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Multivariable Integration 

 
1. Indefinite Integral (Undefined limit, the answer is an equation.) [MA216] 

 

From some of the differentiation rules, the following integration formulas can be derived: 

 

2.1  Ckxkdx  , k is a constant 

2.2   





C
n

x
dxx

n
n

1

1

, 1n  

2.3  Cedxe xx   

2.4    dxxfkdxxkf )()( , k is a constant 

2.5      dxxgdxxfdxxgxf )()()()(  

 

NOTE: we can always check the integration result by differentiating it! 

 

 

2. Power Rule for Integration and Integration by Substitution. [MA216] 

 

 




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n

u
duxu

n
n

1
)]([

1

 

 

If u is differentiable and a function of x, then  





C
n

u
duu

n
n

1

1

if 1n . 

 

 

Let u be a function of x, 

 

    Cedue uu   

    Cudu
u

 ln
1

 

 

Ex.1: Show that   C
x

dxxx 



36

)73(
73

43
332     [Hint: 73 3  xu ] 

 

Ex.2: Show that 

(a)    Ce
a

dxe baxbax 1
. 

(b)  


Cbax
a

dx
bax

ln
11

.   

[Hint: baxu  ] 

 

Integration Hints:  

 Try to arrange the integrand into a familiar integration forms (seen formulas).  If you 

can’t find the right form, try some more!  There is no shortcut!  ONLY PRACTICE!  

 When integrating fraction forms, sometimes a preliminary long division is needed to 

get familiar integration forms. 

Power Rule 
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Ex.3: Show that  











Cxxdx

x

x
6ln3

6

3
. 

 

Ex.4: Show that  











Cxx

x
dx

x

xxx
3ln

23

3 2
2

2

23

. 

 

Ex.5: Calculate  dxexI x443 . 

  [ANS: CeI x 
44

16

1
] 

 

 

3. Definite Integral (With numerical limit, the answer is real number.) [MA216] 

 

If )(xF is any anti-derivative of the function )(xf , the ‘definite’ integral of )(xf between a 

and b is 

 

 

  baxFaFbFdxxf
b

a

b

a

 )()()()(  

 

 

a is the lower limit of integration and b is the upper limit of integration.  Definite integral 

will give a definite numerical value, NO x or C.  C will cancel itself out during the 

calculation. 

 

Ex.6:  Show that 1243
5

1

2  dxx . 

 

 

When using integration by substitution for a definite integral, we need to substitute the limit 

as well or substitute before taking limits. 

 

 

4. Definite Integral as an Area under a Curve [MA216] 

 


b

a

dxxfA )( =Area under a curve between x = [a, b] 
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NOTE: Definite integral DOES NOT always represents an area. 

21)( AAdxxf
b

a

 = NEGATIVE.  Area can’t be negative! 

 

 

 

 

 

5. Fundamental Theorem of Integration Calculus 
 

Hence, if f is continuous on interval ],[ ba , )(xF is any anti-derivative of f(x) on the interval 

then 

    )()()( aFbFdxxf
b

a

  

5.1 Area between Curves 

Find area bounded by f(x), g(x), x = a, and x = b. 

    21 AAA   

     

       
b

a

b

a

b

a

dxxgdxxfdxxgxf )()()()(  

Similarly others properties of definite integral can be derived from area between curves. 
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Ex.7: Use a definite integral to find the area of the region bounded by the given curve, the x 

axis, and the given lines.  

 

(Note: We need to sketch the curve to make sure that there will be no negative area!) 
 

(i) 5 xy , x = 2, and x = 4 

   

161228

25
2

2
45

2
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2

)5(
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2




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
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





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












 

A

A

x
x

dxxA

 

 

 

 

(ii) xey  , x = 1, and x = 3               [Ans: ee 3 ] 

 

(vi) 
x

y
1

 , x = 1, and x = 2e           [ANS: 2] 

 

Ex.8: Express the area in terms of integrals  

Find intersection points 

xxx  2)2(  

 

 

 

 

 

 

 

A = 

 

Ex.9: Find the area of the region bounded by the graphs of the given equations.  Be sure to 

find any needed points of intersection. 

 

(i) 28 xy  , 2xy  , x = -1, and x = 1      [Ans: 44/3] 

Intersection: 228 xx   

  282 2  xx  

   


1

1
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3

44
8 dxxxA  
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6. Integration Technique 
In many cases, it is not possible to integrate a function by standard formulas.  There are 

techniques that can be applied to change certain integrals to forms that are easier to integrate, 

for example, integration by parts and integration by partial fractions. 

 

6.1 Integration by Parts 
Integration by parts technique could become very useful if the integrand is the product of 

two functions.   
 

dxxgxfxgxfdxxgxf  )()(')()()(')(   (1)   Given! 

 

Some books, written (1) in slightly different form. 

  vduuvudv  

 

Hints: Suppose )(xH is a product of two functions, to integrate )(xH , write it in the form 

of )(')( xgxf .  We need to choose )(xf and )(' xg very carefully so that we can 

calculate )(' xf and )(xg , and we can easily integrate dxxgxf )()(' .  Sometimes the best 

choice for )(xf and )(' xg is not obvious.  Insight into making a good choice will come only 

with practice and, of course, trial and error.   

 

Integration by parts also works for definite integral. 

  
b

a

b

a

b

a

dxxgxfxgxfdxxgxf )()(')()()(')(  

 

Ex.10: Find  dxxe x . 

 

Solution: xxe is a product of two functions so it is possible to use integration by parts. 

Let’s  xxf )(  xexg )('  

 1)(' xf   1)( Cedxexg xx     Will add constant of integration at the end. 

Recall: dxxgxfxgxfdxxgxf  )()(')()()(')(  

  
   

Cexedxxe

dxeexdxxe

xxx

xxx



 )1()(
 

Check:     xxxxxx xeexeeCexe
dx

d
 0)1(  

 

Note: Selecting )(xf and )(' xg badly will complicate the problem!   

 

For example, let’s  xexf )(  xxg )('  

   xexf )('  
2

)(
2x

xg      

Recall: dxxgxfxgxfdxxgxf  )()(')()()(')(  

  dx
x

e
x

edxxe xxx
 



















22

22
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dx
x

ex
 









2

2

is in fact more complicated than the original integral  dxxex . 

Carefully choose )(xf and )(' xg . Practice to gain more experience! 

 

Ex.11: Find   xdx
x

I ln
1

.            [Ans: 
 

C
x

I 
2

ln
2

] 

 

 

6.2 Integration by Partial Fractions 

Integration by partial fractions could become very useful if the integrand is a rational function 

in the form of a quotient of two polynomials )(xN and )(xD where they are polynomials.  

The power of )(xN should be less than the power of )(xD .  If not, we need to use long 

division first. 

)(

)(
)(

)(

)(
)(

xD

xR
xP

xD

xN
xf   

 

Ex.11: Use long division to show that
xxx

xx
x

xxx

xxxx

32

6144
12

32

617432
23

2

23

234









. 

 

Ex.12: Use integration by partial fractions to determine dx
xxx

xxxx
I  














32

617432
23

234

 

dx
xxx

xx
xxI

dx
xxx

xx
xI

dx
xxx

xxxx
I







 













 













32

6144

32

6144
12

32

617432

23

2
2

23

2

23

234

 

 

To integrate F, we need to factorise the denominator. 

)3)(1(

6144

32

6144 2

23

2











xxx

xx

xxx

xx
F  

 

)3(),1(,  xxx are distinct linear factors and appear only once.  Thus 

 

)3()1()3)(1(

6144 2












x

C

x

B

x

A

xxx

xx
F  

 

)3)(1(

)1()3()3)(1(

)3)(1(

6144 2











xxx

xCxxBxxxA

xxx

xx
F  

 

)1()3()3)(1(6144 2  xCxxBxxxAxx    [eq. (1)] 

 

Find A, B and C from the above equation. 

F 
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1) If x = 0; 0+0-6=A(1)(-3)+0+0    A = 2 

2) If x = -1; 0)31)(1(06)1(14)1(4 2  B     B = 3 

3) If x = 3; )13)((006)3(14)3(4 2  xC   C = -1 

Hence,    
)3(

1

)1(

32

)3)(1(

6144 2











xxxxxx

xx
 

dx
xxx

dx
xxx

xx
 



















)3(

1

)1(

32

32

6144
23

2

 

dx
x

dx
x

dx
x

 









 










 










)3(

1

)1(

32
 

Cxxx  3ln1ln3ln2  

Cxxx  3ln1lnln
32

 

 
C

x

xx







3

1
ln

32

 

 

Note: From eq.(1), there is an alternative method to find A, B and C by comparing the 

coefficients on the left-hand-side and right-hand-side of the equation for each term. 

 

Recall eq.(1):  )1()3()3)(1(6144 2  xCxxBxxxAxx  

                 )()3()32( 222 xxCxxBxxA   

              
    )3(32

)332

2

222

AxCBAxCBA

CxCxBxBxAAxAx




 

 

Coefficients of 2x :  CBA 4    A = 2  

Coefficients of x :  CBA  3214      B = 3 

Coefficients of constants: A36      C = -1 

 

Ex.13: Calculate 



 dx

xx

x
I

2

25
.        [Ans: CxxI  1ln3ln2 ] 

 

Ex.14: Calculate 



 dx

x

x
I

1

5
2

.              [Ans: CxxI  1ln21ln3 ] 

 

Repeated Linear Factors 

For nth repeated linear factors, there will be the sum of k partial factions. 

kk ax

K

ax

C

ax

B

ax

A

ax

xN

)(
...

)()()()(

)(
32 













 

 

Distinct Irreducible Quadratic Factors 

)()(

)(
22 cbxx

BAx

cbxx

xN







 

 

Distinct Repeated Irreducible Quadratic Factors 
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kk cbxx

ZYx

cbxx

DCx

cbxx

BAx

cbxx

xN

)(
...

)()()(

)(
22222 















 

 

Ex.15: Express
22

2

)4(

53






x

x
y in partial fractions.     [Ans:

22222

2

)4(

7

)4(

3

)4(

53











xxx

x
] 

 

Ex.16: Determine 



 dx

xxx

x
I

23

42
.        [Ans: CxxxI  1ln2ln4 2 ] 

 

Ex.17: Determine dx
xx

xx
I  




)1()2(

252
2

2

.              [Ans: C
x

x

x
I 
















5

7

)1(

)2(
ln

2

4
] 

 

Ex.18: Determine 



 dx

xx

x
I

4

)8(2
3

2

.              

 

Ex.19: Determine
 





 dx

xx

xx
I

22

24

2

892
.                  [Ans: C

x
xI 




)2(2

1
ln

2

2 ] 

 

7. Average Value of a Function  

The average (or mean) value of a function )(xfy  over the interval [a, b] is  




b

a

dxxf
ab

f )(
1

 

 
 

Ex.20: Find the average value of the function 2)( xxf   over the interval [1, 2]. 

[Ans: 7/3] 

 

Ex.21:The profit of a business is given by 

4001.2369)( 2  qqqPP  

where q is the number of units of the product sold.  Find the average profit on the interval 

from q = 0 to q = 100. 

[Ans: 11,050] 

 

Ex.22: A saving of 3,000 THB earns interest at an annual rate of 5% compounded 

continuously.  After t years, its values S is given by  teS 05.03000 .  Find the average value 

of a two-year saving. 

[Ans: 3,155] 
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8. Multiple Integrals 

The idea is to extend the idea of a definite integral (section 7) to double and triple integrals of 

functions of two or three variables.   

 

8.1 Partial Antidifferentiation  

It is possible to antidifferentiate a function of two or  more variables with respect to one of 

the variables by treating all the other variables as though they are constants.  

 

 dxyxf ),(  =>  antidifferentiate ),( yxf  w.r.t. x, holding y constant.  

 dyyxf ),(  =>  antidifferentiate ),( yxf w.r.t. y, holding x constant. 

 

Note: The constant of integration is now a function of the ‘constant’ variable(s). 

 

Ex.23: Find the following integrals 

(a)    dyxxy 22 36   and (b)    dxxxy 22 36  

[Ans: (a) )(32 23 xCyxxy   and (b) )(3 322 yExyx  ] 

 

Ex.24: Find the following integrals 

(a)    dyyxxy 22124   and (b)    dxyxxy 22124  

[Ans: (a) )(42 322 xCyxxy   and (b) )(42 232 yEyxyx  ] 

 

Ex.25: Find the following integrals 

(a)   

2

0

22 36 dyxxy   and (b)   

1

0

22 36 dxxxy  

[Ans: (a) 2616 xx   and (b) 13 2 y ] 

 

Ex.26: Find the following integrals 

(a)   

1

0

22124 dyyxxy   and (b)   

3

0

22124 dxyxxy  

[Ans: (a) 242 xx   and (b) 210818 yy  ] 

 

Ex.27: Find the following integrals 

(a)  
3

0

2

1

2 dxdyyx   and (b)  
2

1

3

0

2 dydxyx  
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Ex. 27(a): Regarding x as a constant, we obtain 

 
2

1

2
2

2

1

2

2















y

y

y
xdyyx  




















2

1

2

2 2
2

2
2 xx  

2

2

3
x  

 

We now integrate the function of x from 0 to 3 considering y as a constant. 

   























3

0

2

3

0

2

1

2

3

0

2

1

2

2

3
dxxdxdyyxdxdyyx  

  = 

3

0

3

2













x

x

x
 

  = 
2

27
 

 

Ex. 27 (b): We first integrate the function of x from 0 to 3 considering y as a constant. 

   














2

1

3

0

2

2

1

3

0

2 dydxyxdydxyx  

  















2

1

3

0

3

3
dyy

x
x

x

 

  
2

1

9 dyy  

  

2

1

2

2
9















y

y

y
 

  = 
2

27
 

 

 

 

Ex.28: Find the following integrals 

(a)    









1

0

2

0

22 36 dxdyxxy   and (b)    









2

0

1

0

22 36 dydxxxy  

[Ans: 10] 

 

Ex.29: Find the following integrals 

(a)    









3

0

1

0

22124 dxdyyxxy   and (b)    









1

0

3

0

22124 dydxyxxy  

[Ans: 45] 
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8.2 Volume (Double Integral)  

In a similar manner, we consider a function f of two variables defined on a closed rectangle 

R = [a, b] x [c, d]  

   = {(x, y)  | a ≤ x ≤ b, c ≤ y ≤ d } 

and we first suppose that f(x, y) ≥ 0. 

 

The graph of f is a surface with equation z = f(x, y). 

 

Let S be the solid that lies above R and under the graph of f, that is, 

S = {(x, y, z) | 0 ≤ z ≤ f(x, y), (x, y)  R} 

 
 

The volume of this box is the height of the box times the area of the base rectangle:  

f(xij *, yij *) ∆A  

 
Thus, we get an approximation to the total volume of S:  

  AyxfV
m

i

n

j

ijij 
 1 1

** ,  
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Our intuition tells us that the approximation   AyxfV
m

i

n

j

ijij 
 1 1

** ,  becomes better as  

m and n become larger. 

So, we would expect that:  

  AyxfV
m

i

n

j

ijij
nm

 
 


1 1

**

,
,lim  

 

The double integral of f over the rectangle R is: 

  AyxfdAyxf
m

i

n

j

ijij
nm

R

 
 


1 1

**

,
,lim),(  if this limit exists. 

 

If f(x, y) ≥ 0, then the volume V of the solid that lies above the rectangle R and below  

the surface z = f(x, y) is: 

  









b

a

d

cR

dxdyyxfdAyxf ),(),(  

  =   






d

c

b

a

dydxyxf ),(  

 

Ex.30: Find the double integral 

  
R

dAyx 23   over R = {(x, y)  | 0 ≤ x ≤ 2, 1 ≤ y ≤ 2 } 

 

     

2

0

2

1

22 33 dxdyyxdAyx
R

 

 




2

0

2

1

3 dxyxy
y

y  

 

  

2

0

7 dxx  

2

0

2

7
2









 x

x
 

12  

Try      

2

1

2

0

22 1233 dydxyxdAyx
R

. 

Notice the negative answer in this example.   

Nothing is wrong with that. 
 The function f in the example is not a positive function. 
 So, its integral doesn’t represent a volume.  

 

Ex.31: Evaluate   
R

dAyx   over R = {(x, y)  | 1 ≤ x ≤ 3, -1 ≤ y ≤ 2 } 

[Ans: 15] 
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Ex.32: Find the volume of the solid under the graph 221),( yxyxf    over the 

rectangular R = {(x, y)  | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1 } 

[Ans: 5/3 cubic units] 

 

Ex.33: Find the volume of the solid under the graph yxyxf 2),(    over the rectangular  

R = {(x, y)  | 0 ≤ x ≤ 2, 0 ≤ y ≤ 1 } 

[Ans: 4 cubic units] 

 

Ex.34: Evaluate 


R

yx dAxe
2

2   over R = {(x, y)  | 0 ≤ x ≤ 1, -1 ≤ y ≤ 1 } 

[Ans: 12 1  eee ] 

Ex.35: Evaluate 
R

y

x

dAe
y

x
2

  over R = {(x, y)  | 0 ≤ x ≤ 1, 1 ≤ y ≤ 2 } 

[Ans: 12 2
1

 ee ] 

Ex.36: Evaluate   
 











0 0

4.04.0 dydxeey yx    

[Ans: 2.5] 

 

 

8.3 Average Value of a Function (Extension) 

Similarly to section 11, we define the average value of a function f of two variables defined 

on a rectangle R to be: 


R

dAyxf
RA

f ),(
)(

1
 if f(x, y) ≥ 0 

where A(R) is the area of R. 

 

Hence, 


R

dAyxf
cdab

f ),(
))((

1
 

R = {(x, y)  | a ≤ x ≤ b, c ≤ y ≤ d } if  f(x, y) ≥ 0 

 

 


R

dAyxfRAf ),()(  

The box with base R and height f  has the same volume 

as the solid that lies under the graph of f. 

 

Suppose z = f(x, y) describes a mountainous region and 

you chop off the tops ofthe mountains at height f . 

Then, you can use them to fill in the valleys so that the 

region becomes completely flat. 
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Ex.37: Find the average value of  yxyxf
2

1

2

1
4),(    over the rectangular 

 R = {(x, y)  | 0 ≤ x ≤ 2, 0 ≤ y ≤ 2 } 

[Ans: 3] 

 

 

Ex.38: Find the average value of  yxyxf 2),(    over the rectangular 

 R = {(x, y)  | 0 ≤ x ≤ 2, 0 ≤ y ≤ 1 } 

[Ans: 2] 

 

 

8.4 Properties of Double Integrals 

These properties are referred to as the linearity of the integral.  

 

   
RRR

dAyxgdAyxfdAyxgyxf ),(),(),(),(  

 

 
RR

dAyxfcdAyxcf ),(),(  

where c is a constant 

 

If f(x, y) ≥ g(x, y) for all (x, y) in R, then  

 
RR

dAyxgdAyxf ),(),(  

 

Ex.39: In a certain factory, output is given by the Cobb-Douglas production function 

 

5

2

5

3

50),( LKLKQ    

 

where K is the capital investment in units of 1,000,000 THB and L is the size of the labour 

force measured in worker-hours.  Suppose that monthly capital investment varies between 

10,000,000 THB and 12,000,000 THB, while monthly use of labour varied between 2,800 

and 3,200 worker-hours.  Find the average monthly output for the factory. 

[Ans: 5,181 unit] 
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8.5 Double Integrals with non-rectangular limit 

It is also possible to have non-rectangular limit.   

 

Ex.40: Determine    

1

0

3

2

3

dxdyxyxI

x

x

 

 
2

3

2

3

233

2

xy

xy

x

x

y
x

yxdyxyx












  

    


















23332223

22
x

x
xxx

x
xx  




















22

7
6

5
5 x

x
x

x  

22

7
6

5 x
x

x
  

 









1

0

7
6

5

22
dx

x
x

x
I  

  

1

0

876

16712










xxx
 

336

1

16

0

7

0

12

0

16

1

7

1

12

1 876876


















  

 

Ex.41: Determine   






1

1

1

0

12 dxdyxI

x

 

[Ans: 2/3] 

 

Ex.42: Determine  

2ln

1

2

dydxI
ye

 

[Ans: e44ln ] 
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8.5 Triple Integrals  

It is also possible to have the integrals of 3 variables or more.   

 

Ex.43: Determine   
 



0

1

2

1

2

1

326 dzdydxzxyI  

  2

1

322

2

1

32 36



x

xzyxdxzxy  

    2

1

2323



x

xxzy  

   2232 123  zy  

   143 32  zy  

  329 zy  

 




2

1

32

2

1

2

1

32 96 dyzydydxzxy  

    2

1

333





y

y
zy  

    2

1

333



y

yyz  

    333 123  z  

   183 3  z  

  327z  






0

1

327 dzzI  

   

0

1

4

4

27













y

y

z  

     0

1

4

4

27 


y

yz  

     44 10
4

27
  

   
4

27
  

 

Ex.44: Determine   




1

0 0 0

dxdydzxI

x yx

 

[Ans: 1/8] 
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Tutorial Sheet: Integration 

 

1. Determine   




5

1

3

1

1 dydxyI           [Ans: 36] 

2. Determine  

1

0

2

0

2 dydxxyI          [Ans: 2/3] 

3. Determine 
 

 


2

1

2

0

dydxeI yx
     [Ans: 1234   eeee ] 

4. Determine  

4

0

2

2/

dydxxyI
y

            [Ans: 8] 

5. Determine    

1

0

22

2

327 dxdyyxyxI

x

x

     [Ans: 1/30] 

6. Determine  

1

0

2

1

2
dxdye

y

x
I y

x

       [Ans: 12 2

1

 ee ] 

7. Determine   

1

0 02

dxdydzI

x

x

xy

       [Ans: 1/24] 

8. Determine   

1

0

1

0

22

2

9 dydxdzyzxI

y

y

               [Ans: -3/40] 

9. Determine     

1

0

1

0 0

22

2

dxdydzyxI

x

               [Ans: 14/45] 

 

 

 


