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4. Multiple Regression

I List of the topics to cover
Multiple linear regression
e Concept: adding more independent variables into our model.
e Result of the OLS, properties and assumptions.
e The Coefficient of Determination R? (not the same as r2).
Hypothesis testing
e Concept: Individual test and joint test
¢ Restricted and unrestricted model

e Testing overall significance and equality of the coefficients

e Test for structural change



4. Multiple Regression

I Model with 2 or more independent variables

If we add more independent variable(s) into our
model to increase fitness to the model, the
specification of the stochastic form becomes

oY, = By + BoXai + PaXa + U

. We are not going to use the notation X;; to make our
. estimators number corresponded with the variable
' names. Hence the SRF becomes

e ¥ = Br + BoXoi + B3 X

' Now f3, and f3; are known as ‘partial slope
. coefficients’ since when we consider

. e 3, represents the change in ¥; when X,; increases
- for 1 unit, holding everything else constant.

e 35 represents the change in ¥; when X;; increases
. for 1 unit, holding everything else constant.

If we add more independent variables into this model,

' the specification becomes
| 0= Br+ BoXoi + BaXgi + o+ BiXp + U

Let’s focus on 2 independent variables model first.

- Assumptions

(1) Linear in parameters.

(2) All X; are independent of the error term u;.
(3) Zeromean of error term E (u;|X,;, X3;) = 0.
(4) Homoscedasticity Var(u;) = 2.

(5) No autocorrelation cov(u;, u;) = 0.

(6) n > k and X; must not all be the same.

(7) No specification bias.

(8) No exact collinearity between X;.

The 8th assumption becomes more significant in this
- model. Imagine that

o Xy = 2y

- we then can turn this model into

oY, = B, + $,2X3; + B:Xa; + 1i; and then B, = B so
oY, = p1 + (By + 2B3)X3; + 1

| which means that either X,; or X5; does not add any

more information to this model.



4. Multiple Regression

I (1) OLS estimators

We follow the same procedure as when we did,
- minimizing the term Y, 47

E‘Amin Z Z(Y 31 BZXZi_.é3X3i)2

Skipping all the prove because we utilize the same
. logic of minimization of a function with calculus, we
- get

o B =Y — B, X, — B3 X;

° 5 0 yleL)(Z x3l) Q yix3i) (X x2ix3;)

B2 = X x2) (X x2)~ (3 xi%37)?
B (ZYLxBL)(szl) Q yix1) (X x2ix3;)
37 X x2) (X x2)~ (3 xi%37)?

Notations

oy, =Y —Y

® X2i = Xpi —

® X3 = X3; —

o Var(p;) = 02[; +

As for the estimator of 62, we have 62 =

o Var(B,) =

o Var(B;) =

Variances of OLS estimators

1, XZYx5+X3 Y x5;—2X3X2 Y x5ix3;
(0 xgi)(E x§i)—(2 XiX3i)?

2x31
’ Var(’BZ) [(Z le)(z x31) & x2i%30) ]
ZxZL
’ Var(’B3) [(Z x5 (E 23~ (X x2i%31)? ]

~2
PN Uu;

n-3°

Furthermore, we can flip these formula a bit as
. equivalently as

o2
Y x5;(1-135)

0.2

Y x3;(1-133)

where r,5 is the coefficient of correlation between
- X, and Xs.

All the OLS estimator properties from simple linear
. regression still apply.



4. Multiple Regression

I (2) Coefficient of Determination

According to the concept of measuring r2

2 _ ESS _ . RSS

= = = R?2
TSS TSS

where TSS is the total sum of squares,
ESS is the estimated sum of squares and

RSS is the residual sum of squares.

The TSS is easy to understand, which is the sum of
. deviation from the mean or

o TSS =X — V)? =Xy}

while the RSS is the part which cannot be estimated
. by the independent variables or

ORSS=Zﬁl-2 =2in_ BAZZYixZi_B3Z:Yix3i

(see proof on the right-hand side) and the ESS is the
. explained part or

¢ ESS =X 92 = By Ny Xa1 + B3 X yi x5

. RZ _ ESS _ Ezzyixzi‘l'ESZyixSi

Therefore, from

TSS ¥ y? or
o R2 — _% _1_ Zyiz—EzZJE/:iizizi—BaZyixsi
Proof
e Fromil; =Y — By — BoXpi — B3X;

= yi — B2Xp; — P3X3;

o Now Y 12 = Y (1) = X 1 (y; — Baxzi — Baxai)

=YWy =Xy U = Xy — Baxai — Baxai)

= Z)’iz —/?ZZ)’ixzi —332371'3531'



4. Multiple Regression

I 3) Adjusted Coefficient of Determination

- When we add more and more independent variables
into the model, the coefficient of determination is
likely to increase (at least it will not decrease) from

- decreasing ¥, 7.

' Recall that when we define R as

eR2=1-25_q_

Now we define adjusted R%, denoted as

= _ Y ai/(n-k) _

- —(1— R
it r e ik il Gt e

The word adjusted means that the R? is adjusted for
. the degrees of freedom associated with the sums of
. the squares entering the specification. Note that the
- d.f. of

oY y?isn—1and

e Ydfisn— k.

Comparison between R? and R*

' (1) 0 < R? < 1but R? can be negative (taken as 0).

(2) Askincreases, R? is increasing but R? may not.

' (3) R*<R?



4. Multiple Regression

I 4 Examples

(1) The Cobb-Douglas Production Function
Usual form of the Cobb-Douglas function is
oY = AK“LF

where'Y is the value of output of an economy,

simplified as production technology),
K is number of capital input,
L in number of labor input,
a and B is the output elasticity.
The stochastic form can be expressed as
oY, = AKFILP et

Taking natural logarithm to enable linear estimation
| yields

elnV;= nd+alnkK;+pfInlL; +u;

where 4, « and £ are the estimators.

Example of result from the US

The data obtained from manufacturing sector of all
- states in the US, represented for each observation i. The
- results of linear regression is as follows.

elnY;, =3.8876 +0.5213InK; + 0.4683InlL;
A is total factor productivity (TFP or sometimes

t =(9.8115) (5.3803) (4.7342) d.f.=48
R? =0.9642 R?=0.9627

. We can test each estimator for its significance or we can
- also jointly test a + f to check returns to scale such as

e Hy: @ + f = 1 or constant returns to scale

e H,: otherwise.



4. Multiple Regression
| @ Examples gy

(2) Polynomial models Example of result

There are multiple economic models incorporating Given that

. polynomial form, such as total cost and marginal cost, X
. an example here is the effect of age to wage in the ew; =373 0.298age; 0.006lage;

quadratic form. Given that wage is a function of age
- as follows (in the stochastic form).

i 3 R A Can you guess the sign of these estimators?
- ow; = [yt frage; + Bzage? + u; ; youg g

where w;is the value of output of an economy,
age; is straightforward.

age? is the squares of age and

,@1, ,E’zand Bgare the estimators.

Fitted curve of wage and age.
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