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1 Terminology

Integration = anti-derivative or inverse of differentiation

T =F0) | = P = [Pt
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Indefinite integral

If we integrate f(x) where values of x are not given, we have to integrate
without a limit. (i'e. to find indefinite integral)

A symbol for integrating a function f(x) is

li(:ﬁc%zF(:c)#—c(:)F'(x) :f(x)
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1l is integral sign

f(x) is integrand \/ /
¢ is constant of integration

dx indicates the variable involved in the integration \/

Note function does not have a unique integral Q\ | QZ o
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ex. Given a function| f(z) = 3$2] a possible result from integration of
f(z)isthat: F(x) =2*+1, 2°+7, 23 +¢ _ﬁ (b( 3 .
Wdx = K4l x17, Xee

2
2 Basic Rules for Integration (%LX}‘EI i ‘6“‘7
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= faz"’dx = ‘;T,%'L&L*Jrc
= ff(x)ef(@dx = /@ ¢
= [LEdx = In|f(z)| +c f(z) #£0
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II) [ %\dw = In|z| +&

AM}%\“/ Slsfracion e wﬁcy) ,J(x? => jwfmfcg(x)&x

V) [f(z) £ g(z)ldzx = [ f(z)dx £ [ g()
0(%\“%0!\”&4 sepnk ngﬁm
V) [af(z)dx =a [ f(z) ) &-Cmg%\l

j(}f&) dy = a J {0 dy.
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2. [z x/xde = 3% +c -
i

2z = §)
4. [ —e?tetde = G -G +e"+c S jx(x/t)

' X
6. [ 2%dx :%CA .9 % C - -
Iz H)\ﬁf ol

D [ f(u)%de = [ f(u)du=F )+c = X%X\(,

<i§(ax+b?dm> lt | = At = Au (Ub( 5 dy = cl}/
! P dx (A,b,P Consfeet
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VII) [vdu=wv— [udv “Integration by parts” ﬂ—([’ﬂ 7

3. [(3a* +52% — 2)dx = §3:5+5Tﬁ—2x+c /
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Initial-Value Theorem

~

J f(@)de = F(x) +c

If we have an initial condition, we can determine the value of c.

p— >

ex. 1. Findl:“_(_x_)_iff’(g;):%_Q{ and [@l /\/
= F&

[i-2wde = 1 x-24C =
2 2

2
F(Q):IO~OTC=.91- =) C=Z|

2. Find F(x) if F'(z) = (1 —2% and F@) = 3
.M
[x(1 —a?)dz = X ~2(_ <C = F(j()
PR <

Lo
F) =0 -0't¢c= & =y ¢>8 F(M=£-_’St[—2
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Application 1: Derivation of TR from MR Aﬁ&ﬂh“t .

| TR = | MR(Q) 1Q

ex. Given MR = 10 - Q, find TR.

TR=[10-QdQ = 1B&~ ¢
b

.

/ Supposeat Q=0 , TR=0 = c=0 M
e 2
TK(Q-*-O%W*_tho
2

c =0 M“‘.gkli

Application 2: Derivation of TC from MC TC i; MC
[TCE J MC(Q) dQ ) Afbobide
ex. Given MC = 2¢%2¢ CF = 90, find TC.
528 Y | 0.0
TC(Q) = J d& = Z Q «C =10e + C
02 (0
TC) - - 2 =7 a=ke




Mg)=TR -TC
Me)- M2-~uC
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Application 3: Derivation of Profit function from MR-MC

IT'(Q) = Marginal profit = MR-MC

I’[—:’_jH’FQ)dQ a‘S‘WlM *JHCA.&/

ex. Giver@: 50 - 2Q ,@z 104-Q), find total profit when Q =10.
Assume there 15 no fixed cost: II(10) =7 ~—

Q) = ($o- 2Q ) (&)
2
rr@ae- | 4o -30 dA- = %l- Z +C

Z X
fQ=0,TR=0,TC=0 = IQ)=0 = c=0 _
.-[H(@)éfOQ“_a = U(lo) =teo~Z00 = 23°

P2 Z—

Application 4: Derivation of Utility function from MU
U(x)= [ MU (z)dx

ex. Given MU(x) = =2, find U(x).

U@—Jid -
B

I
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Application 5: Derivation of Consumption/Saving function from
marginal propensity function

ex. Given marginal propensity to save:(S'(Y) = 0.3 — 0.1Y2/and

S(81) = 0, find saving and consumptlon function
,_____..

fog 0. Zél!
sv)= 1.3Y- 0.9 < C
sey = 0.3(8) ~021(cr +C = 0. = C=~23
sy = (3Y-02 W—- 92.§
For C(Y),C =Y — § = )h[n.})%&zﬁ —ZP/S] = 0771‘01& 98

Ay

3 Deﬁnite Integrals

r)de = F %F

k) 2
ex. 051‘ de = = 5(2 - 5(0) = "-O
f 5Y ’0 5(2) - 9@ 2

Ky 3 =
| b
Puis - m/ - i
—_— T — <
8,5 = consuf o & b1l )
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Area and definite integral

The area under the graph of a continuous and nonnegative function
f(x) over the interval [a,b] is fab f(x)dz or

b
Area A = lim °[f(z) — Ax] / f(x)dx

Az—0

(®

Properties of Definite Integrals

1.fﬁf(:1:)dx = jg-f(:v)dx

2. [*f(x)dx =0 » >
3. [f(x)dx = [Pf(x)dz+ [ f(x)dz, (a<b<c)

4.};:0/(;) d = M -

5.% = a *f(x) da

6.fab[f(:v) +g(z)]dx = f;f(x) da:+f;g(:v) dz

Q’?. f;:;v du = wv |"Zb — fxx:;v du> L“i}?{
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eX.

1. [a + 22)dz = 3256
2. f2 1x3_|_ )dz = "@lf/q
3. f_26$ —e?dx = (

\ 4 50+ ) =(|n " 7)'(1““(@'61))

5.f_2]x+1|dx = .0

Application: Capital Formation and Investment Functions

Definition : (K(t) = capital stock at t
N

= rate of cap1tal formation

( = rate oﬂ net )nvestment flow at t

l dp@)y =10 = [I@)dt = [ Edr =
Gross investment = [,(t) = I(t) + 5K AQP&UXW 'I‘d'(
Capital formation during a time interval [a,b] = f I(t K(t) |

—

ex. Suppose net investment flow is I(t) = 3tz and the initial capital
stock at t = 0 is K = 25. What is K( ) durmg [1,4]7

(=)= o5 KG)I y 10 1 b
K(#) JIC]M 8Jc 2 4t = ot 2-tC/‘eWLC )

7
K (4) I((a = 24) ;(~Z(17A“£/F It
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Application: Consumer and Producer Surpluses

N6) & Pt
W ;e A

10> €

Qr /
B @ D __ P—intercept > S
CS—ij(Q) PdQ—@: deP? o ¢
PS = fOQ P* — S(Q) dQ = flf—interceptS(Q) dpr P(\ 5

¢
ex[S(P) = 1+ 1P e &
[DP) =2 - 1p| (5@
Find PS5, CS and total weltare Pi(§
A AN ) P q
= =13, 0 =6 § =sO=-Lfp , 0= 27
P = $
£ P = 5520
b
13 i J d
Sy O )s-olt
! ’ > = 3b
b b
5 = [ 13-(t26°) AL
0
10 - 2
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lo.542¢
16-5b2¢

h

, (
es = sp.508 = G-U

(
=505k = K-

v
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ex. If the demand does not change and government imposes $ 4 per
unit tax on producer instead,

= PePet > &"*'*z(‘?“f 1(&@ 0
(Qz 3¢ -1p
3 2

50 t Jo
‘72 2

T 20
DL = 2 ( b - T aﬁw@
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Application: First-Degree Price discrimination or Perfect Price
discrimination

Monopolist charges the maximum price for each unit of output sold.

ex. Suppose that a monopolist faces a demand function P = 24 -Q, and
MC = 4 4+ 3Q. Find CS and PS at profit-maximized Q*
b=¢

HC p=20.

PS> 40
CS=¢

13
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