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Chapter 3 Matrix Algebra
3.1 Matrix Operations

Definition 3.1 Two matrices A = [ai j] € R™™and B =
[bij] € RP*4 are equal, written A =B, if m =p andn =
q,and a;; = b;j, forall i and j.

Two matrices are equal if they are of the same order
and each pair of corresponding elements are equal.

Definition 3.2 Given a matrix A = [aij] € R™™ and a
scalar c, the scalar multiplication of matrix A by the scalar
c is given by cA = [caij] € R™*™,

The result of scalar multiplication of a matrix is just
that matrix with each of its elements multiplied by the
scalar.
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Definition 3.3 The addition of two matrices A = [ai j] €
R™*™ and B = [bij] € RP*1 is defined only if m = p and
n = q, and is given by

Example a) 3 [_41 g] =

A+B = [a;] + [by] = [ay; + b;] € R™™

The addition of two matrices is defined only when
they are of the same order and the result of the addition is a
matrix whose each element is the sum of corresponding
elements of A and B.

Example a) [é i] + [g _13] = [é _31]
b) [é i] + [g is not defined.

Note that the matrix subtraction A — B can be
readily defined as A + (—1)B.

Definition 3.4 The multiplication of matrix A = [ai j] €

R™*™ by matrix B = [bij] € RP*4 is defined only ifn =
p, and is given by,
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k=1

AB = € R™*4d

The product of the matrix multiplication AB is a
matrix whose number of rows equal to that of A and
number of columns equal to that of B. The (i, j)™ element
of AB is the sum of the products of elements in i*" row of
A multiplied by corresponding elements in the j™ column

of B.
. e [1 2111 4 31 _
Example The matrix multiplication [3 4] [O 1 2] =

1 2 7

3 8 17],but [(1) _41 ;] [é iis not defined.

The example shows that the order of the matrices in
the multiplication is important. In general, AB # BA.

Problem If AB = 0, does it mean that at least one
of A and B has to be a zero matrix?

2. Matrix Representation of System of Linear
Equations

We can use the matrix multiplication to concisely
represent a system of linear equation as,

A1 Qi 0 Q] [X* b,

Q1 Ay - Gan || X2 b
AX == b = . . . . . = .2

Am1 Amz  ° Omn] [ Xn bm

where A is the coefficient matrix and b is the RHS vector
and X is the vector whose elements are the variables.

Definition 3.5 When a row vector is multiplied by a

column vector, the product is called dot product or inner
product. Thatis,ifa € R™™ and b € R"*1, then

b; n
ab = [al a, - an] b:Z = z a]b] € R,
b 7

which is just a scalar.

With the dot product defined, we can visualize the
result of the matrix multiplication as a matrix of dot
products. We can write the matrix A as a column vector
whose elements are themselves row vectors, and write the
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matrix B as a row vector whose elements are columns
vectors. That is,

a,.
a,.
A= 2 € R™" a, = [ain Qp - apm]€ R
a,.
=1,2,...,m
blj
b, -
B = [b1 b'Z oos bq] (= Rnxq’b_j — ?] c Rnxllj
bnj
=12, ..,9
Then, we can write
a,.
a,.
AB=| “|[bys by - bg]=
ap,.
al'b'l al'b-Z ees al'b-q
aZ'b'l aZ'b-Z ces az.b.q
: : S [a; 'j]qu
amb1 ambz cee ambq

With the same idea of writing a matrix as a vector
whose clements are themselves vectors, we can write the
product

AB = A[b1 b.2 b bq] = [Abl Abz b Abq]

a;. a;.B
_ azzw B = IaZ:.B _
ap. a,. B

Similarly, a system of linear equations can be

written as
a;. a;.x
az. aZ.X
b=Ax=| ! |x=]| %
a,. a,,.X

That means each linear equation is an inner product of arow
of A and x. Alternatively, the matrix A can be written as a
row vector whose elements are columns of A=
[a.1 a, - a.n], and
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= [a.1 a.z e a.n]

= xla.l + xza.z + -+ xna.n.

The last term is, as to be defined in Chapter 6, a linear
combination of columns of A. The problem of finding a
solution to the system of linear equations can be reframed
as finding a linear combinations of columns of A to be
equal to the RHS vector b.

Problem WriteA =[a; a; - a,]eR™"
b;.
and B = b:Z' € R™4. Find the product AB and
b,..
verify that it is equivalent to all the above
representations of AB =
a;.
a,.
. [bl b.2 b bq] E Rqu,
an.

Problem Johnson, Riess & Arnold [1998] page
59, #60. Let A and B be
matrices such that the product AB is defined. Prove
each of the following.
a. If A has a row of zeros, then so does AB
b. If B has a column of zeros, then so does
AB.
c. If A has two identical rows, then so does
AB.
d. If B has two identical columns, then so
does AB.

Definition 3.6 Two vectors are said to be orthogonal if
their dot product is zero. (See Fraleigh & Beauregard
[1995] page 22-29 for geometrical interpretation of dot
product)

3.3 Laws of Matrix Operations
The proofs of the following laws of scalar

multiplication, matrix addition and multiplication are left as
exercises.
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Theorem 3.1 Let and be scalars and A, B and C be matrices
whose orders are such that all operations below are defined.
Then,

a) A + B = B + A; commutative,

b) (A + B) + C = A + (B + C); associative,

¢) (A + B) = aA + aB; distributive,

d) (AB)C = A(BC); associative,

e) (A+B)C=AC+BC, and

A(B + C) = AB + AC; distributive, and
f) tAB = (a¢A)B = A(aB).

Proof Exercises.Ud

As noted earlier, matrix multiplication does not
possess commutative property.

Problem Johnson, Riess & Arnold [1998] page
69, #26, 27, 28, 44, 45.

26. Let A and B be matrices. Prove or find a
counterexample for this statement: (A +
B)(A — B) = A2 — B2,

27. Let A and B be matrices such that A> = AB
and A # 0 (see Definition 3.8 for zero matrix)
Can we assert that, by cancellation, A = B?
Explain.

28. Let A and B be as in Exercise 27. Find the flaw
in the follwing proof that A = B. Since A% =
AB, A2 — AB = 0. Factoring yields A(A —
B) = 0. Since A # 0, if follows that A — B =
0. Therefore, A = B.

3.4 Transposition of a Matrix

Another matrix operations that is frequently used is
the transposition. It is very useful in matrix manipulation.

Definition 3.7 Let A be a matrix in R™* ™. The transpose
of A is given by,

AT = [af] € R™™, where a]; = aj;.

When a matrix is transposed, the rows becomes
columns and vice versa.
1 4
2 5|

3 6

1 2 3

Example IfA = [4 5 6

], then AT =

Theorem 3.2 Let A and B be matrices of the same order.
Then
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a) (A+B)T = AT + BT,
b) (AT)T = A, and
¢) (aA)T = aAT.

Proof The proof is straight forward and is left as
exercise.d

Theorem 3.3 Let A€ R™" and Be€ R"™P . Then
(AB)T = BTAT.

Proof We have to show that the dimensions of the matrix
on the left of the equation equals that on the right, and that
each pair of corresponding elements are equal.

The dimension of AB is m X p so the dimension of
(AB)T is p X m. The dimension of AT and BT are n x m
and p X n respectively. So the dimension of the product
BTAT is also p x m.

Let C = AB so that ¢;; = X.3_; ayby;. Thus CT =
[05] = [Cji] = [Z;(l:l ajkbki]. We need to show that this
(i, ™ element of CT is equal to the (i,/)™ element of
BTAT, which is Y, bjay;. Thatis

n n n

T _ _ T T _ T T
Cij = z Ajby; = z ayjbiy = z by.a;; U

k=1 k=1 k=1

Corollary 3.1 Let Aj,A,, ...,A; be matrices whose
dimensions are such that their product A;A, Ay is
defined. Then,

(A1A2 "‘Ak)T = A£A£—1 A1£

Proof Prove by induction. By Theorem 3.3, the Corollary
is true for k =2. We can then state the induction
hypothesis that the Corollary holds for any arbitrary k, and
show that it also holds for k + 1. That is,

T

(A1A2 AkAk+1)T = ((A1A2 "'Ak)Ak+1)
= A£+1(A1A2 "'Ak)T
= A£+1A£A£—1 -+ AL

The first equality holds by the associative property
of matrix multiplication as stated in Theorem 3.1 (d), the
second by Theorem 3.3, and the last by the induction
hypothesis.U
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Problem Show that (A¥)T = (A*)T, where A is
matrix A multiplied by itself & times, for any
positive integer k. (Note that for A* to be defined,
A has to have the same number of rows and

columns. That is, A has to be square. See
Definition 3.9.)

3.5 Special Types of Matrices

Definition 3.8 A matrix A € R™*" is a zero matrix if all
of its elements are zeroes. We write A = 0.

Definition 3.9 A matrix A € R™*" is a square matrix if
m = n. That is, the number of rows is equal to the number
of columns.

Example The matrix [é ﬂ is square, but [é i —01] is

not.

Definition 3.10 The diagonal elements of a square matrix
A € R™™ are the elements a,q, @y, ..., Apn.

Example The diagonal elements of the square matrix of
the previous example are 1 and 4.

Definition 3.11 A diagonal matrix is a square matrix A =
[aij] € R™™" where aij =0ifi i]

That is, only the diagonal elements of diagonal
matrix may be nonzero.

Example The following matrices are diagonal;

0 0 0 O
528[4 O]and070 0
003'0—1' 0 01 O
0 0 0 =5

Problem Leon [1994], page 63, #20.
20.In general, matrix multiplication is not
commutative (i.e., AB # BA). However, there
are certain special cases where the commutative
property does hold. Show that:
a. If D; and D, are nXn diagonal
matrices, then D;D, = D,D;,.
b. If A is an n X n matrix and

B = aol + ¢, A + a,A? + -+ + a,A¥.
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where a,, aq, ..., a; are scalars, then AB =
BA. (See Definition 3.12 below for identity
matrix L.)

Definition 3.12 An identity matrix 1,, is a diagonal matrix
of order n X n whose diagonal elements being ones. An

identity matrix is thus necessarily square.

Example The following are identity matrix of order 2 X 2,
3xX3and 4 X 4,

100
IzzE ﬂJ3=F 1(+mﬂh=
0 0 1

S O O
SO = O
O R OO
= o O O

The identity matrix is so called because of the
following property.

Proposition 3.1 Let A be a matrix in R™*™, Then, I,,A =
A = Al,

Proof The identity matrix I,,, can be written as,

€1
e

L, = 52 ,wheree; =[0 - 0 1 0 - 0]
em

The elements of row vector e; are zeros except the ith
element being one. When A is premultiplied by I,,,, we
have I,,,A = [eiaj] = [ai j] = A. The second equation can
be proved similarly and left as an exercise.Ud

When its dimension is unambiguous, the subscript
of identity matrix I,,, can be suppressed. We can write
IA = A.

Definition 3.13 A matrix A is upper triangular if it is
square and a;; = 0 if { > j and lower triangular if it is
square and a;; = 0 if i <.

Example The matrix [4 _31] is upper triangular and

0
[‘2l 8] is lower triangular.
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A diagonal matrix, identity matrix and even a zero
square matrix are both upper and lower triangular.

However, a row echelon matrix is not upper triangular.
Why?

Problem Suppose that A and B are n X n upper
triangular matrices. Is AB also upper triangular?

Problem Lipschutz [1968], #3.58, page 60. Show
that the sum, product and scalar multiple of:
a. lower triangular matrices is lower triangular.
b. diagonal matrices is diagonal.

Definition 3.14 A matrix is symmetric if AT = A. That is,
a;j = aj;, forall i and j.

A symmetric matrix is thus necessarily square. For
the special matrices seen so far, zero, identity and diagonal
matrices are symmetric.

Problem Johnson, Riess & Arnold [1998], page

69, #30, 31.

30. Find 2 X 2 matrices A and B such that A and B
are symmetric, but AB are not symmetric.
(Hint: (AB)T = BTAT = BA)

31.Let A and B be n Xn symmetric matrices.
Give a necessary and sufficient condition for

AB to be symmetric. (Hint: Recall Exercise
30.)

Problem Let Q be an m X n matrix. Show that
a. QQT and QTQ are symmetric.
b. xTQTQx = 0, for any vector x € R".

Definition 3.15 A matrix is idempotent if A> = A.

We can show by induction that a matrix A is
idempotent if, and only if, for any positive integer k, Ak =
A. Is an idempotent matrix necessarily square?

Example A square zero matrix and identity matrix are
idempotent.

Problem Simon & Blume [1994], #8.7, page 162.
-1 2 3 6
Show that [_ 1 2 and [_ 1 _2] are

idempotent.

Problem Johnson, Riess & Arnold [1998], page
103, #52. Let u be a vector in R™ such that uTu =
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1. LetA =1—uu’, where I is ann X n identity
matrix. Verify that A is idempotent, that is, AA =
A.

Definition 3.16 An elementary matrix is a matrix obtained
by performing elementary row operation exactly once on an
identity matrix.

Example The matrices , 11 0 O and
0 0 3 O 0 0 1
0 0 O

1
L0
but diagonal matrix is not in general. For example,
1 0 0 O

-2

0
0

_12] are elementary. An identity matrix is elementary

0 0 0 1s not elementar
0 3 0 Y
0 0 1

3.6 Elementary Matrices and Elementary Row
Operations

If a matrix B is obtained from performing an
elementary row operations on A, then B can also be
obtained by first performing that exact row operation on an
identity matrix to get an elementary matrix E, and then
premultiplying matrix A by E. That is, B = EA.

_[1 2 3 _[4 5 6
Example Let A—[4 _— and B = 1 2 3
obtained by interchanging the first and second rows. The
elementary matrix needed is E = (1) é] So,
_[4 5 61_[0 1111 2 371_
—[1 2 3]—[1 4 5 6l TEA

Theorem 3.4 If matrix B € R™" is obtained by
performing an elementary row operation once on a matrix
A e R™" | then B=EA, where E € R™™ is the
elementary matrix obtained from performing that exact
elementary row operation on identity matrix.
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€1
.. . . €, C
Proof Write identity matrix as I,, = | .” |. By multiplying
em
row i by a constant a, the elementary matrix obtained is
€1

E =|@¢€;| and the matrix B is the product,

em
_e1
EA: aei [a_l cee a_j cee a_n]

Le,,
B ela.l e ela] e ela.n

= Oleia.l ce aeia.j aeia.n
lepa,; - epa; o epay,
_all cee alj ves aln

=|aa;q aaij ad,
| Am1 amj Amn
-al

= |aa;
La,,

Similar proofs for other two kinds of elementary
row operations are left as exercises.U

Problem Similar to the elementary row operations,
we can define three elementary column operations
to be interchanging a pair of columns, multiplying a
column by a constant, and multiplying a column by
a constant and then add it to another column. Write
a similar theorem for elementary column operations
and prove it.

The reduction of a matrix into a row echelon form
by elementary row operations can then be viewed as
premultiplying the matrix by a series of elementary

matrices until a row echelon form is obtained.

“Problem Is ET also elementary matrix?
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“Problem Leon [1994], page 62, #15. Is the
transpose of an elementary matrix an elementary
matrix of the same type? Is the product of two
elementary matrices an elementary matrix?

Theorem 3.5 Let A be a matrix in R™*™. There exists a
series of elementary matrices E;,E,, ...,E, , and
F,,F,, ..., F; for some finite integer k such that,

a) EtE;,_;--E;A=R, and

b) A = F,F,---F,R.
where R is a matrix in row echelon form.

Proof Any matrix can be reduced into row echelon form in
a finite number of k elementary row operations, and by
Theorem 3.4 we have k elementary matrices.
Premultiplying A consecutively by E;, E,, ..., E, we have
R.

For each elementary matrix, we can do an
elementary row operation to reverse it back to an identity
matrix (See Lipschutz [1968], #3.21, page 53). That is, for
each E;, there exists F; fori = 1,2, ..., k, such that F,E; =
I. Thus, part (b) is obtained by premultiplying both sides
of (a) by F,F, --- F,..U

Corollary 3.2 Let A be a square matrix in R™". IfAis
full rank, there exists a series of elementary matrices
E,,E;, ...,E;, and F,,F,, ...,F; for some finite integer k
such that,

a) E,E;,_;---E;A =1, and

b) A =FF, - F,.

Proof Exercise.ld

Problem Show that rank AB = rank B if the
matrix A is square and full rank.
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