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Definite Integral: Area Problem

1 The definite Integral: Introduction

Area problems can be used to define definite integral.
Area under graph: find the area bounded by the x-axis and the graph of a continuous non-negative
function y = f(x) defined on an interval [a,b].

1.1 Riemann sums

In the area problem, we consider the area bounded between the x-axis and the graph of a continuous non-
negative function y = f(z). Here, we consider Riemann sums of a function f that is defined on the closed
interval [a,b] (f can be discontinuous and it could be negative).
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[ Definition 1.1 (Riemann sums). Let f be a function defined on [a, b]. We can compute the Riemann \
sums by using the following 4 steps.

e Let n be the number of subintervals in [a, b] and suppose that we have
a=x9<x1 < < Tp_1 <xp=>0.
and the subinterval [zf_1, 2% has the width given by Axy = xp — x5—1, k=1,...,n.
o Let ||P|| denote the largest number of the n subinterval widths:
IP|| = max{Az1, Az, ..., Ax,}
[IP|| is called the norm of the partition P.
o Chose sample points =} € [zx_1,2%] , k=1,...,n.

e Form the Riemann sum:
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Example 1.1. (Exercise) Compute the Riemann sum for f(z) = 22 + 1 on [—1,2] with four subintervals
determined by x¢g = —1, r1 = —0.3, r9 = 0.5, r3 =1, T4 = 2,
with ] = —0.5, x5 =0, x5 = 0.8, x; = 1.5, Find the norm of the partition.
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[Ans: norm of the partition | P|| = Azy = 1]
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1.2 Definite Integral: Definition

We can define definite integral by using the notion of Riemann sums with || P|| approaches 0.
X
a b
[Deﬁnition 1.2 (The Definite Integral). Let f be a function defined on [a,b]. By using the notations\
in Deﬁnition the definite integral of f from a to b, denoted by f; f(x)dzx, is defined to be

n
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If the limit above exists, the function f is said to be integrable on [a,b].
The number a is called lower limits of integration and
the number b is called upper limits of integration.

kThe function f is called the integrand. J

In practice, we can compute the definite integral by using regular partition as follows.
Let x}, be the right endpoint. Then z}, = a + kAzy. Let Az = Az = b=a for all k=1,...,n. Then

n
b—
rp=a+k e

k=1,2,...,n,

and as ||p|| = 0, we have n — oco. So, the formula in Definition is now written in term of n:

b . i b—a\b—a
/af(:z:)dx:nlgxgo§f<a+k - > —.

We now consider conditions that can guarantee the integrability of a function f.

(Theorem 1.1 (Integrability). Each of the followings is a sufficient condition for f to be integrable. \
e If f is continuous on [a, b], then f; f(z) dzx exists, i.e. f to be integrable on [a, b].

e If (i) f is bounded on [a,b]: —B < f(z) < B, YV € [a,b] for some positive constant B,
and (ii) f has a finite number of discontinuities on [a, b],

k then f: f(x) dx exists, i.e. f to be integrable on [a, b]. J

The area bounded between the x-axis and the graph of a continuous non-negative function f(z) can be
written in term of the definite integrals as shown in the following theorem.



MA216:INTEGRATION 11 Asst.Prof. Dr.Saifon Chaturantabut

Theorem 1.2 (Area as a Definite Integral). If f is continuous on [a,b] and f(z) > 0 for all € [a, b],
then the area A under the graph y = f(z) on the interval [a,b] can be given by

A:/abf(x)dx

Example 1.2. Evaluate the following definite integral by using Definition with regular partition:

1
/ 2dx.
-2

Solution: Set a = —2, b =1, and f(z) = 3.
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Example 1.3. Given that f_12 23dr = —17? and fol 23dr = }1, find the area between the graph y = x> and the
x-axis on the interval [—2,0].
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(Theorem 1.3 (Properties of Definite Integrals). Let f and g be integrable functions.

Let a,b € R be constants.

1. f; f(z) de =~ [ f(z) dv

We can interchange the limits on any definite integral, all that we need to do is tack a minus
sign onto the integral when we do.

2. [ [ f(z) dz =0
If the upper and lower limits are the same then there is no work to do, the integral is zero.

3. f; ¢ f(z) doe = cf; f(x) dz | where ¢ is any number.

So, as with limits, derivatives, and indefinite integrals we can factor out a constant.

b b b
4. fa [f(x) £ g(x)] de= [, flx)de+£ [ g(x)]dc
We can break up definite integrals across a sum or difference.

5. f; f(@)de= [ f(z)de+ fcb f(z) dx | where ¢ is any number.

This property is more important than we might realize at first. One of the main uses of this
property is to tell us how we can integrate a function over the adjacent intervals, [a,c] and [c,b].
Note however that ¢ does not need to be between a and b.

6. | [0 fla)de= [ f(t)dt

The point of this property is to notice that as long as the function and limits are the same the
variable of integration that we use in the definite integral wont affect the answer.

~

J

Example 1.4. Given that f;l f(x) dx = 5 and ffl g(z) de = —3, determine the values of the following
definite integrals.

1.

2.

3.

ffl 4f(x) dx
[, 2f(z) + 3g(x) da

2 T
s flx)?+ % dx
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2 Fundamental Theorem of Calculus

Fundamental Theorem of Calculus provides a connection of the definite integral with the concept of anti-
derivatives for continuous functions. It gives us a convenient way to evaluate the definite integral.

Theorem 2.1 (Fundamental Theorem of Calculus- Anti-derivative Form). Let f be a con-
tinuous function on [a,b] and let F be any anti-derivative of f on [a,b], i.e. ZF(z) = f(z). Then

b
/ f(x) de = F(b) — F(a).

Example 2.1. Evaluate

Example 2.2. Evaluate
1
/ 2t 43241 — € da.

-1

Example 2.3. Evaluate

/0 "lcos(z) — sin(x)] dz.
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Theorem 2.2 (Fundamental Theorem of Calculus- Derivative Form). Let f be a continuous
function on [a,b] and let the number x € [a,b]. Then g(z) = [ f(t) dt is continuous on [a,b] and
differentiable on (a,b), and ¢'(z) = f(x), i.e.

i / ") di = fa).

Example 2.4. Use the Fundamental theorem of calculus to find

(a) & [* e t™ dt.

Example 2.5. Find %

. d
Example 2.6. Find I

Let u = z°.

fO cos(t) dt

x t24+1

f:g cos(t) dt.

2
Example 2.7. Find == [7 ¢?sin(t) dt.
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Integrate a piecewise continuous functions

[A function f is called piecewise continuous on [a,b] if there are a finite number of points ck,\
k=0,1,2,...,n with
a=cp<cp<--<cp_1<cy=b,

such that f is continuous on each interval (cx—1,ck), K =1,...,n. Then

/abf(x) do — /a f(x) dx+/: f(z) dm+/6:3f(x) dx+...+/:1 f(z) dx.

J

-
x—1, x € (—00,0)

3
Example 2.8. Let f(z) = 27 z €10,2) Evaluate f—l f(z) dx.
3 +1, x € [2,00).

3
Example 2.9. Evaluate f—l | — 1] dx.
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3 Substitution Rule for Definite Integrals

Recall the technique u-substitution for indefinite integral. We can use a similar approach to evaluate definite
integral as follows.

4 )

Theorem 3.1 (Substitution in a Definite Integral). Let u = g(z) be a function that has a
continuous derivative on [a,b] and let f be a function that is continuous on the range of g. If
F'(u) = f(u), then

b g(b)
_ [ @) g@ar = [ fwdn = F@-F@  wheec=gl). d=g(b),

(a) J

Example 3.1. Evaluate flg xv/x2 — 1 du.

5
Example 3.2. Evaluate fg 2_4# dt.
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Let f be a function defined on an interval I. f is called an even function if

f(—ff) = f(x),Vx €l,

and f is called an odd function if

f(—z)=—f(z),Vz e I.

Theorem 3.2 (Even Function Rule). Let f be an even function and f is integrable on [—a, a]
where a is a constant number, then

a

f(x) dr =2 / " i),

—a

Theorem 3.3 (Odd Function Rule). Let f be an odd function and f is integrable on [—a, a] where
a is a constant number, then

’ f(z) dxe=0.

—a

Example 3.3. Evaluate f:r (25 +sin(z))? du.
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4 Exercise

1. Evaluate the given integrals.
(a) f @=3)? 1.
7z
(b) f [e” + 2 —sin(x) + 3sinh(z) + 72 + csc?(z) — sec(z) tan(z)] dx
(c) f V2 + 3z dx

CON =

(e) f |:Sin3((E) cos(x)—i—\s/e%} dx
() f0§ cos(x) + cos® (x) sin(x) dx
1 .
(&) J_, (mﬂxo da
() f1§ [In(2z)]® da

2

2. Determine the function f(z) such that f”(x) = (14 z)?*, f/(0) =0 and £(0) = 0.

3. Use the Fundamental Theorem of Calculus (derivative form)to find the indicated derivative.

(a) %f; [t%e' + In(| sin(t)|)] dt

4 (sin(@)
®) & Jin@) e

10
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