Q1. Given the production function Q = f(K,L) = A[K™ + L" ] where A is the level
of technology, K is capital and L is labor. Suppose that n > 0. Consider the

following problem.

To ensure that the above production function exhibits a decreasing
return to scale technology, what additional restrictions do one need to

a.

place on n?
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b. iJnder the assumption used in (a), show that the production function
satisfies the law of diminishing returns.
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Calculate the marginal rate of technical substitution (MRTS) of labor

&
(L) for capital (K).
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d.  Show that MRTS is a decreasing function in L. That is, as labor
increases, the value of MRTS decreases.
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e. Under the condition(s) assumed in (a), is the production function
satisfied with the global concave property?
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Suppose that K(t) = %tz + 2t + 3 and L(t) = e* + 3, where t > 0 is the number of

periods from now. Consider the following problem

f. Show that Q is increasing over time.

file
g. Compute % when t =0, i.e. growth of output in the initial period.
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Q2. A monopolist faces the market demand given by P = Q~¢ where “c” is a
parameter with positive value, “P” is the price per unit output and “Q” is the

amount of output. Suppose that monopolist’s production technology is given by

1 2
Q = K3L3 where “K” and “L” are the level of capital used and the number of labor

“_ g

employed, respectively. Assume that the unit price of K and L are set equal to “r
and “w”, respectively. Consider the following problems.

a. What type of the return to scale technology does the production function
exhibit?

From Cobb- Do@\as produ.ction function @ = K*- P

Tf &+ p <1, there will be de,creasinﬂ return to scale

If oLty =1, " constant "

If ®Ep 71, ! increasing "
12 )

Consequently , Q. = SEN oL+ B = %*g =

= The production function is consfant return fo scale .



From now on, assume that ¢ = %4 . Consider the following problems.
b. Construct the profit function of the monopolist. (Hint: your profit function

should be expressed in terms of K and L.)

12
P:O\_C Q: K3 L3

from market demand : P = QC

1
4

sbstitute ¢ =% = P-Q
Profit = Total Revenue - Tofal Cost
T = pPQ - [To’ral Cost of caFiJra| + Total cost of labor]

L

T =% -a-[Ke+wl]

The unit price of K is equal tor — tumt price =y
K unit Price = Kr
The unit price of L is equal tow —=  1unit price = w
L unit price = wl
L
T =% -a-[Kr+wl]
s
T =q*-a- Kr-wl



T = Q% - Ke-wlL
12

From @=K?*- | °®
1

T =[K3 La]dr—Kr—wL
13 2__%_

T = (K3 - (L3)" - Kr-wl
1

T = K' 2 -Ky-wlL

1
f(K,L) = K*.

c. The firm wants to maximize profit and seek for combination of the two factor

inputs . Derive the demand for factor inputs, capital and labor.
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from the onduoh'on funchon @ = K% L3
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d. How does the demand for labor vary with respect to w and r? Show your result

by using partial derivative.
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e. Confirm your answer with the second-order condition.
S.0.C find {KK g _FKL 9 ]CLK 71CLL
IR
= Al 42 _
fx K 7L -
3 ]
I Sk Ak
3 ) 1
fiw = -5 K * L2 3
16 f S "_K_‘Zf [1],12 -0
1 KL 4 P
-FKK = _51__2
4 1
16K % Fece— 1




iy
L :JZ-KJ’*LZ—W
_ 21
fc= $[4kAE] 02 -0
) 1
fl = K% L~?
9
-FLK = 31 T
gK% |2
1 1.2
-FLL_ %K}[_%LZ £ ]"‘0
3
£ —K%r L_E
(B
4
%
=K
'FLL + 3
412
H = fee T
'FLK -FLL
| . ]
H= -3L2 1
16K% §K% 12
1
1 —k*
3 1 B
K% L* 412

1

substitute K = ———
chrew




Q3. In a duopoly market, suppose that firms 1 and 2 face market demand, p =
100 — (q; + q,). Firm costs are ¢; = 10q; and ¢, = q3.

(a) Calculate market price under the Cournot environment. How much is
the profit that each firm yields in the equilibrium?

d Caurngt Envirgnment Prafit2(R) = P-g-C2
\ ) -
pofit™ g, - (, = 000-9,+q,) 192 - 47
= (log- 44+ ) 9, - 109 T2 = 10092~ q,q9- 2}
T, = %9,-97-942 Max My Tq= 49243
maxm T=212.8 %1}3 =100 -9,- $92.=0
dlli. = 9-29,-07 =0 :
dq 92= 100-Yq,
q,= 4$-0.5G9
100-qq1= q.g—OYq?_
§§ =3.509
Q9= 154
q,=33.1%3

Q@ =9+02= 15319+ 23143 = §2. 353}
P = l0g-52 353 =43.143%

(b) Calculate the market price under the joint production decision, i.e.
collusive equilibrium. How much is the profit that each firm yields in the

equilibrium?
Total T = T+
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(c) Do you think that the collusive equilibrium will sustain? What would be
the profit of firm 1 if firm 1 chooses to deviate from the collusive allocation?
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Q4. Consider a simple two-market model where demand and supply for each
market is given below. (Notationally, let's name the two markets as A and B,

respectively.)

Market A:
Demand: p, = 10 — 2

Supply: pa=1+0Q,4

Market B:
Demand: pp = 20 — Q3
Supply: ps =2+ 2Qs
. Derive the market equilibrium
. Suppose the government imposes unit tax on both markets at the rate of
tpand tp. Solve for the after-tax equilibrium as the function of t, and tp.

c. How much revenue can the government collect from the taxation?
. Determine the level of t, and tp that maximizes government’s re
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Q5. (Monopolist and the Optimal advertising)
Consider a linear demand equation faced by a monopolist.
Q = 2000 + 4VA — 20P,

where A is the dollar amount of the expenditure on advertisement, P is the unit
price, and Q is the amount of quantity demanded by consumers. Both 6 and f are
strictly positive.

The demand equation is an extended version of the traditional one. The
proposed function captures an idea that advertising can boost the total demand in
the market as potential customers get more information about the product.

Suppose that the monopolist cost function is given by €(Q,4) = c(Q) + 4
where ¢(Q) = 2Q + 1000

a) Construct the profit function.

T=Pa-clay-A

PC2,000+ 4JA~- 20P> - 2@ =-1000-A

\y 2 1
* 2040P + 4PA >~ 20P - 5,000 - 8A ’%-A

b) Determine the optimal pricing (P*) and optimal advertisement (A*) that
maximize the profit of the monopolist.

¥ Y2
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¢) Confirm the result with the second-order differential test, i.e. hessian-matrix
method.
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