TU152: Solving Inequality Exercise [©Saifon C.]

Exericse Solution: Solving Inequality (Part II)

1. Let @ and b be real numbers with 0 < b < a < 1. Determine whether each of the following
inequalities is true or not. Explain your answer.

(a)
(b)

(b+1)3
lal

(a+1)®
b

<
b a’—1
o < o

Solution:

(a)

(b+1)3
la] . . o
From 0 < b < a < 1, by adding 1 throughout the inequalities, we have

1 3
< (a—z ) is true.

O+1l<b+1l<a+1<1+1
andso, 0<b+1<a+1

0<(b+1)3<(a+1)3 (1)
Since a > 0, |a| = a. Since a,b > 0, then b < a implies ﬁb < %a or
1 1
< —< = 2
al <% (2)
From and ,
(b+12  (a+1)3
<
|al b
b« @1 )
a 57 is false.
Since a,b > 0, b < a implies
b
- < 1.
a

From 0 < b < a < 1, we have 0 < b® < @¢®> < 1 and by subtracting 1 throughout the
inequalities, we have

-1<b —1<a®-1<0.
Since b — 1 < 0, when we divide b — 1 throughout the equality b3 — 1 < a® — 1 we have

a’ — 1
— < 1.
b —1

That is, we only have g < 1 and “'33:% < 1 and we cannot conclude that g <@

b b3:1 :
A counterexample is when a = % and b = 3. We noticed that 0 < 3 < % < 1 and so

4 4 5
0<b<ax<l,

b 3/4 15
and 5 4/ )3
-1 (4/53 -1
= = 2063,/2444 ~ 0.8441
B 1= G 063/ 0.8
Since 0.9375 # 0.844, we can find a and b with 0 < b < a < 1 such that & # %=1 ]
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2. Let z and y be real numbers with y > « > 1. Show that
yly—2) > |z — 12— 1.

Solution: From y > = > 1, subtracting 1 throughout these inequalities gives
y—1>x—1>0,

and since both y — 1 and x — 1 are positive numbers, we can square both sidesof y —1 >x —1:
(y—1)2 > (@ —1)?

or equivalently,

P —2y+1>@x-172 o P-2y>@x-1% -1 o yy-2)>@-1>2-1
Since (x — 1)? = |z — 1]? Vo € R, then we have

y(y —2) >z -1 — 1.

3. Find the solution set for each of following inequalities.

(a)

2-1 x+1
<
x 2x

(b)

2
x®+ x|+ 1 <0
T +ad+a24+1 "~

|z + 3] — 2 1 <1
5 |z —1]+1 ~
© 2
|l —1] —2* —1 >0

5—lz+3 —

Solution:

(a)
2-1 z+1
<
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Solution:
x2—1 r+1
T 2z
21 1
x s + < 0
x 2z
22 —-2—2—1
z v <0
T
222 —x —3
T rTTY
T
(2 — 3
C+DEe-3) _
T

Notice that (z 4+ 1)(2z — 3) = when x = —1,3/2 and * = 0 when z = 0. To obtain the
subintervals, consider z = —1,0,3/2

z € (—oo0,—1) |z €(—1,0) | z€(-1,3/2) | z € (3/2,00)

z+1 — + 4 ¥

T - = + +

20 — 3 - - — +
el I S S B = N

To have non-zero denominator, we must have x # 0. Since we consider < sign, the solution

set is (—oo,—1) U (—1,3/2).

2 <

T

(i) Consider 2 < |2=1|. This is equivalent to

2

r—1

<1

Solution: This is true when 2 < ‘IT_I‘ and ‘xT_l‘ <7.

x
—_1)2 112 112 _1\2
4 < (r—1) since | 1 :|x 1] :(x 1)
x2 x |x|? x2
4o? < (x—1)% since 2% > 0
42 < 2*—22+1
33°+22 -1 < 0
(x4+1)Bzx—1) < 0.

By setting (z+1)(3z—1) = 0, we consider z = —1 and = 1/3 to construct 3 subintervales.

x € (—o0,—1) |z € (-1,1/3) | z € (1/3,00)
r+1 — + +
3z —1 — _ T+
[((z+1)(B3z—1) | + [—] +
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So, in this case, since |z| is the denominator, x # 0 and the solution set is € [—1,1/3] — {0}

or [~1,0) U (0,1/3]

(ii) Consider ‘””7_1‘ < 7 This is equivalent to

:L'—12

(z—1)

72

(- 1)?

4922

4822 + 22 —1
(62 +1)(8x — 1)

By setting (6z + 1)(8z — 1)
subintervales.

e -1 _ (@-1)°

< |7

< 49 since z-1/’ =
T

< 493:2, since 2% > 0

> 22 —2x+1

> 0

> 0.

0, we consider x =

—1/6 and =z =

2

1/8 to construct 3

x € (—00,—1/6) | x € (-1/6,1/8) | x € (1/8,00)
(6x +1) ~ + +
(8x —1) — - +

| (6z+1)(8z—1) |

| -

|

|

So, in this case, since |z| is the denominator, z # 0 and the solution set is (—oo, —1/6] U

[1/8,00).
From (i) and (ii), the solution set is
{[-1,0) U (0,1/3]} N {(—o0,—1/6] U[1/8,00)} = [-1,—1/6] U [1/8,1/3]. |
22+ |z| +1
o7+ ad 2?41 "
Solution:

First notice that

T4t l="+2)+ (@2 + 1) =250+ )+ (22 4+ 1) = (2 +1)(2® +1).

-z, <0

Since]m\:{ v 2>0°
) -

we will consider two cases for .

Case I: © < 0. Then |z| = —x and

Notice that

P24z +1=2—z+1.

2 —z+1>0forallz € R (b? —dac=1—4(1)(1) <0).
Case II: x > 0. Then |z| = z and

|z +1=2+2+ 1.
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Notice that

2+ z+1>0forallz € R, (% —4ac=1-4(1)(1) <0).
From cases (I) and (II), we have that the numerator

2?42/ +1>0

for all z € R. Not also that, since 22 >0 and 22 +1>1> 0,

so we have that

only when

2 4+1>0,

1

22+ 2| +1

(% +1)(2* +1)

<0

r €R,

<0

orz’ +1<0

(—o0

(z°+1)

Note that 2° +1 = 0 when 2° = —1 or z = /=1 = —1. So we consider the intervals
,—1) and (-1, 00).

x € (—o0,—1)

x € (—1,00)

x4+ 1

-]

+

From above, the solution set is therefore (—oo, —1)

|z + 3| —2 1 <1
5 |z —1]+1 ~

e —1|—2%2 -1

>0
5—|z+3] ~
Solution:
f —(z-1), z—-1<0 &z<1 f —(z+3), 2+3<0 &xr<-3
From [z —1] = 1 7-1>0 @g>1  mdletsl= t43, r4+3>0 ©x>-3"

we will consider 3 cases:
Case I z € (—o00,—3), CaseIl:z € [-3,1), CaselIll: z € [1,00).

Casel: z € (—00,-3), |z —1|=—(x—1), |[x+ 3| = —(r+3) and

?4+1—lz—1 2*+1+z-1 242  z(@+1)
5—|z+3  5+z+3  x+8  x+8
So we will solve % < 0. To obtain the subintervals, consider x = —8, —1,0
x € (—00,-8) |z € (-8,—1) | z € (-1,0) | z € (0,00)
r+8 — + + +
x+1 — — + +
T — — — +
+1
ol
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To have non-zero denominator, we must have z # —8. Since we have “less than
or equal” sign, then the solution set is (—oo,—8) U [—1,0]. Le., the solution set is
(=00, —=3) N {(—00, —8) U [-1,0]} = |(—00,—8) |

CaseIl: z € [-3,1), |z —1|=—(z—1), [z +3|=2+3 and

?+1—|z—1 2*4+14+z-1 2*+z  z(@+1)

5—|z+3 =~ 5-2z-3  —2z+2 -2
So we will solve —% < 0 or % > 0. To obtain the subintervals, consider
r=-—1,0,2
x € (—o00,—1) |z € (-1,0) | z€(-1,2) | x € (2,00)
z+1 - + + +
T — — + +
T —2 — — — +

z(z+1)

E= I e N e
To have non-zero denominator, we must have x # 2. Since we have “less than or equal”
sign, then z € [—1,0] U (2,00). Le., the solution set is

[-3,1) N {z € [-1,00U (2,00)} = [[-1,0]}

Case III: z € [1,00), |z —1|=2—1, |x+ 3] =2+ 3 and

?+1-|z—1 2*+l-z+1 22—-z+1 2*-az+1

5—|lz+3 =~ 5—-z-3 = —xz+2 )
So we want to solve )
x —x+1>0.
r—2 =
Fora=1b=—1,c=1,b>—4ac=1—-4 < 0, so we cannot factor 2> — z + 1. Since
2
a >0, then 22 —z+1 > 0 for all z € R. So, in order to have £=2fL > 0, we can

z—2
consider instead z — 2 > 0 or z € (2,00). That is, the solution set for this case is

[1,00) N (2,00) =|(2,00) |

From cases I, II, III, the solution set is (—oo, —8) U [—1,0] U (2, c0). |



