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(2) Non-stochastic X values

3.4 Assumption underlying Classical Linear Regression Model (CLRM) P. 62

The first assumption, linear in the parameters, is already discussed. It is a 
starting point and applies throughout the course.

› 𝑌௜ = 𝛽ଵ + 𝛽ଶ𝑋௜ + 𝑢௜
The second assumption is 𝑋௜ are independent of the error term, but it is 
not very important since when this assumption is relaxed, many statistical 
properties are still valid. 

› 𝑐𝑜𝑣 𝑋௜, 𝑢௜ = 0
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(3) Zero mean value of disturbance 𝒊3.4 Assumption underlying Classical Linear Regression Model (CLRM) P. 63

Basically, sum of deviation from the mean is always zero, which also implies 
that there is no specification error or specification bias.

› 𝐸 𝑢௜|𝑋௜ = 0 or

› 𝐸 𝑢௜ = 0
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(4) Homoscedasticity

3.4 Assumption underlying Classical Linear Regression Model (CLRM) P. 64

Homoscedasticity or constant variance of 𝑢௜ means that 

› 𝑣𝑎𝑟 𝑢௜ = 𝜎ଶ
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(5) No autocorrelation

3.4 Assumption underlying Classical Linear Regression Model (CLRM) P. 66

No autocorrelation or serial correlation between disturbances or

› 𝑐𝑜𝑣 𝑢௜, 𝑢௝|𝑥௜, 𝑥௜ = 0 or

› 𝑐𝑜𝑣 𝑢௜, 𝑢௝ = 0 if 𝑋 is non-stochastic

The sixth assumption is number of observations 𝑛 must be greater than the 
number of parameters estimated 𝑘.

The seventh assumption is 𝑋 value must not all be the same.
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(1) Gauss-Markov Theorem

3.5 Properties of OLS estimators P. 72

With certain assumptions imposed, OLS estimators is considered BLUE
(best linear unbiased estimators)

(1) It is linear, that is, a linear function of a random variable, such as the 
dependent variable 𝑌 in the regression model.

(2) It is unbiased, that is, its average or expected value, 𝐸(𝛽መଶ) is equal to 
the true value 𝛽ଶ (multiple sampling). 

› An estimator is considered unbiased when 𝐸 θ෠ = θ
(3) It has minimum variance in the class of all such linear unbiased 
estimators: an unbiased estimator with the least variance is known as an 
efficient estimator.

› An estimator θ෠୧ is more efficient than θ෠୨ when

› var θ෠୧ < var θ෠୨
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(2) Normality assumption for 𝒊3.5 Properties of OLS estimators P. 98

Assumed that each 𝑢௜ is distributed normally with

› Mean : 𝐸 𝑢௜ = 0
› Variance : 𝐸 𝑢௜ − 𝐸 𝑢௜ ଶ = 𝐸 𝑢௜ଶ = 𝜎ଶ
› Covariance : 𝐸 𝑢௜, 𝑢௝ = 0
We can write it shortly with this notation

› 𝑢௜~NID(0, 𝜎ଶ)
normally and independently distributed with 0 mean and 𝜎ଶ variance 
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(3) Central Limit Theorem (CLT)

3.5 Properties of OLS estimators P. 99

Let 𝑋ଵ, 𝑋ଶ, … , 𝑋௡ denote 𝑛 independent random variables distributed with 
the same PDF with mean of 𝜇 and variance of 𝜎ଶ, as 𝑛 increases 
indefinitely, then

› 𝑋ത௡→ஶ ~ N(𝜇, ఙమ௡ ) regardless of the form of PDF.

We can then transform into a standard normal distribution as

› 𝑍 = ௑തିఓఙ/ ௡ = ௡(௑തିఓ)ఙ  ~ N(0,1)
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(4) Variances

3.5 Properties of OLS estimators P. 70

Sampling will not yield the true value of 𝜎ଶ, we also have no way to know 
its true value, therefore we can estimate it from

› 𝜎ොଶ = ∑ ௨ෝ೔మ௡ି௞ = ∑ ௒೔ି௒෠ మ௡ି௞
where ∑ 𝑢ො௜ଶ is residual sum of squares and n-k is the degrees of freedom. 
k is number of parameters estimated, in this case it is 2 (𝛽መଵ, 𝛽መଶ). 

This 𝜎ොଶ can be found in the estimation result from STATA, known as 
residual mean squares. It will later be used for interval estimation and 
hypothesis testing, as and estimator of true variance.
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(5) Sum up the properties

3.5 Properties of OLS estimators P. 100

For the estimators 𝛽መଵ, 𝛽መଶ with all the assumptions imposed, we eventually 
have

› Mean : 𝐸 𝛽መଵ = 𝛽ଵ
› Variance : 𝜎ఉ෡భଶ = ∑ ௑೔మ௡ ∑ ௫೔మ 𝜎ଶ
Or more compactly 𝛽መଵ ~ N(𝛽ଵ, 𝜎ఉ෡భଶ )

› Mean : 𝐸 𝛽መଵ = 𝛽ଵ
› Variance : 𝜎ఉ෡మଶ = ఙమ∑ ௫೔మ
Or more compactly 𝛽መଶ ~ N(𝛽ଶ, 𝜎ఉ෡మଶ )

We can also turn these distributions into standard normal as

› 𝑍 = ఉ෡భିఉభఙ෡ഁభ  ~ N(0,1) and 𝑍 = ఉ෡మିఉమఙ෡ഁమ  ~ N(0,1)
The covariance between these estimators is

› 𝑐𝑜𝑣(𝛽መଵ, 𝛽መଶ) = −𝑋ത ఙమ∑ ௫೔మ = −𝑋ത · var(𝛽መଶ)
Lastly, since 𝜎ଶ is not known, we can plug in 𝜎ොଶ = ∑ ௨ෝ೔మ௡ି௞ instead.
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Problem statement 2

3.6 Interval estimation P. 108

Multiple samplings yield different estimators, varied values of 𝛽መଵ and 𝛽መଶ. If 
we only have a sample, how reliable the point estimation is?

Once we already set up many assumptions prior to this point, we can utilize 
them to construct an interval estimation by setting up a confidence 
interval (CI). An example of 𝛽ଶ is displayed below.

› 𝑃 𝛽መଶ − 𝛿 ≤ 𝛽ଶ ≤ 𝛽መଶ + 𝛿 = 1 − 𝛼
where 1 − 𝛼 is confidence coefficient𝛼 is level of significance𝛽መଶ − 𝛿 is lower limit and 𝛽መଶ + 𝛿 is upper limit 
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(1) Confidence interval

3.6 Interval estimation P. 109

95% of values

99% of values

Standard Deviations

From The Mean

Z Scores

Probability of Cases

in portions of the curve

Cumulative %

T Scores

From the normality assumption, we normalize the distribution of 𝛽መଶ as

› 𝑍 = ఉ෡మିఉమఙ෡ഁమ
which means that we can find the lower and upper limit of 𝛽መଶ at any level 
of significance.
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(1) Confidence interval

3.6 Interval estimation P. 110

Since 𝜎ଶ is rarely known, we can 𝑡 stat instead of 𝑍 and replace 𝜎ଶ with 𝜎ොଶ
› 𝑡 = ఉ෡మିఉమఙ෡ഁమ
Next, replacing this 𝑡 into the CI, we get

› 𝑃 −𝑡మഀ ≤ ఉ෡మିఉమఙ෡ഁమ ≤ 𝑡మഀ = 1 − 𝛼
Rearranging the term to specify the upper and lower limit

› 𝑃 𝛽መଶ − 𝑡మഀ · 𝜎ఉ෡మ ≤ 𝛽ଶ ≤ 𝛽መଶ + 𝑡మഀ · 𝜎ఉ෡మ = 1 − 𝛼
In other words, 100 1 − 𝛼 % CI for 𝛽ଶ is

› 𝛽መଶ ± 𝑡మഀ · 𝜎ఉ෡మ and analogously for 𝛽ଵ, 𝛽መଵ ± 𝑡మഀ · 𝜎ఉ෡భ
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(2) Report estimation result

3.6 Interval estimation P. 129

Before we move on to see what CI means, we shall consider how an 
estimation is reported. There can be multiple ways to do so.

Let’s first define our model, given that

› 𝑐𝑜𝑛𝑠𝑚𝑝௜ = 𝛽መଵ + 𝛽መଶ𝑖𝑛𝑐௜ + 𝑢ො௜
where 𝑐𝑜𝑛𝑠𝑚𝑝௜ is consumption expenditure of student 𝑖𝑖𝑛𝑐௜ is earned income + received income of student 𝑖.

(1) Traditional method
Report the estimators in the equation as follows.

› 𝑐𝑜𝑛𝑠𝑚𝑝ෟ ௜ = 1,5690.58 + 0.4395𝑖𝑛𝑐௜𝑠𝑒 = 944.2059   (0.0827) rଶ = 0.3963𝑡 = 5.31             (1.66) 𝑛 = 45𝑝 = 0.104          (0.000) 𝐹ଵ,ସଷ = 28.23
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(2) Report estimation result

3.6 Interval estimation P. 129

(2) STATA method
Report the estimators and all the essential information.

Source |       SS           df       MS      Number of obs =        45
-------------+---------------------------------- F(1, 43)        =     28.23

Model |   208566659         1   208566659   Prob > F        =    0.0000
Residual |   317733341        43  7389147.46   R-squared       =    0.3963

-------------+---------------------------------- Adj R-squared   =    0.3822
Total |   526300000        44  11961363.6   Root MSE        =    2718.3

------------------------------------------------------------------------------
consmp |      Coef.   Std. Err.      t    P>|t|     [95% Conf. Interval]

-------------+----------------------------------------------------------------
inc |    .439518   .0827278     5.31   0.000     .2726815    .6063544

_cons |   1569.058   944.2059     1.66   0.104    -335.1146    3473.231
------------------------------------------------------------------------------



89Chapter 3: Simple Linear Regression

(2) Report estimation result

3.6 Interval estimation P. 129

(3) Modern method
Report the estimators and its significance using asteroids. Other 
information can be put anywhere as you wish.

(Dependent variable: consumption expenditure)
Independent variables

Income 0.4395*** (0.0827)

constant 1,569.058 (944.2059)

r2 0.3963

n 45

Note: */**/*** denotes statistical significance at 90, 95 and 99 percent
respectively.
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(2) Report estimation result

3.6 Interval estimation P. 129
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(3) Finding confidence interval

3.6 Interval estimation P. 111

Once we retrieve estimation result, we can construct confidence interval 
for both 𝛽ଵ and 𝛽ଶ.

› From  𝑐𝑜𝑛𝑠𝑚𝑝ෟ ௜ = 1,569.058 + 0.4395𝑖𝑛𝑐௜𝑠𝑒 = 944.2059   (0.0827) rଶ = 0.3963𝑡 = 5.31             (1.66) 𝑛 = 45𝑝 = 0.104          (0.000) 𝐹ଵ,ସଷ = 28.23
› Step 1: pick an 𝜶
Usually, acceptable levels of significance are 0.01, 0.05 or 0.1, depending on 
how many percent that you are going to cover.

For example, if we pick 𝛼 = 0.05, the most common value, it means that 
the CI that we are going to find will indicate that 95% of the time, 
the upper and lower limit will contain the true value of 𝜷𝟐.
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3.6 Interval estimation

› Step 2: look up for 𝒕𝜶𝟐
Now it’s time that we need to look up on a 𝑡 stat table, this can be found in 
Gujarati and Porter, Appendix D, page 877. 

Be aware that the degrees of freedom must match our model (𝑛 − 𝑘).

› Degrees of freedom is

Now we are constructing the upper and lower limit, therefore, 𝑡 is spread 
symmetrically to the left and the right of the mean. To look for the 95% 
(0.95) area limit, the left and the right of that limit is equally 2.5% (0.025).

› 𝑡మഀ is

(3) Finding confidence interval
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3.6 Interval estimation

› Step 3: calculate the upper and lower limit

Now we can proceed to calculate the limit, using the formula

› 𝛽መଶ ± 𝑡మഀ · 𝜎ఉ෡మ

To write it in probability form, on the other hand, we might use this 
notation.

› 𝑃 𝛽መଶ − 𝑡మഀ · 𝜎ఉ෡మ ≤ 𝛽ଶ ≤ 𝛽መଶ + 𝑡మഀ · 𝜎ఉ෡మ = 1 − 𝛼

(3) Finding confidence interval
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3.6 Interval estimation

What are we doing actually? Take a 
look at this graphical representation 
on the left.

Our calculation shows that where 
the upper and lower limit for the 
true 𝛽ଶ are.

(3) Finding confidence interval
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3.6 Interval estimation

Repeat the process, now for 𝛽ଵ.

› Step 1: pick an 𝜶
› Step 2: look up for 𝒕𝜶𝟐
› Step 3: calculate the upper and lower limit

› 𝛽መଵ ± 𝑡మഀ · 𝜎ఉ෡భ

(3) Finding confidence interval
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3.6 Interval estimation

Indicate the area where 𝛽ଵ will be 
within. 

(3) Finding confidence interval
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(4) Confidence interval for 𝟐3.6 Interval estimation

Under the normality assumption, we assume that the error term is 
normally distributed. Hence, their squares are distributed as chi-square.

› 𝑛 − 𝑘 · ఙෝమఙమ  ~ 𝜒ଶ , we can construct the interval for 𝜎ଶ as

› 𝑃 (𝑛 − 𝑘) · ఙෝమఞమഀమ ≤ 𝜎ଶ ≤ (𝑛 − 𝑘) · ఙෝమఞభష మഀమ = 1 − 𝛼
Be very careful that chi-square is an asymmetric distribution.

P. 112
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(4) Confidence interval for 𝟐3.6 Interval estimation

Example: Find the 95% CI of 𝜎ଶ given that 𝜎ොଶ = 7,389,147 and 𝑛 = 45.

Note that this value is simply mean squares of the residual. If we put this
back to calculate lower and upper bound, multiplying 𝑛 − 𝑘 back yields RSS

› Step 1: look up for 𝜒మഀଶ and 𝜒ଵି మഀଶ
› Step 2: calculate the upper and lower limit

Lower limit: 𝑛 − 𝑘 · 𝜎ොଶ𝜒ఈଶଶ =
Upper limit: 

(𝑛 − 𝑘) · 𝜎ොଶ𝜒ଵି ఈଶଶ =
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(1) Two tails test

3.7 Hypothesis testing P. 113

Once we can find the confidence interval, we can apply the concept and 
follow the steps here to test our hypothesis. 

Example#1: First of all, we look at the two tails test against zero.

› Step 1: State your hypothesis𝐻଴: 𝛽ଶ = 0 – Null hypothesis𝐻ୟ: 𝛽ଶ ≠ 0 - Alternative hypothesis

The reason why we usually test against zero is that we want to make sure
that 𝛽ଶ is not zero. In other words, when 𝛽ଶ is not zero, our 𝑋 and 𝑌 are 
said to be related.
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(1) Two tails test

3.7 Hypothesis testing

› Step 2: Calculate test statistics

Using the same result that we have here𝑐𝑜𝑛𝑠𝑚𝑝ෟ ௜ = 1,569.058 + 0.4395𝑖𝑛𝑐௜𝑠𝑒 = 944.2059   (0.0827) rଶ = 0.3963𝑡 = 5.31             (1.66) 𝑛 = 45𝑝 = 0.104          (0.000) 𝐹ଵ,ସଷ = 28.23
𝑡௖௔௟ = 𝛽መଶ − 𝛽ଶ𝜎ఉ෡మ =
where 𝑡௖௔௟ denotes calculated test statistics
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(1) Two tails test

3.7 Hypothesis testing

› Step 3: State your decision rule

Now we pick an 𝛼 to have an acceptable probability, most of the time we 
use 𝛼 = 0.05. Use this information to create CI around 𝛽ଶ = 0, based on the 
degrees of freedom, to see how much the distribution covers.

The lower bound : 𝑡మഀ =
The upper bound : 𝑡మഀ =
Note that when we test against zero (𝛽ଶ = 0), the distribution is 
normalized, therefore, there is no need to transform 𝑡 from the table value.
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(1) Two tails test

3.7 Hypothesis testing

› Step 3: State your decision rule
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(1) Two tails test

3.7 Hypothesis testing

› Step 4: Conclude the test

(1) If 𝑡௖௔௟ lies beyond any boundary of CI (critical region), we can reject 
the null hypothesis, at the significance level of 95%. 

In other words, we are sure that 𝛽ଶ is not zero 95 out of 100 times when we 
sample. 

(2) If 𝑡௖௔௟ lies within any boundary of CI (acceptance region), we cannot 
reject the null hypothesis, at the significance level of 95%. 

In other words, we cannot say for sure that 𝛽ଶ is not zero 95 out of 100 
times when we sample. 
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(1) Two tails test

3.7 Hypothesis testing P. 113

Example#2: Now let’s look at another test against a value that is not 
zero.

› Step 1: State your hypothesis𝐻଴: 𝛽ଶ = 0.4 – Null hypothesis𝐻ୟ: 𝛽ଶ ≠ 0.4 - Alternative hypothesis

› Step 2: Calculate test statistics𝑐𝑜𝑛𝑠𝑚𝑝ෟ ௜ = 1,569.058 + 0.4395𝑖𝑛𝑐௜𝑠𝑒 = 944.2059   (0.0827) rଶ = 0.3963𝑡 = 5.31             (1.66) 𝑛 = 45𝑝 = 0.104          (0.000) 𝐹ଵ,ସଷ = 28.23
𝑡௖௔௟ = 𝛽መଶ − 𝛽ଶ𝜎ఉ෡మ =
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(1) Two tails test

3.7 Hypothesis testing

› Step 3: State your decision rule

Again, we pick 𝛼 = 0.05. Use this information to create CI around 𝛽ଶ = 0.4, 
based on the degrees of freedom, to see how much the distribution covers.

The lower bound : 𝛽ଶ − 𝑡మഀ · 𝜎ఉ෡మ =
The upper bound : 𝛽ଶ + 𝑡మഀ · 𝜎ఉ෡మ =
Note that when we test against another value that is not zero (in this case 𝛽ଶ = 0.5), the distribution is not yet normalized, therefore, we need to 
transform 𝑡 from the table value to find the CI around 𝛽ଶ = 0.4.
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(1) Two tails test

3.7 Hypothesis testing

› Step 3: State your decision rule
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(1) Two tails test

3.7 Hypothesis testing

› Step 4: Conclude the test

(1) If 𝑡௖௔௟ lies beyond any boundary of CI (critical region), we can reject 
the null hypothesis, at the significance level of 95%. 

In other words, we are sure that 𝛽ଶ is not 0.4 95 out of 100 times when we 
sample. 

(2) If 𝑡௖௔௟ lies within any boundary of CI (acceptance region), we cannot 
reject the null hypothesis, at the significance level of 95%. 

In other words, we cannot say for sure that 𝛽ଶ is not 0.4 95 out of 100 
times when we sample. 



108Chapter 3: Simple Linear Regression

(2) One tail test

3.7 Hypothesis testing P. 115

Example#3: Now we consider a one tail test if the estimator exceeds or 
below specific value or not

› Step 1: State your hypothesis𝐻଴: 𝛽ଶ ≥ 0.6 – Null hypothesis𝐻ୟ: 𝛽ଶ < 0.6 - Alternative hypothesis

For this test, we want to make sure that 𝛽ଶ is more than 0.6 or not.
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3.7 Hypothesis testing

› Step 2: Calculate test statistics

Using the same result that we have here𝑐𝑜𝑛𝑠𝑚𝑝ෟ ௜ = 1,569.058 + 0.4395𝑖𝑛𝑐௜𝑠𝑒 = 944.2059   (0.0827) rଶ = 0.3963𝑡 = 5.31             (1.66) 𝑛 = 45𝑝 = 0.104          (0.000) 𝐹ଵ,ସଷ = 28.23
𝑡௖௔௟ = 𝛽መଶ − 𝛽ଶ𝜎ఉ෡మ =
where 𝑡௖௔௟ denotes calculated test statistics

(2) One tail test
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3.7 Hypothesis testing

› Step 3: State your decision rule

Again, we pick 𝛼 = 0.05. Use this information to create one tail acceptance 
region when 𝛽ଶ ≥ 0.6, based on the degrees of freedom, to see how much 
the distribution covers. Be careful with 𝑡 value since this is a one tail test.

The lower bound : 𝛽ଶ − 𝑡మഀ · 𝜎ఉ෡మ =
Note that when our null hypothesis is

(1) More than a specific value (≥): acceptance region is on the right, figure 
out the lower bound of acceptance region.

(2) Less than a specific value (≤): acceptance region is on the left, figure out 
the upper bound of acceptance region.

(2) One tail test
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3.7 Hypothesis testing

› Step 3: State your decision rule

(2) One tail test
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3.7 Hypothesis testing

› Step 4: Conclude the test

(1) If 𝑡௖௔௟ lies beyond any boundary of CI (critical region), we can reject 
the null hypothesis, at the significance level of 95%. 

In other words, we are sure that 𝛽ଶ is more than 0.6 95 out of 100 times 
when we sample. 

(2) If 𝑡௖௔௟ lies within any boundary of CI (acceptance region), we cannot 
reject the null hypothesis, at the significance level of 95%. 

In other words, we cannot say for sure that 𝛽ଶ is more than 0.6 95 out of 
100 times when we sample. 

(2) One tail test
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(3) Additional notes

P. 121

If we are to make a mistake on our conclusion, there are two types of errors 
listed here.

› When we reject the null hypothesis when it is true, we call it a Type I 
error. 

› On the other hand, if we accept the null hypothesis when it is false, we 
call it a Type II error. 

3.7 Hypothesis testing
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(3) Additional notes

P. 122

According to the STATA report , we can see that P > |t| or P-value is also 
reported. This is a very useful tool since we do not need to pick a specific 
level of significance.

› If P > t is less than any 𝛼, we can make sure that (1 − 𝛼)% of the time𝛽ଶ is not zero.  

Source |       SS           df       MS      Number of obs =        45
-------------+---------------------------------- F(1, 43)        =     28.23

Model |   208566659         1   208566659   Prob > F        =    0.0000
Residual |   317733341        43  7389147.46   R-squared       =    0.3963

-------------+---------------------------------- Adj R-squared   =    0.3822
Total |   526300000        44  11961363.6   Root MSE        =    2718.3

------------------------------------------------------------------------------
consmp |      Coef.   Std. Err.      t    P>|t|     [95% Conf. Interval]

-------------+----------------------------------------------------------------
inc |    .439518   .0827278     5.31   0.000     .2726815    .6063544

_cons |   1569.058   944.2059     1.66   0.104    -335.1146    3473.231
------------------------------------------------------------------------------

3.7 Hypothesis testing
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3.8 Other topics

Note that this is a historical regression, we might make use of to ‘predict’ 
or ‘forecast’. 

We can actually put our 𝑋଴ value of interest into the estimated

› 𝑌෠଴ = 𝛽መଵ + 𝛽መଶ𝑋଴
to get a point estimation. However, it is not a very popular choice.

(1) Prediction

Source: Financial Report, June 2020, BOT
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There are two types of prediction that we can make once we retrieved the 
estimators. 

(1) Mean prediction: Providing that mean estimation follows this equation

› 𝑌෠଴ = 𝛽መଵ + 𝛽መଶ𝑋଴
when 𝑌෠଴ is an estimator of 𝐸(𝑌|𝑋଴) while 𝑋଴ represents a value of interest. 
Let’s consider an easier example here, given that

› 𝑌෠௜ = −0.0144 + 0.7240𝑋௜
If we are interested in out-of-sample 𝑋଴ = 20, then

› 𝑌෠଴ = −0.0144 + 0.7240 20 = 14.4656

(1) Prediction
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Given that the variance of 𝑌෠଴ is, (no proof provided here)

› 𝑣𝑎𝑟 𝑌෠଴ = 𝜎ଶ ଵ௡ + ௑బି௑ത మ∑ ௫೔ି௑ത మ
Again, we do not have the true value of 𝜎ଶ, so 𝜎ොଶ is replaced. We can then 
find the CI at the specific point of 𝑋଴ by

› 𝑃𝑟 𝑌෠଴ − 𝑡మഀ · 𝜎௒෠బ ≤ 𝑌଴ ≤ 𝑌෠଴ + (𝑡మഀ · 𝜎௒෠బ) = 1 − 𝛼

(1) Prediction
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Example#1: Given that 

› 𝑌෠௜ = −0.0144 + 0.7240𝑋௜ and 𝑋଴ = 20, 𝑌෠଴ = 14.4656
› 𝑛 = 13, 𝑋ത = 12, ∑ 𝑥௜ − 𝑋ത ଶ = 182, 𝜎ොଶ = 0.8936
Step 1: Find the 𝑣𝑎𝑟 𝑌෠଴ = 𝜎ଶ ଵ௡ + ௑బି௑ത మ∑ ௫೔ି௑ത మ

(1) Prediction
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Step 2: Find the 𝜎௒෠బ

Step 3: Find the 95% CI for 𝐸(𝑌|𝑋଴ = 20)

Interpretation: if we create a CI over the mean value, 95 out of 100 times 
that the CI will cover true value 𝐸(𝑌|𝑋଴). 

(1) Prediction
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(2) Individual prediction: Contrast to the mean prediction, which 
estimates the variance around 𝑌଴, individual prediction focuses on 
forecasting error (𝑓𝑒), defined as 

› 𝑓𝑒 = 𝑌෠଴ − 𝑌଴ 
Therefore, we define the variance of this 𝑓𝑒 as

› 𝑣𝑎𝑟 𝑓𝑒 = 𝑣𝑎𝑟 𝑌෠଴ − 𝑌଴ = 𝜎ଶ 1 + ଵ௡ + ௑బି௑ത మ∑ ௫೔ି௑ത మ
Similarly, replacing  the unknown 𝜎ଶ with the unbiased estimator 𝜎ොଶ, we 
can derive the CI for 𝑌଴ corresponding to 𝑋଴
› 𝑃𝑟 𝑌෠଴ − 𝑡మഀ · 𝜎௙௘ ≤ 𝑌଴ ≤ 𝑌෠଴ + (𝑡మഀ · 𝜎௙௘) = 1 − 𝛼

(1) Prediction

P. 128



121Chapter 3: Simple Linear Regression

3.8 Other topics

Example#2: Given that 

› 𝑌෠௜ = −0.0144 + 0.7240𝑋௜ and 𝑋଴ = 20, 𝑌෠଴ = 14.4656
› 𝑛 = 13, 𝑋ത = 12, ∑ 𝑥௜ − 𝑋ത ଶ = 182, 𝜎ොଶ = 0.8936
Step 1: Find the 𝑣𝑎𝑟 𝑓𝑒 = 𝜎ଶ 1 + ଵ௡ + ௑బି௑ത మ∑ ௫೔ି௑ത మ

(1) Prediction
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Step 2: Find the 𝜎௙௘

Step 3: Find the 95% CI for 𝑌଴ corresponding to 𝑋଴ = 20

(1) Prediction



123Chapter 3: Simple Linear Regression
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Comparing CI band of mean and individual prediction.

(1) Prediction
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There are some occasions that we assume our estimation model without an 
intercept as

› 𝑌௜ = 𝛽መଶ𝑋௜ + 𝑢ො௜
Obtaining the estimator from OLS, 

› 𝛽መଶ = ∑ ௑೔௒೔∑ ௑೔మ
› 𝑣𝑎𝑟(𝛽መଶ) = ఙమ∑ ௑೔మ
› 𝜎ොଶ = ∑ ௨ෝ೔మ௡ିଵ
Note that the d.f. is one unit less due to the disappearance of 𝛽መଵ. 

(2) Regression through the origin
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Differences that should also be noted are

› ∑ 𝑢ො௜𝑋௜ = 0 but ∑ 𝑢ො௜ need not be zero

› rଶ can be negative, so we need another coefficient of determination, 
defined as 𝒓𝒂𝒘 𝐫𝟐
› 𝑟𝑎𝑤 rଶ = ∑ ௑೔௒೔ మ∑ ௑೔మ ∑ ௒೔మ
Unless there is very strong a priori expectation, we should avoid zero 
intercept regression model and stick to the conventional intercept-present 
model, because it may lead to specification error (will be elaborated in the 
last chapter). 

However, if 𝛽መଵ turns out to be statistically insignificant (from being zero), 𝛽መଶ is a lot more precise when estimated by the regression through the 
origin model.

(2) Regression through the origin
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Sometimes when the result is reported, scaling can be difficult to make 
sense of. For example, if 𝛽መଶ = 3.054𝑒ିଵହ which is not very effective for 
communication. Thus, data scaling can fix this without affecting the result. 
See the examples below.

› Both GPDI and GDP in billions of dollars𝐺𝐷𝑃𝐼෣ ௧ = −926.090 + 0.2535𝐺𝐷𝑃௧𝑠𝑒 = 116.358     0.0129                  𝑟ଶ = 0.9648
› Both GPDI and GDP in millions of dollars𝐺𝐷𝑃𝐼෣ ௧ = −926.090 + 0.2535𝐺𝐷𝑃௧𝑠𝑒 = 116.358     0.0129                  𝑟ଶ = 0.9648

(3) Data scaling
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› GPDI in billions of dollars, GDP in millions of dollars𝐺𝐷𝑃𝐼෣ ௧ = −926.090 + 0.0002535𝐺𝐷𝑃௧𝑠𝑒 = 116.358     0.0000129             𝑟ଶ = 0.9648
› GPDI in millions of dollars, GDP in billions of dollars𝐺𝐷𝑃𝐼෣ ௧ = −926.090 + 253.524𝐺𝐷𝑃௧𝑠𝑒 = 116.358     12.9465                  𝑟ଶ = 0.9648

(3) Data scaling
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There are several functional forms that are linear in parameters and can be 
estimated.

(1) Log-linear model: Sometimes called log-log, double-log, or log-linear 
models, log-linear model takes a form of 

› 𝑌 = 𝛽ଵ𝑋௜ఉమ We can linearize the function by taking log on both sides.

We will find that the slope and elasticity has a very interesting properties, 
by differentiation.

› Slope

› Elasticity

(4) Functional forms
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Therefore, we can say that 𝛽ଶ = ௥௘௟௔௧௜௩௘ ௖௛௔௡௚௘ ௜௡ ௒௥௘௟௔௧௜௩௘ ௖௛௔௡௚௘ ௜௡ ௑ =
A practical use for log-linear model is Price demand.

(4) Functional forms
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Example of log-log and its interpretation.

› ln 𝑤𝑎𝑔𝑒ෟ ௜ += 1.5 + 3.30 ln 𝑒𝑑𝑢𝑐௜

› If education increase by one year, we expect wages to increase by 𝛽ଶ
percent. 

(4) Functional forms
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(2) Semi-log models

Respectively, semi-log models consist of log-lin and lin-log model which 
take a form of 

› ln 𝑌 = 𝛽ଵ + 𝛽ଶ𝑋௜ and

› 𝑌 = 𝛽ଵ + 𝛽ଶ ln 𝑋௜
Again, we are going to find slope and elasticity.

› Slope

› Elasticity

(4) Functional forms
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› 𝛽ଶ = ௥௘௟௔௧௜௩௘ ௖௛௔௡௚௘ ௜௡ ௒௖௛௔௡௚௘ ௜௡ ௑ for log-lin model

› 𝛽ଶ = ௖௛௔௡௚௘ ௜௡ ௒௥௘௟௔௧௜௩௘ ௖௛௔௡௚௘ ௜௡ ௑ for lin-log model

Practical examples for log-lin model is Growth model, while for the lin-log 
model is Engel expenditure model. 

(4) Functional forms
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Example of log-lin and its interpretation.

› ln 𝑤𝑎𝑔𝑒ෟ ௜ += 1.5 + 3.30𝑒𝑑𝑢𝑐௜

› If education increase by one year, we expect wages to increase by 100 ∗ 𝛽ଶ
percent. 

(4) Functional forms
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Example of lin-log and its interpretation.

› 𝑤𝑎𝑔𝑒ෟ ௜ += 1.5 + 3.30 ln 𝑒𝑑𝑢𝑐௜

› If education increase by one year, we expect wages to increase by ఉమଵ଴଴ unit. 

(4) Functional forms
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(3) Reciprocal model

Reciprocal model takes a form of 

› 𝑌 = 𝛽ଵ + 𝛽ଶ( ଵ௑೔)
Let’s find the slope and elasticity.

› Slope

› Elasticity

So, if 𝛽ଶ is positive, the slope is negative, and vice versa.

(4) Functional forms
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Practical examples for reciprocal models are Child mortality rate (vs. GNP) 
and Phillips curve.

(4) Functional forms
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(4) Log-reciprocal model

Respectively, semi-log models consist of log-lin and lin-log model which 
take a form of 

› ln 𝑌 = 𝛽ଵ − 𝛽ଶ( ଵ௑೔)
The graph is convex at first, then concave later. Find the slope and 
elasticity.

› Slope

› Elasticity

(4) Functional forms
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Practical example for log-reciprocal model is short-run production.

(4) Functional forms


