var(§) = 2
~2 *
67 = =4 o = =4
2 _ 29} 2y
R = > y? = >y

pr=th (3.33)

&* = wyé (3.34)
Var(a*) = wiVar(a) (3.35)
Var(3) = (%)2Va7“(/5’) (3.36)
6 = w?6? (3.37)

R* = R? (3.38)
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3.3.3 Functional form

In previous regression analysis, the linear function is used as the initial model. Nonethe-
less, the functional form can be adjusted to incorporate elasticity and be suitable with

the economic theory.
Y = f(Xi) +u (3.39)
Consider the Cobb-Douglass production function with the following functional form.
Yi = f(Xi) = X "e

The above equation can be adjusted to linear function by logarithmic transformation

as;

InY; = Inf+ BalnX; + u;

Y/ = a+BX+u
where;
Y! = InY;
X! = InX;
a = Inp

So, it can be seen that, after adjusting the function to be linear one, we can use OLS
to estimate the value of a and (5.

Example: Specify the Cobb-Douglass production function as;
Y; = AKC L et

Transform the above function to linear one and find the capital and labour elasticity
of output.
InY; = InA+ alnK;+ BlnL; + u;
Y = A +aK!+BL +u

Consider the capital and labour elasticity of output.

onYi _ 1oy
oK ~ YOK
Y

Sk = QAKO L e

_ o« arB u _ «
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Oy, _ lay _ a
- 0K YKY - K
ony; _ B
oL ~— L
o, K _
oKy — ¢
o, L _
LY g

Accordingly, if the estimates of o and 3 are obtained, we will know the capital and
labour elasticity of output respectively.

Table 3-4: Other Functional Forms

Model Equation g—}; Elasticity
(Zv)
Linear Yi = 01+ X Ba o
Double log-linear | InY; = 5 + Ba2lnX; 62§—< 5o
Log linear InY; = B+ B2 X; B2Y Ba X
Linear-log Y, = B + falnX; Bo Boy
Reciprocal Y=+ BQX%_ —baxz | —Povy
Log-reciprocal InY; = p — 62)%_ Bos Bo

Table 3-4 summarizes other functional forms and the application to find the slope and
elasticity of that function. For linear form, if the variable X change by 1 unit, Y will
change by (s unit. In double log-linear form, the coefficient 85 represents the elasticity
of Y to X; that is, if the variable X change by 1 percent, Y will change by (5 percent.

In log-linear form, if the variable X change by 1 unit, Y will change by 1003, percent.
On the other hand, in linear-log form, if the variable X change by 1 unit, In(X) will
change by % Hence, it can be verified that if X change by 1%, Y will change by 0.0105.

Finally, for reciprocal form, if the variable X change, Y will change in opposite di-
rection. Also, if the variable X increase indefinitely, 62% will approach zero and Y will
approach ;. This model is mostly used to formulate the model for Phillips Curve.



Chapter 4

MULTIPLE REGRESSION MODEL

4.1 THE ESTIMATION OF MULTIPLE
REGRESSION MODEL

From the previous chapter, the analysis of simple regression model involves only a
single independent variable (X) to explain the behavior of dependent variable (Y'). Nev-
ertheless, practically, the movement of regressand may be well explained by many regres-
sors. Consumption expenditure, for instance, may depends on wealth and the number
of family member. In this chapter, additional explanatory variables are included in the
model in order to enhance the explanatory power over the interested explained variable.
The chapter, first, starts with the estimation of the regression coefficients in the model.
Then, the properties of the estimators of those coefficients are discussed. Last but not
least, the hypothesis testing for statistical significance is illustrated.

With the basics of the model in Chapter 3 which consists of two variables, namely
dependent and independent variables, we would adjust that model to take more inde-
pendent variables into account. As illustrated in the model comparison below, multiple
regression model add X3; into the simple regression model. For this case, it can be seen
that there are three coefficients (81, B2 and f3) instead of two as in the simple model.
In general, k£ denotes the amount of regression coefficients in the model, implying that
k in simple regression model and in three-variable model are equal to 2 and 3, respectively.

Simple Regression Model: 'Y; = 1+ (2X; + u;
Three-Varaible Regression Model: Y, = pi + B2 Xo; + B3X3; + u;
Multiple Regression Model: Y] B+ BaXoi + B3 X3 + ...+ BeXp + wy

Consider three-variable model. The meanings of each coefficient are different. f;
identifies the value of the dependent variable if the two independent variables are zero.
On the other hand, 5, means that, as X5; changes by one unit, ¥ would change by S
units, ceteris paribus. The same meaning is applicable to [3; that is, as X3; changes by
one unit, Y would change by (3 units, ceteris paribus. Also, 85 and 3 are called partial
regression coefficients.

65
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To build the multiple regression model, there are some assumptions required such
that the consideration of the relationship among variables is possible. The reason is that
if that set of assumptions is not satisfied, the estimators obtained from the model will
lack desirable properties, that is, it is not BLUE. Those assumptions are as follows.

1. The model is linear in parameter.
2. Explanatory variables are fixed in repeated sampling.

3. Each explanatory variable is independent of the disturbance term, or
cov(u;, Xo;) = cov(u;, X3;) =0
4. The expectation of disturbance term is zero, or
E(u]| Xoi, X3:) =0

5. The variance of disturbance term is constant; namely homoscedasticity, or

var(u;) = o2

6. There is no autocorrelation among disturbance term, or
cov(u;,uj) =0

7. There is be higher amount of parameter than the amount of estimator, or n > k.
8. There is no perfect multicollinearity among independent variables.
9. The model is correctly specified; namely no specification error.

In the subsequent chapters, we will consider the effect on the estimators when some
of the above assumptions are not satisfied. Chapter 6 will tackle the case when there is
multicollinearity among regressors. Chapter 7 will handle the case of heteroscedasticity;
that is, when the variance of disturbance term is not constant. Then, Chapter 8 will
deal with the problem occurring when there is autocorrelation among disturbance terms.
Finally, in Chapter 9, the case when the model is wrongly specified will be discussed.

The next topic to consider is how we can estimate the parameter in the model. If the
method of ordinary least square is used to minimize the sum of disturbance term squared
(>-42), the procedures are as follows:

From the model Y, = b1+ BoXo 4+ B3X3 + uy
Consider error term w = Y;— 5‘1 — BQX% — B;;X 3
Min @2 = (Y — B — oXoi — B3 X3:)?
With calculus, we can find the solution of estimators that make the disturbance term
minimum which can be illustrated as
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Bl =Y — 32)_(2 — /5)3)_(3 (4.1)

82 _ Z?:I Yil2i Z?:1 x%z - Z?:l Yil3i Z?Zl LT3 (4.2)
Z?:l ﬁz Z?:l $§z - (Z?:l Ti3;)?

63 _ Z?:l Yil3i Z?:l x%z - 22;1 YiT2; 2?21 To; T34
Z?:l I%z Z?:l x%z - (Z?:l TiT3i)?

In this case, x and y denote the deviation of data from its mean. Furthermore, the
variance of each estimator can be achieved by

(4.3)

syl X221 Zz 1 32 + X Z? 1 x21 2X5, X Z?:1 L2iT3iy o
var(fr) = [— + n 9 N2 Y o (4.4)
n Zi:l Lo Zi:l T3; — (Zi:l T9iT3;)
A 27'1—1 37% 2 o)
var(fs) = =5 = L= —=m Tu 4.5
(B2) Zi:l x%z Zi:l x%z - (Zz‘:l Ti3;)? Zz 1 Igz(l - 7”23) (4.5)
5 ZTL—I x% 2 o)
var(f3) = == == L= —=mn - 4.6
(Ba) > i 3 D i x%z — (Doi) Taiwsi)? > i x%z(l —133) (4.6)
where
— 62
var(u;) = 62 = Zzzlgz (4.7)

Z ZY Y)? :ZZQ 522%%1 532%%1 (4.8)
_ (Z?zl 96’2i333i) (4.9)

T23 =
22;1 3; Z?:l w?zz

The above estimators possess the following properties.

1. 4; is independent of X,; X3; and YZ

2. According to the above assumptions, it can be proved that the estimators obtained
through ordinary least square will be best, linear and unbiased (BLUE).

3. As the correlation between two regressors Xy; and X3; (rg3) approaches 1, the
variance of the estimator of coefficient associated with both will increase, which, in turn,
may result in an error of hypothesis testing.
4. TIf the variance of disturbance term (¢2) is higher, or the sum of data in term of
deviation from mean (Y. 23, or > x3,) is lower, the variance of the estimators will esca-
late, negatively influencing the result from the hypothesis testing.
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It is essential to realize the difference between simple correlation and partial regres-
sion coefficient. Simple correlation identifies the relationship between two variables;
while partial regression coefficient determines the change in regressand as the regres-
sor changes, given other things remain constant. Hence, the relationship obtained from
simple correlation might include the influence of other variables.

Another crucial issue is coefficient of determination: R? of the multiple regression
model. R? can be used to measure the ability of the model to explain the relationship
between regressor and regressand because

TSS Yyl >y?

The inclusion of additional independent variable helps reduce (or at least not increase)
the residuals of the model. As the error term incorporates all influence of other variables
excluded from the model, some economists might overly include the additional explana-
tory variables in the model to get higher level of R%. To prevent the problem, adjusted
coefficient of determination: adjusted R?, is invented and calculated by

U

\g

5]

3
ey

R*=1-

g

o

Y

3
—

where n denotes the amount of data and k denotes the amount of parameter estimated
in multiple regression model. In the formula, it is obvious that the sum of error term
squared is divided by its degree of freedom to make it comparable with the variance of Y.
In other word, the more explanatory variables included in the model, the more the model
lose the degree of freedom; which, in turn, makes adjusted R? lower. The competition to
add more independent variables will be in vain. Also, it can be shown that

o 1- -1 _
Ry YNy S
n—k n-—k

To compare R? from various models, we have to consider whether the number of
observation used is equal and whether they share the same form of dependent variable.
Otherwise, the comparison will be invalid. For example, if it is linear model where the
dependent and independent variables are at level and the other model is log-linear model
where the dependent and independent variables are logarithmically adjusted, we cannot
compare the R? in one model with the other since the dependent variables are in the
different form.

Accordingly, economists should be aware of the fact that, it is not necessary for
the model to have the highest R? but, instead, to have valid statistical inference for
estimators and logical statistical relationship between the variables in the model. That
is, the estimators are efficient and the hypothesis testing can be correctly conducted.
Consequently, the model with low R? is not necessarily undesirable.
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4.2 HYPOTHESIS TESTING

4.2.1 Normality Assumption of the Random Disturbance Term

For hypothesis testing, as in Chapter 3, additional assumption has to be made to
ease the process of hypothesis testing. That assumption is normal distribution of random
disturbance term with the mean of zero and the constant variance of o2. Furthermore,
since we do not know the true value of the variance of disturbance term, the t-distribution
is applied to hypothesis testing. Specifically, the three estimators from the multiple
regression model feature t-distribution in which the t-value for each estimator is calculated
by

f= b (4.10)
se(B1)

fo = b (4.11)
se(fBa)

fo b (4.12)
se(Bs)

and the degree of freedom of n — 3 since, to obtain the estimators, we lose 3 observation
to estimate ﬁl 52 and Bg (for the case where there are three estimators in the model). In
general, the degree of freedom in the multiple regression model is n — k.

4.2.2 Hypothesis Testing in Multiple Regression Model

For the hypothesis testing in multiple regression model, there are many types of test
to be conducted; namely,

Hypothesis testing of an individual coefficient

Hypothesis testing of overall significance of the model

Hypothesis testing of equality between any pair of partial regression coefficients
Hypothesis testing of linear restriction of partial regression coefficients
Hypothesis testing of the structure of the model or Chow test

S .

Various types of test are performed for different purpose; hence, economists have to
realize those differences such that the right tool is applied to the problem. The following
subsections discusses each test sequentially.
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4.2.3 Hypothesis Testing of Individual Regression Coefficient

To test the hypothesis about the individual partial regression coefficient, t-value has
to be calculated under null and alternative hypothesis that

Hy:B8,=0and H, : B3 #0

and, then, compare the acquired t-value with the critical t-value corresponding to degree
of freedom and desired level of significance in the t-table. If the absolute of t-value is
greater than the critical t-value, we can reject the null hypothesis and conclude that
B2 # 0. Moreover, we can set the hypotheses for other estimators including 3y, 53 up to
Bk by the same procedure.

4.2.4 Hypothesis Testing of Overall Significance

General F Test

Apart from the hypothesis about the individual partial coefficient, we can also test the
hypothesis for statistical overall significance by setting the following null and alternative
hypothesis that

Hy: By=p3=0

H,: (5 or (33, at least one of them, is not equal to zero

The above null hypothesis specifies that both partial regression coefficients are equal to
zero or the second and the third regressor do not explain the behaviour of regressand.
We can use analysis of variance to test the above hypothesis. From,

TSS = ESS+ RSS
Yy o= LY
> %2 = [od YiToi+ B3 yisi + ﬂ?

If we want to find the mean sum of square of TSS, ESS and RSS, the degree of freedom
associated with each sum of square has to be found. The degree of freedom of TSS is
n — 1 since we lose one degree of freedom in computing the mean of Y. Also, n — k is the
degree of freedom of RSS as we lose k degree of freedom to estimate k parameters. For
the case stated above, k is equal to 3 since we have to estimate 3; By and (3. Lastly, the
degree of freedom of ESS can be calculated by subtracting RSS degree of freedom from
ESS degree of freedom. Hence, ESS degree of freedom is k-1 or 2 in the above case. All
results are concluded in Table 4-1.
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Table 4-1: Analysis of variance from regression model with two regressors

Source of Sum of Square df  Mean Sum of Square
Deviation (SS) (MS)

ESS Bo 3y + B3 3 yitsi 2 £55

RSS S a? n—3 h88

TSS Sy? n—1

F-value (F) is the ratio between the MS of ESS and the MS of RSS and can be
computed by

ESS/k—1

=" - 4.13
RSS/n —k (4.13)
According to the assumption about the distribution of the error term (in the case of

two regressors), we can find that

RSS S a? 9 9
E<T)_E(n—3)_E(0“) =0y (4.14)
Additionally, if the null hypothesis is true (83 = 3 = 0), it can be shown that
E 3 - P
E( di‘s) :E(/BQZnyQl—;_ﬁ?)Zny&L) :O'i (415)

If the hypothesis is true, Equation 4.14 and 4.15 illustrate that MS of TSS and RSS
are equal to the true value of variance of the disturbance term. Nevertheless, if the hy-
pothesis is not true, MS of two sum of square will not be equal to the variance of the
disturbance term. In other word, the ESS will be so high that the Equation 4.15 is not
valid.

The calculation of F , thus, identify the difference between the two sources of variance
in the model (ESS and RSS). If the values of two variances are equal, it implies that the
equation of 4.14 and 4.15 or the null hypothesis is true. That is, two independent variables
have no relationship with the dependent one. On the other hand, if the difference of two
variances is statistically significantly large, it implies that the null hypothesis can be
rejected.



72 CHAPTER 4. MULTIPLE REGRESSION MODEL

Then we compare the obtained F-value with the critical F-value corresponding to
degree of freedom of k — 1 (ESS) and n — k (RSS) and desired level of significance («) in
the F-table. If F' is greater than Fj, ;1 ,—x, we can reject the null hypothesis. That is,
there is at least one parameter not equal to zero.

Besides, we can calculate the value of F' from the following formula.

R/ (k— 1)

S Sy ey

(4.16)

Test on Additional Varabiles

In addition to testing the statistical significance of model overall, we can use F-test
to test the statistical significance of the incremental contribution of explanatory variable
such as

Model 1: Ct = a—l—bY}—i—ut
Model 2: C; = a+bY, +dW; +uy

Considering the two above models, it is obvious that the dependent variable is ex-
plained by the different independent variables. In the first model, income (Y) is the
only explanatory variable for the consumption. In the second model, yet, wealth (W)
and income (Y') help explain the behavior of consumption expenditure. The question
is whether this additional variable, namely wealth, contribute much enough explanatory
power to the model. In general, these models will be built as follows:

Restricted Model: Y, = b1+ 0o X+ 03Xz 4+ ...+ B X + uy

Unrestricted Model: }/t = ,81 + 62X2t + ﬁngt + ...+ ﬂrXrt + B’I‘—i—er—i-l,t
+oot+ B Xie + g

Restricted model is the model before the additional explanatory variables are in-
cluded and it contains r parameters to be estimated. Unrestricted model is the model
after the additional explanatory variables are included and those variables include X, ,
Xy up to Xp.

Due to this construction of model, we can set the hypothesis of whether marginal
explanatory variables included are equal to zero by

Hy : 5r+1:6r+2:~--:/6k:0
H,: pB.y1or B,19 up to B, at least one of them, is not zero

If the null hypothesis is true, it means the marginal regressors added to the model
lack the explanatory power over the regressand. On the other hand, if we can reject
the null hypothesis, it means that at least one variable added to the model possess the
explanatory power. To reach either of above result, we need to compute the value of a
to consider the variance of the restricted and unrestricted model and find out whether
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there is statistically significant difference between them. If it is so, the null hypothesis
can, then, be rejected. The value of F' in this case is calculated by

B (ESSy — ESSR)/no. of new regressors _ (ESSy — ESSR)/(k—71)
~ RSSy/(n —no. of parameters in the new model) RSSy/(n — k)

(4.17)

where

n is the number of observation used to estimate the model

k is the number of parameter to be estimated in the unrestricted model
r is the number of parameter to be estimated in the restricted model

Also, the value of F' can be calculated by using coefficient of determination as

. ESSy—ESSg/(k—71) (R} —R%)/(k—r)
P =R n—k  ~ 0-R)n—F (4.18)

where

R% is coefficient of determination of unrestricted model
R% is coefficient of determination of restricted model

Then we compare the calculated F-value (F ) with the critical F-value (F,x—rn—k)
corresponding to the first and second degree of freedoms of £ — r and n — k, respectively
and desired level of significance in the F-table. If F s greater than F, j_, ,_, We can
conclude that the additional variables included in the model statistically significantly
posses the explanatory power.

4.2.5 Hypothesis Testing of Equality between
Two Partial Coefficients

To test the hypothesis of equality between any pair of partial coefficients, the null and
alternative hypotheses are set as

Hy: By=ps0r By —f3=0
Hy: Ba#PBsgor Po—Ps#0

According to the set of hypothesis, we can adjust the distribution of the difference to
be t-distribution by,

By — B3 — (B2 — fBs)

t= =
86(52 - 53)

(4.19)

where

se(Bg — 5’3) = \/U(M’Bg + Uang, — 200@(52, 5’3)
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Nevertheless, when we specify the null hypothesis that the difference of two coefficients
is zero, we can reduce the term in Equation 4.19 to
Fo B2 — B3 — (0) _ BB
se(Ba — f3) se(f2 — Bs)
To reject or not to reject the null hypothesis, the criterion used is similar to other
t-tests. That is, if |t| is greater than the critical t-value with the degree of freedom n — k,
we can reject the null hypothesis and conclude that the two coefficients are not equal.

4.2.6 Hypothesis Testing of Linear Restriction of Parameters
in the Model

To test the linear restriction of parameters in the model, first, we can categorize the
test into two types. The first type applies t-distribution while the second one uses F-
distribution for testing the model with more than two variables.

For the test the linear restriction of model with two regressors, we can use the test of
equality used in previous subsection with little adjustment which is

Hy: Bo+p3=1
Hy: o+ pB3#1

The value of ¢ is computed by

52 +B3 — (B2 + f3)

t = =
se(By + Ps)

(4.20)

where

36(52 + 5’3) = \/’UCL’T’BQ + varBAg + 2COU(B2, Bg)

In this particular case, we can specify that the value of ¢ can be calculated, given the
null hypothesis, by

By + s — 1
5@(32 + B:s)

The criterion for rejecting null hypothesis is the same as the previous subsection.

f=

For the test the linear restriction of model with more than two regressors, to simplify
the problem, we use the model with two regressors. Yet, the alternative way of test,
namely F-test, will be shown. Also, this can be further adapted to the case where there
is more than two regressors.
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Consider Cobb-Douglas production function.

Y, = ALKe
InY, = InALPK»ew
InY, = [1+ BolnL; + BslnkK, + ug
Sometimes, we would like to know whether the production function features the con-
stant return to scale; namely, whether the sum of #5 and (3 is equal to one.

From the above model, we might impose some restrictions to adjust the function
which is

InYy = 1+ BalnL; + BslnK; + uy

Letﬁz = 1- 63
InY, = p1+ (1= p3)inL; + PsinK; + u,
InY, = py+InL+ B3(InK; — InL;) + uy

InY, —inL; = B+ Bs(InkK; —InLy) + w

Yy K

In— = In—

L B1 + Bs( I,

Equation 4.21 is called restricted least square. That is, we transform the model with
three parameters to the model with two parameters by imposing some restrictions. Hence,

we can set the hypothesis as

) + (4.21)

Hy: B+ f3=1
H,: H, is false

The value of F' is computed by,

. (RSSp— RSSy)/m  Rp — Ryp/m
b= RSSy/n—k  1—R¥/n—k (422)

where

m is the number of restriction used in the model

k is the number of parameter to be estimated in the unrestricted model
n is the number of data

R% is the coefficient of determination in the unrestricted model

R% is the coefficient of determination in the restricted model

Nonetheless, if the regressants of the two models are in the different form, we cannot
compute F-value from the formula that uses R? since the meanings of R? will be different
and incomparable.

The value of F obtained would identify the ratio of the difference of unexplained part
in both models to the unexplained part of unrestricted model. If the ratio is statistically
significantly small (or lower the critical F-value obtained from the F-table at F, ,,n—&),
the null hypothesis cannot be rejected. In other word, the restrictions imposed can be
practically used.
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4.2.7 Hypothesis Testing of Structure of the Regression Model:
The Chow Test

To build the regression model, sometimes, we experience the structural change, the
situation in which the data we study may change according to various external factors.
For instance, suppose we want to study the relationship between savings and national
income in one country between 1971 and 2013. During that period, terrorism occurred
in 2001, altering the saving and consumption behaviour of the people in the country. To
verify the theory, we can test whether the set of data statistically significantly faces the
structural change. In other word, we can test to decide whether we should separate the
model to explain the behaviour form 1971 to 2001 and the behaviour from 2002 to 2013.

The test of structural change can help answer the above question. Normally, when
we have two set of data and wonder whether we should construct the model separately
for each set of data or treat it as the same set of data.

ni=31 (1971 —2001) : Si = A1+ AoYi 4w
ne =12 (2002 — 2013) : S, = & + &Y, + 1
ny+ng =43 (1971 —2013) : Sy = M+ 7Y+ u

From the model above, the crucial question is if there is the difference between the
first model and second model that use the data from 1971 to 2001 and from 2002 to 2013
respectively. If there is no difference, we should construct the model by using all data
from 1971 to 2013. We call the first and second models unrestricted model and call the
third model restricted model.

Here, we can set the null hypothesis to be "there is no structural change” or ”the
parameters in the three models are the same”. The alternative hypothesis can be ”there
is structural change” or ”the parameters in the three models are not the same”.

Hy: M= =0 and Ay = 712 = 0o
Hal )\17&’717&51811(1/\27&’727&52
We can compute the value of F' by

j_ (RSSp— RSSy)/k _ (RSSk— RS, — RSS)/k
N RSSU/n1 + no — 2k N RSSl + RSSQ/TLl + ng — 2k

(4.23)

where

RSSy = RSS; + RSS,

k is the number of parameter in unrestricted model
ny is the number of the data in the first set

n9 is the number of the data in the second set
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RS SR is the residual sum of square of the restricted model

RSS; is the residual sum of square of the first restricted model
RSS5 is the residual sum of square of the second restricted model
RSSy is the sum of RSS of the first and second unrestricted models

If the value of F is greater than F), j n,+n,—2k, that means there is the statistically sig-
nificant difference between unexplained part of the two model. Hence, we reject the null
hypothesis and conclude that there is the structural change; namely, we should separate
the data into two set and use separate model for each.

Figure 4-1 is the example of the scatter of data. It seems that the data separately
scatter into two groups. With naked eye, it is difficult to identify whether we should sep-
arately build the model for two different groups of data. In this case, the calculation of
statistic value and the comparison between the test statistic and the critical value would
determine which model should be used.

Figure 4-1: Savings and national income from 1970 to 2013: the null hypothesis is rejected
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However, when the scatter appears to be Figure 4-2, we might reconsider whether
there is structural change. If F is less than Fy kny+no—2k, that means the unexplained
parts in the two model are not statistically significantly different. Hence, we cannot reject
the null hypothesis and conclude that there is no structural change; namely a single model
should be used to incorporate the whole data set.
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Table 4-2: Savings and national income from 1970 to 2013: the null hypothesis is not
rejected
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Chapter 5

Dummy Variable

5.1 THE IMPORTANCE OF DUMMY VARIABLE
IN REGRESSION MODEL

In the previous chapters, the data used to build the regression model is quantitative
data, the numerical data able to determine the magnitude of that data, such as price,
income, interest rate and so forth. Nevertheless, it is possible that the data of interest,
such as gender, nationality, religion and so forth, cannot be measured in numerical term.
The data with this characteristic is called quantitative data. For instance, economists
might be interested in the relationship between consumption expenditure and the state of
marriage. In this chapter, the qualitative data is used to construct the regression model,
and we call the variable representing qualitative data dummy variable or qualitative
variable.

Generally, the property of independent variable would influence the dependent one.
To deal with the qualitative regressand, the dummy variable is specified to take on the
value of either 0 or 1. Specifically, if the data features the characteristic of interest, the
value of the dummy variable is one; otherwise, the value is zero. Consider Table 5-1
which exhibits the data of consumption expenditure, national income and dummy vari-
able (taking on the value of 0, if there no war in that year, and 1 if otherwise). From the
Table 5-1, the war period is from 1941 to 1945.

As we stipulate the value of dummy variable to be either 0 or 1, this set of data can

be used to construct the regression model and estimate the parameters to determine the
relationship between existence of war and the dependent variable.

79
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Table 5-1: Consumption expenditure and national income of one country (million U.S.
dollars)

| Year | Consumption Expenditure (C) National Income (Y) Dummy Variable (D) |

1930 5.1 10.2 0
1931 5.4 11.2 0
1940 6.8 13.2 0
1941 24 5.2 1
1942 2.3 9.5 1
1943 2.7 5.3 1
1944 2.8 6.2 1
1945 2.6 4.6 1
1946 7.3 13.3 0
1947 7.5 14.5 0
1960 9.8 17.9 0

5.2 THE INTERPRETATION OF DUMMY
VARIABLE

When the dummy variable is applied to the data set to build the model, the effect on
the regression model is different from the normal model. That is, we can create a single
model and the results obtained will be separated between the case where the situation
of interest occurs and the case where that situation does not occur. To be specific, the
case with the occurrence of that situation might possess the different value of vertical
intercept or different value of slope or both from the case without that situation.

To illustrate how the application of dummy variable to the model affects the value of
vertical intercept, we can set the initial models as

Non-war period C; = aq + Y, +uy
War-period C; = s+ Y +uy

The above models depict the situation where the two sets of data are separately con-
sidered. The application of dummy variable enables us to build the single model and
attain the different results according which one we are interested in. That is, if we are
interested in the war period, we assume the number of variable to be 1; and if we are
interested in the non-war period, we assume the number of variable to be 0. The model
could be formed as

D — 1 War period
"7 1 0 Non-war period
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Ci = a+7Di+BY; +uy
OLS: C, = a+4D, + Y,
Non-war period or D =0: C, = a+ 3Y,
War period or D = 1: é’t = a+9y+ BYt

It can be seen that ¥ is the estimator of the parameter associated with dummy vari-
able that helps separate the two cases. The vertical intercept will be & 4+ 4 in the war
period; whereas, & in the non-war period.

On the other hand, to form the model of which the slope is affected by the application
of dummy variable, we can set the initial models as,

Non-war period C; = a4+ 1Y +u
War period C; = a+ 5Y; + uy

In this case, the application of dummy variable could help establish the single model
that incorporates the two cases above and the results will be different slopes for different
situations. That single model is formed by

Cy = a+pY,+8(DY) + w
OLS: C, = &+ pBY;+6DY,
Non-war period or D =0: C, = a+ BY,
War period or D = 1: C, = a+ (B+9)Y,

If it is the war period, the model will result in the slope of & + é and if it is not the
war period, the slope will be &. Hence, the inclusion of the term §(D,Y;) enables the
model to separate the cases of interest through different term of slope.

Moreover, if we want the application of dummy variable to separate the two cases
trough both different intercepts and slopes, we may start the initial model as

Non-war period C; = a3+ 01Y; + wy
War period C; = ao+ B2Y; +uy

The model with dummy variable to reflect the difference between two cases can be
built as

Cy = a+’YDt+@Yt+(§(Dth)+Ut
Non-war period or D =0: C; = &+ gY;

~ A ~

War period or D =1: C; = a+9+ (8+9)Y;
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After the construction of model as stated above, the next step is to determine whether
the estimators in the model are statistically significant and how much the dummy vari-
able contributes to the model in term of explanatory power. The hypothesis test will be
applied to both 7, which identify the difference in vertical intercept, and ¢, which identify
the difference in slope.

Case 1: Vertical Intercept

Hy: =0
H,: v#0
Case 2: Slope
H()I =0
H,: §#0

The tests above are conducted separately. For the case of ~, if the null hypothesis
cannot be rejected, it means the existence of war does not statistically significantly result
in the difference in vertical intercepts. On the other hand, for the case of 9, if the null
hypothesis can be rejected, it means the existence of war statistically significantly results
in the difference in the slopes of consumption expenditure with respect to national income.

5.3 APPLICATION OF DUMMY VARIABLE IN
ECONOMICS

5.3.1 Seasonal Problem

Sometimes the set of data changes according to the season. For instance, the sale of
the company in the first, second and third quarter might be similar; yet, the sale in the
fourth quarter is evidently higher probably due to the end of the year period in which
people purchase the gifts for one another. Table 5-2 illustrates the case in which the data
set suffers the seasonal problem and it is depicted in Figure 5-1.

Table 5-2: The quarterly sale data of one department store

Quarter | Sale (Million Baht) | Quarter | Sale (Million Baht)
2009Q1 23 2011Q1 28
2009Q2 30 2011Q2 32
2009Q3 30 2011Q3 34
2009Q4 50 2011Q4 58
2010Q1 27 2012Q1 29
2010Q2 30 2012Q2 33
2010Q3 31 2012Q3 36
2010Q4 56 2012Q4 29
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Figure 5-1: The quarterly sale of one department store
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With the application of dummy variable, we may separate the data set into two parts.
Particularly, we may let the dummy variable (Q)4) to take on the value of 0 if the sale is
in the period from quarter 1 to 3, and take on the value of 1 if the sale is in quarter 4.
The model could be established as follows

Q4 = 1 Sale in the forth quarter
471 0 Sale in other quarters

St = a+ BXy + Qs + 0Qu X + uy
OLS . St = éé + /BXt + "A)/Qt + 5DtXt
Other quarters where D =0: S; = a+ X,

N N

Quarter 4 where D=1: S, = a+49+ (8+0)X,

5.3.2 Interaction Effect of Dummy Variables

Previously, only one dummy variable is included in the model. If there are two dummy
variables to explain the behaviour of the dependent variable, different form of model may
be set up. Suppose we are considering the consumption expenditure in the country and
would like to use gender and the state of marriage of sample as two dummy variables to
explain the consumption behaviour. From this example, the model can be built as



84 CHAPTER 5. DUMMY VARIABLE

Ciy = a1 + aoDy; + a3 D3 + BY,; + (5.1)

Ci = aq + oDy + a3 Ds; + oy Do Ds; + BY; + (5.2)

where

C; is the consumption expenditure per capita
Y; is the income per capita

1 Female
Dai = { 0 Male

1 Married
Dsi = { 0 Single

The difference between Equation 5.1 and 5.2 is that, in Equation 5.2, there is interac-
tion dummy to take into account the fact that married woman may have consumption
different behaviour from other groups of people. Usually, this fact is reasonable since,
as the married woman, they tend to incur additional expenditures like child care and
medical care. Comparing to Equation 5.1, there is no variable to obviously incorporate
this joint effect of two characteristics of interest. In equation 5.1, we can categorize our
sample into 4 groups: married woman, married man, single woman and single man.

E(Ci|Dyi =1,D3;=1) = a1+ az+az+pY;
E(Ci|Dai = 0,D3;=1) = a1 +az+ Y,
E(Ci|Dyi =1,D3 =0) = ai+ay+ Y,
E(C|D2,ZO,D31 :0) Oél‘i‘ﬁY;

It can be seen that, the effect of gender is determined by the term ay (without consid-
eration on state of marriage). Also, the effect of state of marriage is determined by the
term a3 (without consideration on gender). The fact the married woman has different
expenditure from the single man is captured by as + a3. On the other hand, consider
Equation 5.2 in which the interaction dummy is included.

E(Ci|Dy =1,D3; =1) = o1+ ay+az+ oy + BY;
E(Ci|Dy; =0,D5; =1) = oq+ a3+ pY;
E(C|DQZ:1,D3120) = a1+@2+ﬁ}/i
Ei(ct|l)2z :O,Dgz‘ :0) = OZl‘{‘ﬁY;

We can find that the inclusion of ayDy; D3; to the model capture the interaction effect
of two characteristics. That is, the married woman would have different consumption
expenditure from single woman by a3 + a4, from married man by oy + a4, and from
single man by as + a3 + 4. In the first model, the married woman would have different
consumption expenditure from single woman by a3, from married man by s, and from
single man by as + as.
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5.3.3 Hypothesis Testing of Structural Change: Dummy Vari-
able and Chow test

From the hypothesis testing of the structural change in the model of Chapter 4,
practically, we can also apply dummy variable to test the existence of that change. Fur-
thermore, we may reach additional results on whether the change results from difference
in the vertical intercept or in the slope. Given two set of data, the model can be con-
structed as

ny . }/t = Oél+062Xt+Ut
ny: Yy = 01+ o Xi +

To answer the question of whether we should treat the two set of data separately, we
can test the hypothesis by using Chow test. That is, we could use ordinary least square
to estimate three following models.

ny: Y, = o+ Xy
ne: Yy = B4 BXi+
ni+ng: Yy = 1+ X+ uw

and set the hypothesis as

Hy : 041251:71 042:52272
H,: 0417&51#71 04275527&72

Then, we compute the value of F and compare it with critical F-value, we can reach
the conclusion of whether there is any structural change. Nonetheless, the application
of dummy variable to hypothesis testing of the structural change will ease the model
construction. Let dummy variable D, take on the value of 1 if the data is in the second
group (ng) and take on the value of 0 if the data is in the first group (n;). The model
can be established as

D — 1 Two sets of data are different
£ 1 0 Two sets of data are the same

Y, = m+ %X +0D+6DX, +

OLS: Y, = A +4%X,+0:D;+ 0D, X,
D= 0: }A/;g = ’A}/l + ’:}/QXt .
D=1: Y, = ’71+51+(’?2+52)Xt

The advantage is that the test of single model will leave higher degree of freedom to
us than the separate test of two data sets. Also, if d; is statistically significantly different
from zero, we can conclude that the structural change is rooted in the difference of vertical
intercept. On the other hand, if d, is statistically significantly different from zero, we can
conclude that the structural change is originated by the difference of slope. Moreover, if
both §; and J; are statistically significantly different from zero, we can conclude that the
structural change is caused by the difference of both intercept and slope.



86

CHAPTER 5. DUMMY VARIABLE




Chapter 6
MULTICOLLINEARITY

6.1 CHARACTERISTICS OF MULTI-
COLLINEARITY

To make estimators BLUE and able to convey the meaningful relationship between
independent and dependent variables, one of the required assumptions in Chapter 4 is
no perfect multicollinearity. To clarify, first begin with the multiple regression model as
Equation 6.1, in general, where X; = 1 for all observations to enable the intercept term
to enter the model.

Y = 051X1+ BaXoi + B3 X5 + -+ + L Xpi + s (6.1)

If the independent variables above can be algebraically formed as Equation 6.2, they
are said to have exact linear relationship or perfect multicollinearity. That is, we can
acquire the value of any independent variable in the model through the linear combination
of other independent variables. For instance, if we want to find the value of X5, we can
apply the addition, subtraction, multiplication and division among other independent
variables.

M X+ Ao Xo + A3 X3+ + N X =0 (6.2)

where A\, Ao, ..., Az are not equal to zero simultaneously.

On the other hand, if the formation of independent variables follows Equation 6.3,
rather than Equation 6.2, they are said to have imperfect multicollinearity. Specifi-
cally, we cannot obtain any independent variable in the model from the linear combination
of other independent variables.

MX1i + XoXo + A X3 + -+ N Xy + 143, =0 (6.3)

where v is the random disturbance term.

87
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According to Equation 6.2 and 6.3, consider Table 6-1 which illustrates the collection
of 5 observations for each independent variable (X3 and X3). It is obvious that we can
multiply X, by the constant term to transform it into Xj3. In this case, we can establish
the relationship, as in Equation 6.2, between these two independent variables by letting
A1 = =3 and Ay = 1.

—3X2i + Xgi =0

Table 6-1: Perfect multicollinearity in explanatory variables

Observation XQZ‘ Xgi 3)(2Z Vv, = _3X2z + Xgi

1 5 15 15 0
2 14 42 42 0
3 7 21 21 0
4 31 93 93 0
> 25 75 1) 0

For the case of imperfect multicollinearity, consider Table 6-2. It can be found that we
cannot form the relationship as Equation 6.2 due to the difference between independent
variables (X and X3). Even we multiply X, by -3, the random disturbance term (1)
still exists. In Table 6-2, after the forth observation of X5 is multiplied by 3, it is still
different from 89 by 4. Hence, the relationship between these two independent variables
can be written as

—3X2i + Xgi + Vv, = 0

Table 6-2: Imperfect multicollinearity in explanatory variables

Observation XQZ‘ X3i 3X2Z Vv, = _3X2z -+ XSi

1 5 16 15 1
2 14 45 42

3 7 18 21 -3
4 31 89 93 -4
5 25 75 75 0
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The relationship discussed in this chapter involves only the linear one. Although
the independent variable is squared or cubed, as in Equation 6.4, it does not always
mean that the model constructed from these variables will suffer the perfect or imperfect
multicollinearity. The important factor to consider is whether X; and X} can be written
in the form of Equation 6.2 or 6.3.

Y, = B+ BoXi + B3 X} + (6.4)

In the following sections of this chapter, the consequence of the perfect or imperfect
linear relationship of independent variables will be discussed. However, to completely
understand the characteristics of multicollinearity, it is essential to know the sources of
the problem. In principle, multicollinearity is originated from:

1. Method of data collection used in the regression model: sometimes researchers col-
lect the data in the limited amount, causing the sample to concentrate in some group of
population rather than to represent the population as a whole.

2. Restriction tmposed in the model: in the study of relationship between a single
dependent variable and multiple independent variables, possibly the linear relationship
exists among those independent variables. To illustrate, suppose we study the depen-
dence of the sale of goods Y on the prices of goods X and Y, where X is used to produce
Y. With this relationship, when the price of goods X increase, it almost certainly raises
the price of goods Y. Hence, there seems to be highly linear relationship between these
two variables.

3. Application of polynomial to the model: such as Equation 6.4, the X} cubed is
included as another variable. If the data used in the study is restricted within the nar-
row range, the value of two variable, namely X; and X?, might not be notably different,
resulting in the liner relationship between them.

4. Qver-determination of the model: some models have higher amount of parameters
than the amount of observation collected. The evident example of these models is in the
medical or human behavior field in which the amount of patients or volunteers is less
than the independent variables. Usually, researchers have to discard some variables to
make the study possible.

5. Common trend of independent variables: the time series data of revenue, expen-
diture and population seems to move together because, as the time passes, they tend to
increase collectively. Thus, the linear relationship among them might occur.
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6.2 CONSEQUENCE OF MULTICOLLINEARITY

According to Chapter 4, if we have the regression model as shown in Equation 6.5, we
can employ the ordinary least square to estimate Sy and (3. By the method of calculus,
minimizing the sum of disturbance term squared, we obtain the close solution for the
estimators (S, and f33), illustrated in Equation 4.2 and 4.3.

Vi = B1 + o Xoi + B3 X5 + 1 (6.5)

Ao (D yiai) (D x%i) — (D yiwsi) (D w2iw3i)
= T B ) — (5 waitm)? 42)

o (o yims) Q0 @3) — (0 yimai) (30 w2iwa:) (4.3)

B T ) ) - (5w
where
y =Y, —Y,
To; = Xoi — Xoi,
T3 = X3; — X?n‘

Nonetheless, if the explanatory variables, X, and X3, suffer perfect multicollinearity,
namely X3, = AXy where )\ is the constant greater than zero, from the relationship
stated, we can substitute x3; = Axy; in Equation 4.2 and 4.3 and get

ho_ N yimar) 0 23) — (O yiwas) O 23,)] 0
s e ) - (e 0 (6:6)

By = NI yiwa) o w5) — (o yiwai) (o wsiwsi)] 0 (6.7)
N2 25) (o a3,) — (3o w21)?] 0
From Equation 6.6 and 6.7, mathematically, we cannot acquire the estimates of [,
and [3 since, in the system of real number, the division by zero is not defined.

On the other hand, consider the case where there is imperfect multicollinearity among
regressors as in 6.3. For the model with two regressors, let X3, = AXy; +1; and substitute
x3; = AT9; + v; into Equation 4.2 the estimator of 55 can be obtained by Equation 6.8
which is different from the case with perfect multicollinearity problem. The same is true
for both 5, and fSs.

By = (X gizaa) (N 323, + 3o v7) — (A D wiwas + Yo wivi) (A YD a3,)
(o ad) (N 2 ad, + X vf) — (Ao a3,)?

0

= 6.8
42 68)
by letting
Xsi = AXo +v;

Xsi = A Xy ~
X — X3 = M Xy — Xog) + v
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T3; — )\Z‘Qi + v;

where A £ 0 and >z, =0

Theoretically, the estimators obtained from OLS will be BLUE. To be specific, the
estimators of the model that suffers imperfect multicollinearity problem will be unbiased
and have minimum variance. Yet, if the model suffers high degree of multicollinearity,
the variance of the estimators would be so high that the regression analysis may be
negatively influenced. The variance of both estimators and the covariance between them
can be calculated by Equation 6.9 to 6.11 1.

~ 0‘2

v = ) (09
AU SETTREN (010
cov(By, Bs3) = 20" (6.11)

(1— 7"33)\/ > $%ZI§Z

where 7193 is the correlation coefficient between regressors X, and X3 and can be
computed by Equation 4.9 and the value ranges from -1 to 1.

o (i wats)®
23 =

Do Ty )i T
According to Equation 6.9 and 6.10, it can be seen that the higher the correlation

coefficient, the higher the variance of estimators. To ease the analysis, redefine Equation
6.9 by Variance Inflation Factor (VIF) by letting,

(4.9)

VIF = 1 _17%3 (6.12)
Substitute VIF into Equation 6.9 and 6.10, we get
. o?
var(fa) = Z—H@VIF (6.13)
. o?
var(f3) = Z—x%iVIF (6.14)

As 195 — 1, or the correlation approaches one, VIF — oo and the variance will be
higher and approach infinity. On the contrary, as ro3 — 0, or the correlation coefficient
approaches zero (namely, no linear relationship), VIF — 1 and the variance will be lower.
Consider Table 6-3 and Figure 6-1, it can be seen that the higher the correlation , the
higher the VIF and the higher the variance of estimators.

from Chapter 4



92 CHAPTER 6. MULTICOLLINEARITY

Table 6-3: The consequence of an increase in the correlation coefficient on the variance
of estimators

~ A

ros  VIF var(fs) var(Ps)
Let
0.00 1 ZU—;%VIF - B Z”—%_VIF - C
0.50 1.33 1.33B 1.33C
0.70 1.96 1.96B 1.96C
0.80 2.78 2.78B 2.78C
0.90 5.76 5.76B 5.76C
0.97 16.92 16.92B 16.92C
0.99 50.25 50.25B 50.25C

Figure 6-1: The consequence of an increase in the correlation coefficient on the variance
estimators

Mar (B )

23

When the variance rises due to the multicollinearity among independent variables, the
standard deviation will certainly rise and at least two negative effects will result. First,
the interval estimation will be impaired because the confidence interval will be widen,
which can be seen in Equation 3.23 and Table 6-4 (for 95 percent confidence interval and
large amount of observations). The other negative effect is on hypothesis test since the
t-statistic, as in Equation 6.15, will be lower and might result in misleading conclusion
from hypothesis test.
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Table 6-4: The consequence of an increase in the correlation coefficient on 95 percent
confidence interval

T3 95 Confidence interval of S,
0.00 By £ 1. 96\/Z -
0.50 By £ 1.96, /z 1.33
2L
0.70 Ba £ 1.96, /<2>1.96
R -
0.80 P2 £1.96, /5%~
0.90 By £ 1.96 —022 5.76
0.97 By £ 1.96
0.99 Bs £1.96, /<7 50 25
27,
t= (ﬁz ﬁ2> ) (6.15)
56(52) )

In any models, we might have the high value of coefficient of determination (R?) and
statistically overall significant of the model from F-test. The implication is that the model
possesses the explanatory power over the dependent variable. However, it is possible that
we might not get the statistically significant result from the test of individual coefficients.
That is, some coefficient is not significantly different from zero which means the variable
associated with that coefficient lacks explanatory variable because the t-statistic is lower
due to multicollinearity problem. This situation is called conflicting test, namely the
result from t-test contradicts with the one from F-test.

To conclude, if there is perfect multicollinearity among independent variables, we
are unable to estimate the parameters in the model. Also, the variance of estimators
will approach infinity. Furthermore, if there is imperfect multicollinearity, OLS is still
applicable to estimate the parameters. Yet, it has to be aware that the variance of
estimators might be so high that some aspects of regression analysis, such as interval
estimation and hypothesis test, are negatively influenced.

6.3 DETECTION OF MULTICOLLINEARITY

We have already discussed the consequence of both perfect and imperfect multi-
collinearity among regressors. For the regression analysis, the harmful problem is the
situation when there is perfect multicollinearity which will invalidate the estimation of
the model in order to explain the true relationship in the population. The case of perfect
multicollinearity, thus, can be easily detected.
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For the imperfect multicollinearity, if the degree of multicollinearity is not immense,
the estimators are still BLUE. Yet, if the degree is huge, the problem will become damag-
ing. Statistically, the extent of multicollinearity can be tested through various approaches.
Some of them are discussed here.

1. There is conflicting test between t- and F-test: if we find that the conclusion derived
from the two tests are inconsistent, specifically R? is high and F-test results in statisti-
cal overall significance; whereas, at least, one null hypothesis of some t-tests cannot be
rejected, it is reasonable to suspect the multicollinearity problem.

2. Correlation of regressors is greater than 0.8: the higher the correlation, the higher
the variance of estimators.

3. Variance inflation factor is greater than 10. when the regressors face the multi-
collinearity problem, the value of VIF might be so high that the resulting high variance
of estimators adversely affects the regression analysis.

4. Scatter plot of two regressors is relatively linear: when we plot the value of on
regressor against another and we find that both of them tend to change in the same
way, this fact might suggest the existence of multicollinearity. Figure 6-2 depicts the case
where income and wealth, which is usually perceived to explain consumption expenditure,
are prone to move together.

Figure 6-2: Scatter plot between two regressors, namely income and wealth, showing the
linear relationship between both of them
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6.4 REMEDIAL MEASURE FOR
MULTICOLLINEARITY

In principle, the problem of multicollinearity among explanatory variables is not ac-
tually serious as we still have BLUE estimators. Notwithstanding, the problem become
more severe as the degree of multicollinearity rises and can be alleviated through:

1. Do nothing: if the degree of multicollinearity is low, the model is still valid as the
BLUE property of estimators is attained.

2. Apply prior relationship among explanatory variables: consider the model

Y = 51 + BoXoi + B3 X3 +uy

If we know before that the linear relationship between explanatory variables Xy and
X3 can be written as 3 = 0.783, we can use this fact to eliminate the problem by

Y = B+ BeXoi +0.78: X3 + u;
B+ Ba(Xa; + 0.7X3;) + u;
= [+ feX x+u;

where X* = X5, + 0.7X5;

3. Discard some explanatory variables: the removal of the variables could mitigate
the problem; but, another problem, namely misspecification problem, might occur in-
stead. For example, suppose we want to construct the model where the production is the
explained variables; and labour and capital are the explanatory ones. If there is linear
relationship between labour and capital, the elimination of one variable might assuage
the multicollinearity problem, but might be contrary to economic reasoning. Hence, the
decision of which variables will be disposed of should be based on economic theory.

4. Collect more observation: this practice will increase Y 2% which is the component
of the variances 2. Accordingly, the variances will be lower despite high correlation among
explanatory variables.

~ 0’2
var ==
S Sy
5. Transform the variables: although there is linear relationship among explanatory
variables, it is not necessary that the first difference or ratio transformation of the vari-
ables will have that relationship.

2As the data set gets larger, the sample statistic will approach the population parameter. Conse-
quently, we can reasonably state that mean of X is almost stable under the larger data set. In this case,
the increase in the size of data set is likely to increase the sum of the square of deviation from mean
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For the first difference of variables, consider the model in period t and t-1

Y, = B+ BoXo + B3 X5 + wy
Yioi = Bi+4 BoXop1 + B3 X341 + Uy

Vi—Yi = [o(Xor — Xoro1) + B3(Xse — Xs41) + 14
AY; = ,BQAXQ + 63AX3 + Uy

where

Vg = Ut — U1
AY, = Y, -Y,,
AXy = Xo— X019

)

A)(3 = X3t_X3t—1

)

This transformation perhaps results in no linear relationship among new regressors. Un-
fortunately, another serious econometric problem might take place which is the autocor-
relation problem which will be discussed in Chapter 8.

For the ratio transformation of variables, consider the model

Yo = b1+ BoXo + BsXs + uy

Yy 1 Xy X3t 4 ur
X3t 61)4'13i+ﬂ2X3i +XB3X31':—X31'

2t t
X 51m+53+51m+m
Y = B+ BX5 +

where
* Y
Yt T Xa 1
* —
BT = bix; +5s
X = Xz
2t X3
o up
Uy = X3

With this remedial measure, we can reduce the degree of multicollinearity since there
is one explanatory variable left in the model. However, when we consider the random
disturbance term in this new model, it is possible that the variance of the disturbance
term might not be constant, namely heteroscedasticity, which will be discussed in the
next chapter.



Chapter 7
HETEROSCEDASTICITY

7.1 CHARACTERISTICS OF
HETEROSCEDASTICITY

From Chapter 6, as the assumption of multicollinearity among independent variables
is breached, if the degree of multicollinearity is not severely high, economists can ignore
the problem. In this chapter, another assumption for the best linear unbiased estimator
(BLUE) of regression model trough ordinary least square (OLS) method is discussed.
The assumption is homoscedasticity or

Ew?) =02 i=1,2,..,n (7.1)

1

Depicted by Figure 7-1, the variances of disturbance terms given any independent
variable are constant and equal. Specifically, conditional on X, the variance is equal to
o2 which is the same as the variance of disturbance term conditional on X, and on the
other values of independent variable.

On the other hand, if this assumption is violated, the problem occurring is called
heteroscedasticity. That is, conditional on X, the variance of disturbance term is
o%; whereas, conditional on X,, the variance of disturbance term is 3. In brief, the
conditional variance of disturbance term would vary across the values of independent
variable, as illustrated, mathematically, by Equation 7.2 and, graphically, by Figure 7-2.

E(u}) = o? (7.2)

97
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Figure 7-1: Homoscedasticity

f(u)

Figure 7-2: Heteroscedasticity

f(u)
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Generally, there is a variety of causes for the existence heteroscedasticity problem in
the regression model studied by most economists. Yet, only 6 main sources are discussed
here.

1. Normally, error learning is the nature of human. At the initial stage of their work,
people probably commit a large number of mistakes. As they carry on working and be-
come more specialized, the amount of errors would be reduced. In this case, it seems
that the variance at the initial stage will be high but would decrease as people learn from
their errors.

2. Considering the relationship between independent variable X and dependent vari-
able Y, there seems to be possible that as the value of independent variable increases,
the variance of the value of dependent one will increases. The feasible reason is the
characteristics of those variables such as the relationship between the profit of the com-
pany (independent variable) and dividend (dependent variable). As the profit rises, the
board of director may have a variety of dividend policy. Some companies may pay a
small amount of dividend in order to keep the profit for further development. Some
may pay a large amount of dividend to satisfy the shareholders. On the contrary, if the
profit is low, the dividend policy will not diverge across the companies since the com-
panies seem to be at the growth stage and decide to keep their profit as retained earnings.

3. The collection of data is another source. As the collection technique employed by
the researcher is improved, the collection error would be lower. Contrarily, with the poor
collection technique, the data obtained to construct the regression model would probably
incur more and more errors, causing the condition variance of disturbance term to vary.

4. The existence of outliers in the independent and dependent variables may make
the conditional variance of disturbance term on independent variables volatile. Mostly,
if the researchers collect too small amount of data, that set of data tends to include the
outliers and undermine the regression analysis. As the amount of data increases, those
outliers may become normal relative to other observations.

5. The misspecification of the model could result in the heteroscedasticity problem
as well. In some cases, econometricians drop some important and necessary indepen-
dent variable from the regression model. The disturbance term, then, will incorporate
the characteristics of the missing variables, resulting in heteroscedasticity problem. For
example, suppose the researchers want to establish the model to explain the relationship
of price and quantity of good X, as suggested by the theory of demand. However, if it
turns out that good Y is the substitute for good X. This mistake of failing to include
price of good Y, which has the explanatory power over the demand for good X, will
result in misspecification error. The disturbance term will have the characteristics of
good Y, which, in turn, leads to heteroscedasticity. The further details will be provides
on specification error in Chapter 9.
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6. Heteroscedasticity problem usually happens in the model that applies the cross-
sectional data which tends to be highly diverse because the data is collected in the
same time period. To illustrate, the census acquired from numerous provincial areas may
cover the wide range of value and results in the stated problem. On the other hand, for
the time series data, it is prone to be the collection of the same sample for different
period of time. With the same sample, the range of the value covered seems to be narrow.
Hence, the stated problem, generally, does not occur with this kind of data.

7.2 CONSEQUENCE OF HETEROSCEDASTICITY

For the estimation of regression model through OLS methods, given the assumption
of homoscedasticity, the model can be written as

Yi = b1+ B Xi + u
The estimator By can be calculated by

S - D0 -Y) S
S -XE v

In general, the variance of the estimator (5 is computed by

By =

| Nate?
Var = 7.3
) = (S 79
Given the assumption of homoscedasticity, o2 is the same across the value of i; namely,
o} = 07,¥i # j. In Chapter 3, we conclude that the estimator will be BLUE and the
variance of the estimator [, can be written as

A 0'2
Var = ==
However, if the assumption of homoscedasticity is violated, or there is the problem
of heteroscedasticity, the variance of the estimator fy will be as Equation 7.4 and the
estimators will no longer have the characteristics of minimum variance but it is still
unbiased.

var(fy) = 2T éi (7.4)



Panit Wattanakoon 101

7.3 DETECTION OF HETEROSCEDASTICITY

The problem of heteroscedasticity is fairly severe since it causes the estimators, which
identify the relationship of regressor and regressand, to lose the minimum variance or best
property despite its unbiased property. Accordingly, the statistical inference studied in
the previous chapters, such as confidence interval and hypothesis test, is not applicable.
It is, thus, essential to detect the problem of heteroscedasticity. Again, there are a large
number of methods for detection suggested by econometricians; yet, 4 approaches are
discussed here.

1. Finding the relationship of regressor and random disturbance term by graph: the
nature of the problem is that the conditional variance of disturbance term is not con-
stant. Hence, if we can create the diagram that depicts the relationship between the
observations of regressor and the disturbance term squared, which is the estimator of
variance, we will be able to identify whether the conditional variance is constant across
the observations of regressor. Consider Figure 7-3 and 7-4. When the regressor X has the
positive relationship with the estimators of variance, it implies that the variance of dis-
turbance term seems to move in the same direction with the regressor. From Figure 7-3,
econometricians should be aware that, in this model, the evidence for heteroscedasticity
seems to be eminent. On the contrary, from Figure 7-4, no relationship between regressor
and estimator of variance is detected. However, graphical method is merely the initial
step for the detection process. Further reliable statistical tests should be performed as
well.

Figure 7-3: The noticeable relationship between u? and regressor X of the model suffering
heteroscedasticity problem
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Figure 7-4: The ambiguous relationship between u? and regressor X of the model not
suffering heteroscedasticity problem
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2. Park Test: the rationales is that, if we can construct the regression model that
enables the regressor X to explains the volatility of the variance of disturbance term, that
means the variance of disturbance term is not constant and depends on the regressor.
The model could be constructed as Equation 7.5 and we can transform the model into
the linear one as Equation 7.6.

02 = o2 X ev (7.5)

Ino? =Ino? + BInX; + v (7.6)

Practically, we would never know the true variance of the disturbance term in the
model; so, we use 47 as the estimator and form the model similar to Equation 7.6, which
is shown in Equation 7.7.

Ina? =Ino?+ X, +v;=a+BnX; +y (7.7)

After the establishment of the model in Equation 7.7, we, then, can perform the
hypothesis test to examine whether the regressor X could explain the change in the re-
gressand Ina?. In this case, we test for the statistically significance of the coefficient
associated with £ by finding the t-statistic. If the regressor X is statistically significantly
able to describe the regressand Inu?, we can conclude that the model faces the problem

of heteroscedasticity. In short, the procedure for Park test is as follows.
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Step 1: establish the model of interest to find the relationship of regressor X and
regressand Y

Step 2: calculate 42 = (Y; — Y;)? from the regression model in Step 1 to be the esti-
mator of variance in Equation 7.6 and 7.7.

Step 3: establish the model as in Equation 7.7 and perform the hypothesis test for the
relationship between the regressor and the variance of disturbance term. The hypothesis
can be set as

H,: 3 =0
H,: 6 # 0

If the null hypothesis is rejected, we can conclude that, the regressor X possess the
explanatory power over the variance of disturbance term. In other word, the model suffers
the heteroscedasticity prolem. Contrarily, if the null hypothesis is not rejected, it implies
no heteroscedasticity problem in the model

3. Breusch-Pagan Test or LM Test: consider the multiple regression model in
Equation 7.8 and suppose that the variance of disturbance term has the linear relationship
with the regressor as in Equation 7.9. To satisfy the homoscedasticity assumption such
that the estimator is BLUE, all partial regression coefficients in Equation 7.9 must be
Zero.

Yi =81+ BoXoi + B3 Xz + - + BeXpi + s (7.8)

Var(ulXa, ..., Xy) = E(u?Xo, ..., Xg) = a1 + aoXo; + a3 Xai + -+ Xpi  (7.9)
The procedure of Breusch-Pagan test for heteroscedasticity is as follows.

Step 1: estimate the model as in Equation 7.8 by the method of OLS and calculate
the value of 4?

Step 2: establish the regression model as in Equation 7.10 to find the coefficient of
determination R;Z

07 = oy + aXo; + a3 Xai + -+ X + (7.10)

Step 3: compute the F-statistic by Equation 7.11 and perform hypothesis test to find
out whether all the regressors X'’s can jointly explain the variance of the disturbance
term. If they have the explanatory power, we can conclude that the model in Equation
7.8 would suffer heteroscedasticity problem.
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H: aij=a=a3=...=q, =0
H, : otherwise

R2,/(k —1)
(1= R2)/(n— k)

Furthermore, LM-statistic (Lagrange Multiplier) can be used to determine whether
there is heteroscedasticity problem in the model and can be calculated by Equation 7.12.

F=

(7.11)

LM = nR2, (7.12)

The LM-statistic has the chi-square distribution with the degree of freedom k£ — 1 or
X?lf- We can use LM-statistic to test the following hypothesis.

H, : Homoscedasticity
H, : otherwise

If the LM-statistic obtained is greater than the critical value found the chi-square ta-
ble, we can conclude that the model in Equation 7.8 faces the heteroscedasticity problem.
Nevertheless, if the LM-statistic is less than the critical value, we can conclude that no
heteroscedasticity problem exists.

4. White Test: Consider the multiple regression model as in Equation 7.3.

Y, = 51 + BoXoi + B3 X3 + (7.13)

White test has the different procedure from the third test only in the aspect of how
the hypothesis is set. While Breusch-Pagan test states that the variance of disturbance
term has the relationship with regressors, White test will cover the wider relationship
between the variance of disturbance term and higher amount of regressors as in Equation
7.14 with the procedure as follows.

VO/T(UZ'|X2, Xg) = E(UZQ|X2, X3) = + OéQXQi + Oéngi + 064X22i + Oé5X§i + O[GXQ,L'X:J,Z' + v;

(7.14)
Step 1: establish the model as in Equation 7.13 to obtain 42
Step 2: establish the regression model as Equation 7.15
ﬂ? = 1 + chXgi + 063X3i + Oé4X221' + Oé5X§i + 056X2iX3i TV (715)

Step 3: similar to Step-3 of Breusch-Pagan test, calculate F- or LM-statistic and set
the null and alternative hypothesis. Then, compare the F- or LM-statistic with the crit-
ical value from the statistical table to test for heteroscedasticity.
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Through the four methods stated above, the econometricians can test whether the
model that is estimated by OLS method suffers the heteroscedasticity problem. The
graphical test is nothing but an initial method without any statistical test at any level
of significance. The other tests involve the formulation of hypothesis and statistical test
at the chosen level of significance. Hence, either Park, Breusch-Pagan or White test
concerns the level of significance at 0.01, 0.05 or 0.1, contingent on the situations.

7.4 REMEDIAL MEASURE FOR
HETEROSCEDASTICITY

Even though the heteroscedasticity does not make the estimators biased, the variance
of the estimators obtained from the regression model will not be minimum. The loss
of the best property will impair the statistical inference in which the econometricians
may be interested such as the confidence interval and hypothesis test of whether there is
statistically significant relationship between explanatory and explained variables.

The remedial measure for heteroscedasticity will enable the researcher to better anal-
yse and apply the statistical tools for the study of relationship between explanatory and
explained variables in the model. The measure can be categorized into two cases which
are the case where the variance of each disturbance term is known and the case where
the variance of each disturbance term is not known.

7.4.1 Know Variance of Each Disturbance Term

If the variance of each disturbance term (that is the variance of u; for each i) is known,
econometricians have invented the method called generalized least square: GLS to
solve this problem. Through this method, the variance of the estimators in the model
will have the minimum variance, which enables further statistical analysis.

Consider the simple regression model with explanatory variable X and explained vari-
able Y with two parameters 8, and 5

Yi = bi+6Xitu

When the variance of each disturbance term (¢?) is known, dividing the entire regres-
sion model by the known standard error, we get

g; 0; g; g;
Transform the equation to
Y= 5 Xg + B X7+ (7.17)

%
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where Yy = L
7
« — 1
Xoi = =
Xr = X
7 P
u; i

With the new model specified by the Equation 7.16, considering the variance of dis-
turbance term, we find that

Var(uf) = E(uj) = E[(})%]
due to knowno?which is a constant
due toE(u?) = o?

=1

In this case, the estimation of the above model by OLS method will eliminate the
heteroscedasticity problem. Specifically, the variance of each disturbance term will be
equal to 1. The application of OLS method to the model from Equation 7.16 is as
follows.

A% Xoi ox X Ug
P o +520’i+0i

BrXy + Bs X7+ ug

SV = BiXg — B3 X;)?

YT = XA - B

Thanks to generalized least square, calculus minimization of error term squared results
the closed form solutions for the estimators 5; and f;. The formula for /5 is shown in
Equation 7.18.

5 (Do w) QDo wi XiYe) — (00 wilXy) (D0 wiYs)
O T T ) (S X — (S wiX)? (7.18)

The variance of above estimator can be computed by Equation 7.19.

> w;
(Do w) Qo wiX?) — (- wiX;)?

Var(d3) = (7.19)

where w; = %
According to classical normal regression model (CLRM) and generalized least square

(trough dividing the entire model by the standard deviation of disturbance term), the
acquired estimators will be BLUE.
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The difference between OLS and GLS is that, for GLS, the estimators obtained will
minimize the weighted sum of residual squared or w;@?. On the other hand, for OLS, the
ones obtained will minimize the sum of residual squared @?.

For OLS

Z@? = Z(Y; — B — B2 X;)?

For GLS
D wii = wi(Y; — By — B5X,)°

Another difference is that GLS will assign different weights to each observation of
disturbance term (a?) according to its importance. To be specific, if the error associated
with the observation is large (that is, the variance is high), the value of the estimator in
the model will greatly deviate from the value of true parameter. That observation should
not be much of interest. Due to GLS method, the weight assigned will be inversely pro-
portional to the variance of observation. Thus, that observation will be assigned a small

weight of one over its variance (ﬁ) In brief, the larger weight will be assigned to the

observations that concentrate in their mean (namely, lower variance); whereas, smaller
weight will be assigned to the observations that deviate from their mean (namely, higher
variance).

Generally, for estimation® it is desirable to establish the population regression model
that describes the true relationship between explanatory and explained variables. Paying
more attention to the observation clustering around its (population) mean is preferable
to the observation diffusing from its mean. The practice of weight assignment of GLS
is a special case of least square which is known as weighted least squares: WLS.
Contrarily, OLS assigns the same weight for all observations.

7.4.2 Unknown Variance of Each Disturbance Term

In the model suffering heteroscedasticity with unknown variance of each disturbance
term, the estimators will lack the desirable property of minimum variance, undermining
the process of statistical inference and resulting in misleading conclusion. Consequently,
the remedial measure for this problem is crucial.

In the case where the variance of each disturbance term is unknown, there are a large
number of measures. Here, two main measures are discussed such that the estimators

'In principle, the variance of each random disturbance term is known when we have an access to the
whole population data. In that case, to reflect the true relationship on average, the establishment of the
population regression model should focus more on the observation close to its mean than the one far
from its mean.
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from the OLS method become BLUE.

1. Whites heteroscedasticity-consistent standard errors: by the method of White to
estimate unknown standard deviation, in principle, if the sample size is large enough, this
estimator can be used to represent the true standard deviation. Moreover, econometri-
cians can apply this estimator to further statistical test as if there is no heteroscedasticity
problem. Nevertheless, if the sample size is not large enough, the estimators through
White method will not have t-distribution and result in false statistical conclusion.

After all, it should be aware that if the model dose not suffer heteroscedasticity prob-
lem but econometricians still use White’s estimator, the conclusion from the statistical
analysis will be erroneous. Accordingly, the formal test for heteroscedasticity in the model
should be conducted such that the existence of heteroscedasticity is verified.

2. Some assumptions for the distribution of random disturbance term: consider simple
regression model

Yi =01+ BoXi + s
We can set some assumptions for the distribution of random disturbance term as fol-
lows.

Assumption 1: let the variance of random disturbance term be proportional to X?

E(uf) = 0, X}

With this assumption, it can be found that the variance of disturbance term of the
regression model will be constant and can be shown by

b1+ B Xi +

%+52+%
51)(%.4‘524—%'

e

E(#) = B(%) = 5B

— 2
= o,

Assumption 2: let the variance of random disturbance term be proportional to X;
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With this assumption, considering the variance of disturbance term of the regression
model, it can be found that the variance will be constant.

}/;' = /81+52X+u7,

Y;

VX vXi + %
ﬁlﬁ+ﬁ2\/ ‘|‘V'

E(W) = E(%)=+B(d)
2

Oy

Assumption 3: let the variance of random disturbance term be proportional to the
mean of explanatory variable squared or [E(Y;)]%.

Y, = B+ 62Xi + u;
E(Y;) = 51 + B2 X,
Y;

B0 E(Y)*/B?E(Yg(
= BIE +52 +Vz

Yet, since we do not know the true value of E(Y;) , we, thus, use Y instead.

Consider the variance of random disturbance term. It can be found that the variance
1S constant.

7

E(?) = E(%)2= LB

Before the assumption about disturbance term is made, we need to identify whether
the disturbance term has the relationship with other variables as in the assumption going
to be made. To illustrate, the diagram depicting the relationship between the distur-
bance term and explanatory variable squared may be constructed to examine the validity
of Assumption 1. After we explore that relationship, we, then, set the corresponding
assumption to solve heteroscedasticity problem.
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Chapter 8
AUTOCORRELATION

8.1 CHARACTERISTICS OF AUTOCORRELATION

In Chapter 6 and 7, we study the problems of multicollinearity and heteroscedasticity
with the different effects on the estimators in regression model. The problem of multi-
collinearity, if not perfect, does not cause the estimators to lose the desirable properties.
Those estimators can well represent the true parameters. On the other hand, the problem
of heteroscedasticity ruins the minimum variance property of estimators. In this Chapter,
another problem of random disturbance term is considered. That problem is autocorre-

lation among disturbance term which violates one of the assumptions for classical linear
regression model (CLRM)

The nature of autocorrelation is when there is correlation among disturbance terms
or

cov(u;, u;j| Xy, Xj) = E(u;,uj) #0  where ¢ # j (8.1)

For time series data, when the random disturbance terms are autocorrelated when
the data in each period is correlated. For instance, the protest in a country that reduces
the amount of export of goods and services in one month may also reduce the export of
the following months. Hence, in this case, the random disturbance terms in these periods
will be negative to reflect the fact that the amount of export tends to be below the mean.

For cross-sectional data, the problem of autocorrelation may occur. For example, the
consumption expenditure of one family may reduce due to the great flood. Also, the
flood influences other families in the same way. The consumption expenditure of these
families tends to be positively correlated; hence, the random disturbance term from this
set of data may also be positively correlated.

111
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Figure 8-1 illustrates the pattern of random disturbance term when the random dis-
turbance term faces autocorrelation problem with the increasing trend. Contrarily, Figure
8-2 depicts the case where the random disturbance term has no obvious systematic pat-

tern, namely no autocorrelation.

Figure 8-1: Autocorrelation among disturbance term with increasing pattern
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Figure 8-2: No autocorrelation among disturbance term
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Autocorrelation among random disturbance terms stems from many factors. The
main causes are when the model or data used in the model have the following properties.

1. Usually, the autocorrelation problem is more frequently found in the model where
time series data is used than where cross-sectional one is used. The reason is that cross-
sectional data involves a greater variety of observations which tend to be independent
from one another. The consumption expenditure of people in an entire country, for in-
stance, is diverse. Any factors liable to cause an error may be negligible when the data of
the entire country is employed. On the other hand, for time series data, the same sample
is studied across time. Mostly, this fact results in the relationship among observations.
To illustrate, macroeconomic data may indicate a positive sign in the recovery period
and this trend may be prolonged until any external shock leading to economic crisis.

2. Model misspecification, where the important regressors are omitted, could bring
about the autocorrelation problem. For instance, consider the model explaining the
demand for chicken with essential regressors including its price and the price of pork, as
the substitute product.

Y, = B1+ BaXor + B3 Xs + wy

where

Y, = demand for chicken
Xy = price of chicken
X3; = price of pork

Unfortunately, suppose we wrongly specify the model such that the regressor Xs; is
dropped and the model becomes

Y, = B+ BoXo + 14

where v, = ($3X3; + u;. It can be seen that the random disturbance term in this mis-
specified model (1) incorporates the relationship of demand for chicken and the price of
pork. This characteristic could result in significant pattern in disturbance term, leading
to autocorrelation problem. The autocorrelation in this case is called false autocorre-
lation since the problem is not originated from the disturbance term itself but model
misspecification instead.

3. Model misspecification, where the functional form is incorrect, could give rise to

the autocorrelation problem as well. Consider the model of marginal cost which depends
on the amount of goods produced.

MC; = B1 + ByOutput; + BsOutput? + u;

However, suppose the model is mistakenly specified as

MCZ = o1 + OéQOutpUti + v
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In this case, the random disturbance term is v; = S30utput?+u;. The result occurring
is be similar to the case where the crucial regressors are neglected from the model. That
is, a systematic pattern can be observed in the random disturbance term. The resulting
autocorrelation is also called false autocorrelation.

4. Cobweb phenomenon might be another cause. For instance, some economists
believe that supply of agricultural product displays the cobweb pattern. That is, the
supplier of agricultural product makes a decision based on the last-year price as the pro-
duction process takes time to deploy. The farmers have to decide first which types of
plant will be produced and then production process will be carried out. Hence, they tend
to base their decision on the price in the period when the type of plants is chosen rather
than the price when the product is marketed.

If the price of one plant in the last period is high, there will be a great incentive for
farmers to produce that plant. The product will, then, flood the market, forcing its price
to go down. Contrarily, if the price of that plant in the last period is low, that plant
will become unprofitable to produce in the view of farmers. This probably results in
deficiency of the product, raising the price of the plant. Accordingly, the current amount
of agricultural product will rely on the price last year. With the predictable pattern
of regressor and regressand, the random disturbance term may display that systematic
pattern, leading to the autocorrelation problem.

5. The transformation of data into first-difference form may inflict the autocorrelation
problem on the model. Consider simple regression model. It is obvious that, when the
model is established through first-difference transformation, autocorrelation in random
disturbance term will result.

At (level form)
Y: = b1+ PoXi +w
Yior = [i4PeXim +w
At (difference form)
Vi—Yia = (Bi+ BeXe+u) — (B + BoXiq +up)

AY, = [BAX; + Ay
AY; = BAX, +
where vy = Aup = (up — ug_1)
suppose  F(u;) = 0
thus  E(v,) = E(uy—uiq)

= E(u) — E(us_1)

Var(vy) = Var(u —ui—1)
= Var(u) — Var(u.1)

— 2
= 20y,
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cov(v, v—1) = E — 1)
= E[Ut - Ut—l][ut—l - Ut—Q]
= —0’2

u

8.2 CONSEQUENCE OF AUTOCORRELATION

Since the autocorrelation in random disturbance term violates classical linear regres-
sion model assumption, the following result can be shown in this section. Consider the
simple linear regression model with X as explanatory variable, Y as explained variable,
and the random disturbance term at time ¢ u; has the relationship with the one-period-
lagged disturbance term u;_;.

Y, = B+ B Xi 4+ u; (8.2)

u = pus_1 +6, —1<p<l (8.3)

where p is the coefficient of autocovariance which specifies the degree of relationship
between the disturbance term at one period and the term at lagged period. Let the value
of p ranges between -1 and 1. According to Equation 8.3, this kind of relationship is
called first-order autoregressive: AR(1), namely the lag period is one. Also, if the
maximum lag period is two, we call it AR(2). Generally, with the maximum lag period
of p, we can write the autoregressive model as Equation 8.4.

U = PrU—1 + Palli—o + ... + pplly—p + €& (8.4)

€ is the white noise error term in the autoregressive model with the following
properties.

E(Gt) =0
var(e;) = o2
cov(€, €4s) = 0

First, consider the first-order autoregressive in Equation 3.8. The variance of the
2

disturbance term u; is equal to 106 5
—p

E(uy) = pE(ui—1)+ E(e;) =0
Var(u;)) = E(u?)
= p*Var(ui_1) + Var(e)
s Var(u) = 125
due to
Var(u;)) = Var(u_1) = 02 due to homoscedaticity

Var(e;) = o?
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It can be seen that, if the coefficient of autocovariance p is equal to 1 or -1, the vari-
ance of the error term will be undefined. We have to specify the value of p between this
range to make the disturbance term stationary. Otherwise, the disturbance term may
deviate from what it should be, namely in non-stationary disturbance term, so that the
regression analysis is inapplicable.

Consider simple regression model without first-order autoregressive disturbance term.

Y = 01+ B Xy + w
Though OLS method, the estimator has the following close form solution.

X=XV -Y) S
(X — X)? >}

The variance of the estimator can be calculated by the following formula.

By =

o2 o?

> (X — X ) - >
Nevertheless, under AR(1) scheme, the variance of the estimator can be computed by
the Equation 8.5.

VW(/@Q) =

o? STy

;[1+2p +2p 22 Tilli-

Var(Palann = ggll 205 H U S T

where

v = (X;—X)

Tg—1 = (thl_X)

r, = (X,—X)

The difference between the two above situation is that the variance under AR(1)
scheme will be higher. In Equation 8.5, as p is equal to zero, or there is no autocorrelation
in disturbance term, Equation 8.5 will converge to the usual formula of the variance of the
estimator. Hence, due to autocorrelation problem, the OLS estimators will not possess
best property, namely the estimator will not have minimum variance. Still, the OLS
estimators will be unbiased.
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8.3 DETECTION OF AUTOCORRELATION

When the autocorrelation problem leads to some undesirable properties of the esti-
mators, the conclusion drawn from hypothesis testing may be misleading. Therefore, to
prevent this mistake, we should examine whether the model suffers this problem. There
are many approaches used to detect this problem and some of them are discussed in this
section.

1. Finding the relationship among disturbance terms by graph: as depicted in Figure
8-1 and 8-2, if there is autocorrelation, the pattern of disturbance term across time will
have systematic form.

2. t-test for autocorrelation: we can examine AR(1) model or u; = pu;_1 + ¢ and the
independent variables in the model have to be strictly exogenous. That is,

E(ut’XQta X3t7 a3 Xk:t) =0

or

cov(uy, Xji) = 0 where j =2,3, ...,k
When the independent variables are strictly exogenous, we can set the following hy-
pothesis as
H,:p=0and H,: p#0

with the following test procedure.
Step 1: estimate the model of interest through OLS method to obtain u,

Step 2: construct AR(1) model with dependent variable u; and independent variable
uy;_1 and, then, estimate the model to obtain the estimated value of p.

Step 3: calculate t-statistic of the estimator p and test for statistical significance.
If we can reject the null hypothesis, that means there is the first order autocorrelation
among disturbance terms.

This approach can be applied to the test for higher order of autoregressive model like
uy = pus—3 + € which includes setting hypothesis, computing t-statistic, comparing it
with the critical value in statistical table, and drawing the conclusion of whether the null
hypothesis should be rejected.
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3. Durbin-Watson test: DW-statistic test is one of the popular methods used to detect
first order autocorrelation problem. Six assumptions are required for DW-test.

Assumption 1: the model has to include the intercept

Assumption 2: explained variable X is non stochastic

Assumption 3: the relationship of the disturbance term has to be generated by AR(1)
process.

Assumption 4: the disturbance term w; is normally distributed.

Assumption 5: the model under examination does not include lagged regressand Y;
as the explanatory variable. That is, if the model follows equation below, we cannot
apply DW-statistic to the test for autocorrelation.

Y, =01+ Bo Xy + Yy +uy

Assumption 6: There is no missing data.

When all the assumptions are satisfied, DW-statistic can be computed by Equation
8.6.

DW = ZL?@L_ SV 2(1 - p) (8.6)

(8.7)

where p ranges from -1 to 1, causing DW-statistic to range from 0 to 4. Consider the
following possible cases. If p approach 0, DW will approach 2, that is no first-order
autocorrelation among disturbance terms. If p approach 1, DW will approach 0, that is
positive first-order autocorrelation among disturbance terms. If p approach -1, DW will
approach 4, that is negative first-order autocorrelation among disturbance terms.

After DW-statistic is obtained, we can use it to test the following hypothesis.

H,:p=0and H,: p#0

The DW-statistic has to be compared with DW-statistical table invent in 1950 in
order to draw the conclusion about the test. The critical value will include d;, and d,
which are the upper and lower bound respectively. The degree of freedom k& — 1 (which
is the amount of explanatory variables excluding intercept term) and level of significance
() of 0.1, 0.05 and 0.01 will vary according to the circumstance. The comparison of
DW-statistic to the critical value provides two beneficial insights.



Panit Wattanakoon 119

If it turns out that the estimate of the coefficient of autocovariance is greater than
0, or equivalently DW-statistic is lower than 2, it can be the suspected that the random
disturbance terms may have positive autocorrelation. Hence, the null and alternative
hypothesis can be set as

H,:p<0Oand H,: p>0

We cannot reject the null hypothesis when calculated DW-statistic is greater than
dy. We reject the null hypothesis when calculated DW-statistic is lower than dy. That
is, disturbance term has no positive serial correlation at the level of significance a.. Nev-
ertheless, if DW-statistic lies between d;, and dy (d, < DW < dy), we cannot conclude
whether the disturbance term has positive serial correlation.

If, on the other hand, it appears that the estimate of the coefficient of autocovariance
is less than 0, or equivalently DW-statistic is greater than 2, it can be the suspected that
the random disturbance terms may have negative autocorrelation. Hence, the null
and alternative hypothesis can be set as

H,:p>0and H,: p<0

We cannot reject the null hypothesis when calculated DW-statistic is greater than
4 —dy. We reject the null hypothesis when calculated DW-statistic is greater than 4 —d..
That is, disturbance term has no positive serial correlation at the level of significance a.
Nevertheless, if DW-statistic lies between 4 — dy and 4 — dy (4 — dy < DW < 4 —dp),
we cannot conclude whether the disturbance term has negative serial correlation. Figure
8-3 illustrates the criterion whether reject or not reject the null hypothesis.

In short, the procedure to test for first order autocorrelation among disturbance terms
with DW-statistic involves the following steps.

Step 1: estimate the model of interest to find
Step 2: calculate DW-statistic by the formula in Equation 8.6
Step 3: compare DW-statistic with the critical d from the table with the criterion

shown in Figure 8-3 to achieve the conclusion about the relationship among disturbance
terms.
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Figure 8-3: Criterion for rejecting or not rejecting the null hypothesis with DW-statistic
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4. Breusch-Godfrey test: this method can be used to test for any order, from 1
or AR(1) to p or AR(p) of autocorrelation as illustrated in Equation 8.4 from the simple
regression model

Ut = P1Ut—1 + PoUt—2 + ... + PpUs—p + € (8.4)

We can form the hypothesis about the relationship among these disturbance terms as
Hy: pp=pa=..=p,=0
H, : otherwise
with the following procedure.

Step 1: establish the regression model of interest. The example shown is the simple
one.

Step 2: establish another model to obtain the relationship among disturbance terms
with @, as the explained variable and Xy, and 4,y u;—o until 4;—, as the explanatory
variables.

Uy = o + Xy + Prily—1 + Pall—2 + ... + Pplly—p + & (8.8)

Step 3: if the sample size is large, LM-statistic can be computed by

LM = (n—p)R* ~ X, (8.9)

Step 4: compare LM-statistic with the critical value of chi-square table to conclude
whether the null hypothesis should be rejected. Specifically, we reject the null hypothesis
if (n — p)R? is greater than the critical chi-square at the chosen level of significance and
conclude that there exists the autocorrelation problem.
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8.4 REMEDIAL MEASURE FOR
AUTOCORRELATION

After the problem is detected, to prevent the problem from making the variance of
estimators so unreliable that the conclusion drawn from hypothesis test is misleading, the
remedial measure is necessary. In this section, only the remedial measures for the first
order autocorrelation are discussed.

1. Generalized least square (GLS): consider the simple regression model with the first
order autocorrelation problem AR(1)

Y, = B+ B Xy + wy

Up = PUt—1 + €

We can separate the procedure into the case where the coefficient of autocovariance
(p) is known and unknown. For the case when the p is known, we can solve the problem
by

Yioi = B+ B X1 +w
pYio1 = pbi+ pBaXi_1 + pus_y

(Ye = pYie1) = Bi(1 —p) + Bo( Xy — pXim1) + (wr — puy—1)
(Y, = pYic1) = Bi(1—p)+ Bo( Xy — pXio1) + &

V=01 + 65X +te
where
€ = U — PU—1
Yo = Yi—pYia
Xy = Xy —pXi
pi = Ail—p)

According to the above property of ¢;, we find that the classical linear regression
model assumption is satisfied. Hence, it can be concluded that, the estimators in the
new model generated from the above procedure are best, linear and unbiased estimators
(BLUE).

Notwithstanding, due to the above procedure, the regressor and regressand of the new
model is in the difference form which means that one observation is lost. Thus, to mitigate
the problem, the first observation on X and Y may be transformed to X; = X;4y/1 — p?

and Y;* = Y14/1 — p?. We call this transformation process Prais-Winsten transformation.
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For the case when the p is unknown, two solutions to the problem is available. The
first one is first difference method. This approach is usually used when DW-statistic for
the model of interest is less than R?. The first-difference model is constructed as

Y=Y = Bi— b+ 5o Xy — Xioq) + (e — weq)
AY = 62AXt+6t

When the above regressor and regressand are obtained, we can apply the OLS method
for non-intercept model to estimate this new model which solves the first order autocor-
relation problem.

The other method is to use estimator p obtained from the calculation of DW-statistic.
From Equation 8.6 and 8.7, when the sample size is large enough, we can compute the
value of p through

d
Hh=1— = 1

After we obtain the estimate, we can apply it to the remedial measure stated above
when the value of p is known.

2. Heteroscedasticity and autocorrelation-consistent standard error: when the sample
size is large enough, Newey and West suggest the formula for the variance of estimators
when the autocorrelation and heteroscedasticity problem occur. With this formula, the
standard deviation required in statistical analysis, such as hypothesis test, confidence
interval and so forth, will be applicable.

At the present time, most econometric computer packages provide this estimation of
variance in the set of statistical results. Although this method does not lessen the degree
of autocorrelation problem, the obtained standard error is fixed and applicable for further
statistical analysis.

It is noteworthy that the difference between the method of White and Newey-West
is recognized. The approach suggested by White can solve the specific problem of het-
eroscedasticity; whereas the one suggested by Newey-West is designed to tackle the prob-
lems of both heteroscedasticity and autocorrelation.



Chapter 9
SPECIFICATION ERROR

9.1 TYPES OF SPECIFICATION ERROR

One of the assumptions under classical linear regression model (CLRM) to obtain
the desirable properties of OLS estimators, namely BLUE, is no specification error. In
this chapter, many types of specification error are discussed as well as the consequence
resulting from these errors.

The possible errors from misspecification are categorized into 4 types which are omis-
sion of necessary variables, inclusion of unnecessary variables, adoption of the wrong
functional form and error of measurement. Each type of error is discussed sequentially.

Omission of necessary variables is when an economist fails to include the impor-
tant regressors to the model for studying the economic theory. Suppose the true model
follows Equation 9.1.

Y = B1 + BoXoi + B3X3i + ugt (9.1)

However, the economist mistakenly specifies the model as in Equation 9.2. This is
the situation where the necessary regressor is omitted from the model.

Y;‘ =oq + OCQXZZ' + v (92)

Inclusion of unnecessary variables is when some variables with insignificantly
explanatory power enter the model. For instance, if the model in Equation 9.1 is the true
form where regressors X, and X3 are sufficient to explain the regressand Y. Unluckily,
an economist includes the variable Xy to the model and become Equation 9.3.

Yi =+ 72 Xai + 3 Xsi + X + (9.3)

123
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Adoption of the wrong functional form is another type of error. Suppose Equa-
tion 9.1 is the true functional form. That is, the relationship between regressor and
regressand is linear. Nevertheless, if the functional form is specified as Equation 9.4, this
kind of problem will occur.

}/i = /\1 + )\QX% + )\3X3i + >‘4X221 + u;' (94)

Last but not least, error of measurement is when the proxy of either regressor
X or regressand Y or both which may contain the error of measurement. For example,
suppose that, theoretically, the variables Y, X, and X3 should be used in the model.
Yet, practically, it may be impossible to obtain the value of those variables. Therefore,
the variable Y*, X and X are used as proxies for the true model with the belief that
Y:* =Y, +¢; where ¢; denotes the measurement error (The same is valid for Xy and X3.)

The consequence and the detection of four types of specification error are discussed
in the following sections.

9.2 CONSEQUENCE OF SPECIFICATION ERROR

9.2.1 Omission of Necessary Variables

For the omission of necessary variables where the true model is Equation 9.1 but the
model is wrongly specified as Equation 9.2, the random disturbance term of 9.2 can be
modelled as

vi = B3 X3 + u (9.5)
The disturbance term v; will contain the effect of the omitted variable X5;. The
estimation of the wrong model is shown in Equation 9.6.
The consequences of the omission of this variable on Equation 9.6 are as follows.
1. If the omitted independent variable X3 has the relationship with the independent

variable X, in the model of interest, the estimator &; and @y will be biased and inconsis-
tent. Even though the sample size gets larger, the estimators still face the same problem.

E(a) # B
E(a2) # B
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2. Although the omitted independent variable X3 has no relationship with the inde-
pendent variable X5, the estimator &; will be biased but the estimator as will be not.

E(ar) # B
E(az) = B

3. The estimated variance of random disturbance term will not reflect the true value
which, in turn, causes the variance of the estimators to be wrongly estimated. The result
is the misleading conclusion from hypothesis test and confidence interval.

9.2.2 Inclusion of Unnecessary Variables

For the inclusion of necessary variables, consider again the case where the true model is
Equation 9.1 but the model is wrongly specified as Equation 9.3 in which the independent
variable X, with insufficient explanatory power, is included. When the model in Equation
9.3 is estimated, the result is Equation 9.7.

Yi =%+ 72X + 3 Xs5 + YaXui (9.7)

The consequences on the model are as follows.
1. The estimators will be unbiased and consistent. In other word, the estimators
according to OLS method will reflect the true parameters but the estimator 44, as the

sample size get larger, will approach zero. That means the regressor X, should not be
included in this regression model or

Eh) = B
E(%) = B
E(%) = 3
E(s) = Bs=0

2. The estimated variance of the random disturbance term will reflect the true value
of parameter which, in turn, makes the variance of the estimators reliable and applicable
for further statistical analysis without misleading conclusion. Nevertheless, the variance
of the estimators in this wrongly specified model will be higher than the one in the correct
model.
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9.2.3 Adoption of Wrong Functional Form

Consider the true regression model to explain the total cost of production for a single
good which depends on the amount of good produced as the polynomial function in
Equation 9.8. Let regressand Y be the total cost and regressor X the amount of good
produced.

Y; = 81+ BoXi + B3 X7 + Bu X} + uy (9.8)

Nonetheless, suppose the functional form of total cost function is erroneously specified
such that X? and X} are dropped from the model resulting in the model shown as
Equation 9.9.

)/i =1 + OéQXZ' + v (99)

Consider Equation 9.9. It can be seen that v; will cover the squared and cubed term
omitted from the original model, namely v; = 83X? + 3, X? + u;. In this case, the conse-
quence will be similar to the case of omission of necessary variables. The effect on both
estimators of a; and a, will, hence, be similar to the case studied in Subsection 9.2.1.
That is, the estimators will be biased and inconsistent and the statistical analysis will be
impaired.

The case of error of measurement will be separately discussed in Section 9.4.

9.3 DETECTION OF SPECIFICATION ERROR

There are many categories of specification error and the influence on the estimators
varies according to each category. For the case of inclusion of unnecessary variables with
insufficiently explanatory power, the consequence may not be so severe that the esti-
mators in the model are inapplicable. For the omission of the necessary variables and
adoption of wrong functional form, the impact may be so immense that the desirable
property of the estimators is lost. The detection of specification error, therefore, is es-
sential. There are many methods; yet, only four main ones are discussed here.

1. Detecting the inclusion of unnecessary variables: usual hypothesis test for statisti-
cal significance can be applied such as t-test and F-test. If the statistical result appears
that the independent variables are not necessary, the implication is that the model may
suffer specification error.

2. Ezamination of residuals: consider the model representing the total cost of pro-

duction as Equation 9.8. The true specification of the model is Equation 9.8; but an
economist wrongly specifies the model to be either Equation 9.9 or 9.10.

Y; =1 + O[QXZ' + v (99)
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Y; = o) + b X + b X7 + V) (9.10)

Y = 01+ BoXi + B3 X7 + Ba X} 4w (9.8)

Examining Equation 9.8, 9.9 and 9.10 in contrast, after the regression model is es-
timated, we can plot the residuals u; against the independent variables to study the
volatility of the residuals. If there seems to be high volatility involved, it can be con-
cluded that the model may be erroneous specified. From Figure 9-1, it can be observed
that the model from Equation 9.9 and 9.10 are more likely to undergo the problem of
specification error than the one from Equation 9.8.

Figure 9-1: Comparison among different models
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3. Durbin- Watson statistic: sometimes we deal with the specification error in the case
of omission of necessary variables which may result in autocorrelation among disturbance
terms. Hence, from Chapter 8, we can apply DW-statistic to detect this problem accord-
ing to the following steps.

Step 1: estimate the model by ordinary least square method and the obtain the resid-
uals from the model

Step 2: calculate DW-statistic by

t=n,/ ~ ~ 2
o (U — 1)
d = t=2 i=n ~9 (911)

t=1 U
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Step 3: compare the critical d from the statistical to conclude whether the null hy-
pothesis will be rejected or not. If the null hypothesis is rejected, it implies that there is
autocorrelation among disturbance terms and, also, specification error.

4. Ramsey regression specification error test: this test focuses on the relationship
between residuals (@) and estimated dependent variable (Y). The idea behind the test is
that dependent variable (Y) has the relationship with independent variable (X) rather

than the estimated dependent variable (}A/) The procedure for the test is stated as follows.

Step 1: construct the regression model like

Y, =01+ PoXo + ... + Be X + uy

Step 2: construct other regression model given that V2 and Y3 are additional regressor
in this new model. The reason we do not simply use Y because there may lead to the
problem of perfect multicollinearity between regressor and regressand.

Y; = By + BaXoi + oo + BuXni + 617 + 6:Y7 + (9.12)

Step 3: form null and alternative hypothesis and calculate F-statistic from Equation
9.13

H, : The model is correctly specified
H, : Otherwise

2
= Rnew

(1 - R2,,)/(n — The amount of parameter in the new model)

— R?,/The amount of additional parameter

(9.13)

Step 4: compare the F-statistic with the critical F from the table. If the F-statistic is
greater than the critical value, the null hypothesis should be rejected and conclude that
the additional regressors have significantly explanatory power. That means the original
set of regressor does not sufficiently explain the regressand. In other word, the original
model is mistakenly specified.
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9.4 ERROR OF MEASUREMENT

9.4.1 Error of Measurement in Regressand

Consider simple regression model between regressor X and regressand Y’

Y] = b1+ 02X, + u (9.14)

The disturbance term (u;) satisfies CLRM assumptions. Nonetheless, the data of Y’
cannot be collected; thus, the regressand Y is used as a proxy such that

Vi=Y/+e¢

and ¢; is the error of the proxy regressand. Considering the disturbance term of the model
in Equation 9.14, we find that

Vi = (a+B8X;+w)+e
= (a+pX;) + (u; + &)
= (a+BXy)+u
the disturbance term 1; of the model using the proxy Y is equivalent to the sum of the
disturbance term from the true model and the error associated with the proxy.

To simplify the analysis of the influence on the estimators of the new model, assume
that the following properties of the error term ¢; are satisfied.

E(u;)) = FE(e)=0
CO’Z)(Xi, Ei) =0
Cov(u;,€e;) = 0

Thanks to these assumptions, the disturbance term in the new model will, still, sat-
isfy CLRM assumptions. The implication is that the estimators in the new model, even
facing the measurement error from the use of proxy, will be unbiased.

Notwithstanding, comparing the variance of the estimator of # in the new model to
the one in the old model, we find that

True model: Y/ = a+ X+ u;

o2

var(ﬁ) = 55

Proxy model: V; = (a+ pX;)+ vy

~ 2 2 2
var(B) = =
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In spite of unbiasedness property, the variance of the estimator in the true model will
be less than the one in the proxy model. Still, this variance is applicable for further
statistical analysis like confidence interval, individual hypothesis test (t-test) and overall
hypothesis test (F-test). The impact is similar to the case where the model faces the
problem of imperfect multicollinearity.

9.4.2 Error of Measurement in Regressor

For the error of measurement in regressor, consider the model in Equation 9.15 where
the variable contains an error is the independent one.

Y, = 61+ BoX| + w; (9.15)

Again, suppose that the disturbance term (u;) satisfies CLRM assumptions and the
data of X’ cannot be obtained; thus, the regressor X is used as a proxy such that

the disturbance term w; is the error of the proxy regressor. Considering the disturbance,
we find that

Vi = a+pBXi—w)+uw
= a+pBX;+ (u — Pw;)

where the disturbance term z; of the model using the proxy Y is equivalent to the differ-
ence of the disturbance term from the true model (u;) and the error associated with the
proxy (w;).

To examine whether the estimators in the model have the desirable properties, it can
be seen that, even though the same assumptions of the error term are made as the case
with the error of measurement in regressand, there is still the covariance between the
disturbance term in the proxy model and the regressor.

= E(Uz - sz)(wz)
= EB(-puj)
In this case, when one of the CLRM assumptions is violated, namely the disturbance

term is not independent from the regressor, the estimators obtained from OLS method
will be biases and inconsistent, no matter how large the sample size is.



