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1 Effects of a constraint

e In the previous topic, we studied optimization problems, where the choice variables can be chosen freely.

e Example: A profit-maximizing firm’s objective is:

= PQ-[C(Q1) + C(Q2)]
where Q = Q1 + Q-.

e (1 and )2 can be chosen freely in order to maximize profit.
= Here, Q7 and Q% are free optimal values.

e Question: If there is a production constraint, e.g.QQ1 + Q2 = 900, then how would the firm change its
behavior?
= Q1** and Qo™* will now become the constrained optimal values

e Figure: “Free extremum” vs. “Constrained extremum”

Free maximum
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Constrained
AK L

Constraint
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— Lower the optimum value of the objective function

— Our goal is to come up with the solution method that help finding the constrainted optimum point



e Statement of the problem : Comparison , Constrain-free optimization and Constraint Optimization

Statement of the problem: Comparison

Constrain-free optimization

max (min)y,, f(x,y)

Constraint optimization

max (min),., f(x,y)
such that
glx,y)=c

Statement of the problem: Comparison

Constrain-free optimization

max 200 — (x — 10) 2 — (y — 10)?

Constraint optimization
max 200 — (x —10) * — (y — 10)?
such that

x+y=10




2D representation of the objective
function

3-D curve of the objective function

X=10 and y =10 isthe optimum point under
constraint-free optimization problem.

Introducing a constraint set

2D representation of the objective

3-D curve of the objective function
function

Can we still choose x = 10 and y = 10 when the constraint is imposed?



2 Solution method to find the optimal value(s)

and Lagrange multiplier

2.1 Elimination method (Substitution Method)
2.1.1 Examples

e Example: MAX 7 = zy , subject to x +y = 7.
z,y

e Example: MAX U = x122 + 2z , subject to 4x1 + 2x5 = 60.

Z1,T2

2.1.2 Limitation
e Functional form of the constraint function is too complicate.
2 3

— for example : In z  — Y =—42
y 2+1  ay

e More than single constraint set.

— In general case, there can be more than one constraint.

: Elimination method

— Doable, but difficult /impractical to reduce the problem into unconstrained optimization problem.

2.2 Lagrange multiplier
e Construct a new function called the LaGrange function.

e The function takes the following form:

L(xayv/\§c> = f(xvy) + A [C - g(a:,y)]

where A is LaGrange multiplier.

(an auxiliary variable introduced for computational purpose, to be explained later.)



e Under some regularity conditions, the solution to the constrained optimization is the stationary point for
the LaGrange function.

— A stationary point of a function is the point where “first-order derivatives” are equal to zero.

e Consider the following maximization problem.
Maz f(z,y)
z,y
subject to  g(z,y) =¢

— For LaGrange function, they are (z*,y* and \*) such that

oL _or_or
dx Oy  Ox
L(‘rayaA) = f(m7y) —|-)\[C—g(x,y)]
F.O.N.C.
L“’(x7y) = fﬂﬁ(xvy) - )\gz(%y) =0
Ly(z,y) = fy(z,y) — Agy(z,y) =0
La(z,y) = ¢~ go(z,y) =0

A geometric interpretation

* Keep moving the
objective function until
the function is tangent
to the constraint set.

2.2.1 Examples.
e Example : MAX Z = xy , subject to x +y = 7.
T,y



e Example: MAX U = x125 + 2z , subject to 4x1 + 225 = 60.

Z1,T2

e Example : MAX 2% + 23 , subject to z1 + 4xg = 2

T1,T2

2.2.2 Intepretation of Lagrange Multiplier
e Consider the problem max(min) f(x,y) subkect to g(x,y) = c.
z,y

— solutions to this problem: z*(c¢), y*(¢) , and f*(c).
— f*(c) is called optimal value function.

— First order condition : f, — Ag, =0

d *
e We can show that fd(c) = A(e).
c
Note that the Lagrange multiplier X is the rate at which the optimal value of the objective function changes

with respect to changes in the constraint constant, c.

— Proof : df;ic) = \c)
L) = F(6),y(e)) + M) e~ 9((e),u(e))
D~ (R n ) a1 a -0 et G
= e A B (1 - A B @) + e (e, w(e)] D

At the optimal point, f, = M*g(z*) = f, — X*g(y*) = c — g(z*,y*).

dL*(c)
H =\*
ence, —- (c)
ac* df*
Moreover, since at the optimal point ¢ — g(x,y) = 0. Ed (<) = fd(c).
c c



e In economic applications, ¢ denotes the available stock of some resources, f(z,y) denotes utility or profit.
e \(c)dc is the change in utility or profit that can be obtained from dc units more of the resource.
e Thus, ) is called a “shadow price” of the resource.

e Examples:

ac
— For cost minimization problem, — = M C.
dQo
— For utility maximization problem, — = MU.
dYy
S dm
— For profit maximization problem, ——
dQo
o dq
— For output maximization problem, ——
dCy

Second-order conditions for constrained optimization

e Similar to the unconstrained optimization problem, we need to confirm our result.

e If the objective function is concave at the stationary point (along the constraint set), solution to the
first-order condition is then confirmed to be a constrained maximizer.

e To do this, we check for the property of the second-order derivative matrix of the LaGrange function.

e By checking the property of the so called “Bordered” Hessian matrix.

3.1 Bordered Hessian Matrix

e Proof:
e The second-order sufficient conditions are:

— For maximum of z: d2z is negative definite, subject to dg = 0
— For minimum of z: d?z is positive definite, subject to dg = 0
— where dg = g,dx + g,dy = 0.
e Define the determinant of the Bordered Hessian matrix as:
- Lyxn Lrz Lry

H = £a:,)\ £a:,:r: ACgc,y
Lyx Lyaz Lyy

o Example . Max f(z,y) subject to: g(z,y) =c



H = 9z »Cz,ac ['ac,y
9y Lyaz Lyy

3.2 Second Order Condition
e For maximum, determinant of the bordered Hessian must be POSITIVE.
e For minimum, determinant of the bordered Hessian must be NEGATIVE.
e The sign definiteness of d?z can be determined from the following criterion:*

1. d?z is negative definite subject to g,dr + g,dy = 0 : iff ’H| < 0.
2. d?z is positive definite subject to gxdx + gydy = 0 iff |H‘ > 0.

Summary:
e Step 1: Forming the LaGrange function : for a stationary value of f(x,y) subject to: g(z,y) =c
e Step 2: Derive stationary points of the LaGrange function (Solving the FOCs of LaGrange function)

e Step 3: Checking concavity/convexity of function along the constraint set. —

The second-order sufficient conditions are:

1. For maximum of z, the bordered Hessian is positive |H| > 0.

— Concave: Determinant of Bordered Hessian is POSITIVE. (Maximum)
2. For manimum of z, the bordered Hessian is negative ’H‘ < 0.

— Convex: Determinant of Bordered Hessian is NEGATIVE. (Minimum)

e Example: Determine whether the extremum of the objective function ,
U(.’El, .’ﬂg) =122 + 2£E1

subject to 4x1 + 229 = 60

gives a minimum or a maximum.




e Example: Determine whether the extremum of the objective function ,

U(Jil,aiz) = x129 + 211

subject to 41 + 2x9 = 60

gives a minimum or a maximum.
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4 Economic applications

4.1 Utility Maximization Problem
e Objectiuve function C]y\éf%xU =U(Q1,Q2)

Subject to Yy = p1Q1 + p2Q2

Lagrangian funciton : L(Q1,Q2,A) = U(Q1,Q2) + A [Yo — p1Q1 — p2Q2]
e F.O.N.C.

Ly =U1(Q1,Q2) —Ap1 =0

Ly =Uz(Q1,Q2) —Ap2 =0

Yo —p1Q1 —p2Q2 =0

U ;
= (Q7,Q%) is such that M .y and Yy = p1 Q1 + p2Q-.

Ux(Q1,Q2) m

Second order sufficient condition.

B 0 Gz Gy
’H‘ = 9z Cz,r ﬁm,y
9y Ly Lyy

0 p1 po

= p1 U Up

p2 U Us

= —piUss + 2p1p2Uia — p3U11 > 0

e Example : Suppose that U = 504 4 200B — 0.54? — 2.5B2. Find A and B that maximize utility given
that P, =10, Pg =5 and Y = 490.

11



4.2 Expenditure Minimization

Objectiuve function C]v)\/.l'anE =p1Q1 + p2Q2
1,2

Subject to U = U(Q1,Q2)

e Lagrangian funciton : L(Q1,Q2,\) = p1Q1 + p2Q2 + A [[7 - U(Q1, Qg)]
e 'O.N.C.

Ly = p1— A1 (Q1,Q2) =0 Uﬂé)?%)?)z) IR _Where
Ly = p2—AU2(Q1,Q2) =0 U(Tb) =— and U =U(Q1,Q2)
L}\ — U*U(Ql,Qg):O 2 1,2 D2

Second order sufficient condition.

B 0 Gz Gy
’H‘ = 9z Ez,x ['x,y
Gy Eyyr Ey-,y

0 -Ux —Us
—Us =AUz —AUaz

e Example. Suppose that U = 504 4 2008 — 0.54% — 2.5B2. Find A and B that maximize utility given that
PA:107PB:5andU:U0.

12



4.3 Profit Maximization
e Objectiuve function é\géf%a?ﬂ =p1Q1 + p2Q2 — ¢(Q1, Q2)

Subject to Q = Q1 + Q2
e Lagrangian funciton : L(Q1,Q2,\) = p1Q1 4+ p2Q2 — ¢(Q1,Q2) + A [Q — Q1 — Q2]

e F.ON.C
Li = p1—a(Q1,Q2) —A=0 (Q1,Q3) where
Ly = p2—c2(Q1,Q2) —A=0 pr—ci=pz—c2 and Q=0Q1+ Q2
Ly = Q-Q1—Q2=0

Second order sufficient condition.
0 9z 9y

’H‘ = gz £z,m Em,y
Gy ['yyr ﬁy-,y

0

e Example. Suppose P; = 70, P, = 100, TC = 100 + 0.1Q% + 0.2Q3 and Q1 + Q2 = 325 . Find @Q; and Q,
that maximize the profit.

13



4.4 Output Maximization
e Objectiuve function é/[%a?Q =Q(K,L)

Subject to C = wL + rK

e Lagrangian funciton : L(K,L,\) = Q(K,L) + A [C —wL — K|

e F.O.N.C.
Li = Qr(K,.L)—xr=0 CgK(KLL)) where
Ly = Qn(K,L)—X w=0 % and C =wL+rK
Ly = C-—wlL—rK=0 Qu(K, L)

Second order sufficient condition.

0 9z Gy
’H‘ = 9z E;c,w Lw,y
9y Lyaz Lyy

0

e Example. Suppose Q = KL, w=6,r =10, Cy =60 . Find K and L that maximizes output.

14



4.5 Cost Minimization

Objectiuve function MinC = wL +rK

17Q2

Subject to Q = F(K, L)

e Lagrangian funciton : L(K,L,\) =wL +rK + X [Q — F(K,L)]

e F.ON.C.
Li = r—AFg(K,L)=0 FKEQ ’L§ ) . there
L2 = wi—AFL(K,L):O m:* and Q:F(K7L)
Iy = Q-F(K.L)=0 L) w

Second order sufficient condition.

B 0 9z Gy
’H‘ = 9z E;c,a: Laﬁ,y
9y Lyz Lyy
0
< 0

e Graph Expansion Path:

— Expansion path describes the least cost combination of K* and L* required to produce varying levels
of quantities.
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e Example. Suppose Q = KL, w=6,r =10, Cy =60 . Find K and L that maximizes output.

5 Extensions: n-variable and multiconstraint cases

5.1 Optimization with Equality Constraints: n-Variable and One Equality Con-
straint

e The objective function

z = f(zla T2, X3, -y In)

subject to the contraint g(x1,x2,xs,...,z,) = c.
The Lagrangian function :
L(x1, 22,23, ...Tn, A) = f(x1, 22,23, ..., Tn) + A[c — g(21, 22, X3, ..., Tp)]

e FONC.
Ll = fl(flfl,fﬂg,l'?,,---,xn)*)\gl(xl,lﬂg,m;},-.-,fﬁn) =0
*CQ = f2($17x2,$3,...7$n)—)\92($1,$2,$3,...,$n) :0
Lo = folx1,22,23,...,20) — Agn(x1, 22, T3, ..., ) =0
Ly = c—g(r1, 72,23, ..., Tn) =0

e Bordered Hessian

0 g1 g2 g...
g L1 L2 L.
o = g2 Lo1 Ly L.
g.. L. L. - L.

16



e Bordered leading principal minors can be defined as :

- 0 g1 9
|Ha| = | g1 Lu Lo
g2 Lor Lyz
0 5 g2 g
5| = g L1 Lo L.
° g2 Lo1 Ly L.
g.. L. L. L
0 o g2 g
g Lu L - L.
|H,|=| 92 Lo Lyoo -+ L.
g.. L. L. L

e The conditions for positive and negative definiteness of d?z are :

o . postive definite . _ . |H'Q| , |I173| s e |I:7n| <0
dz is { negative definite } subject to dg =0 iff { |ﬁ2| > 0, |ﬁ3| < 0,|Hy > 0...

| Condition | Maximum __|__ Minimum _

First-order B L=L=L=.=I=0 L=L=L=.=L=0
necessary condition

Second-order |, | > 0;|H| < 0; B )| <0

. s H | <
necessary ‘Eh 0:(=1)" En‘ -0 2P
condition*®

17



Example : Cost minimization

e Objectiuve function MinC = wL +iK +rT

17Q2

Subject to Q@ = F(K,L,T)

e Lagrangian funciton : L(K,L,\) = wL 4+ rK + .....cc...... +A[Q—-F(K,LT)]
e F.O.N.C.
Li = i-AFg(K,LLT) =0 FK(([?L’LT)’T ) where
Ly = w—\FL(K,L,T) =0 ) and Q= F(Q,L,T)
L — =0 FL(KvLaT)
A = s = = FT(K’ LT) = e s FT(K7 L,T) .........

e Second order sufficient condition.

0 9z Gy
_ 9z ‘Cz}w Ew,y
H = Gy Lyaz Lyy
© o _
0
0
[Ha| =
0

18
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5.2 Optimization with Equality Constraints :
straints

5.2.1 The objective function
z = f(z1,22,73,...,7p)
subject to the contraint

gl(xla T2,T3, 7mn) =C1.
92($1, x2,T3, 7xn) = C2.

The Lagrangian function :
L(x1, T2, %3, ...5n, A) = f(x1, T2 23, ...

,Tn) + Aifc1 — gt (w1, 22, 23, .

n-variables and two equality con-

o Tn) + Aalea — g2 (21, T2, 3, ey 1))

5.2.2 FONC.
Ly = fi(@1, @2, 23, ..., 2n) — Mgt (21, 2, T3, o0, Tn) — Nagi (21, T2, T3, .., Tyy) =0
Ly = fo.(#1,22,23,..,20) — Mgl (21,22, @3, .., 2n) — Xag? (21,22, 23, ..., 2n) =0 ‘
. . L; =0;fori=1,2,3....,n

L, = [ (x1,22,23,....7n) — Mg (T1,22, 23, ..., T) — Nog? (@1, 22,23, ... xn) =0

‘Ci = f,,,_(mhxg,xg,...,xn)—)\19 ..... (xlvaaxL’n 7xn)_)‘2.g ..... ($1,$27x3,...,l’n) =0 for i= ]-721 , Ny

‘Cx\l = c..—g” (Z‘l,.’EQ,J?g, ,.’L'n) =0

Ly, = c..—g (w1, 22,23, ..., Tp) =0

5.3 Optimization with Equality Constraints :
straints

5.3.1 The objective function
z = f(x1,22,73,...,7p)
subject to the contraint

gl(x1a$27x37 axn) =C1.
g3 (w1, 22,23, ..., Ty) = Ca.

g (21,9, X3, o0y Ty) = C..

The Lagrangian function :

L(x1, X2, T3, ...Tp, A)
+.oo.o+ 2 e

20

n-variables and k equality con-

= flz1,22,23,....xn) + Mer — g (@1, T2, T3, s Tn) + Aale2 — g2 (21, T2, T3, ooy T

s



5.3.2 FONC.
Ly = Ji(x1, 2, 3, ...
Ly =
*Cn = f....(x17x27x37"'

L;=0;fori=1,2,3....n

Tn) — ML (1, To, 3, ey ) — A2gh (21, T2, T3, ry Tp) — ..

,mn) -

vy Tpy) —

(l’l,mg, I3, ...

f‘..(xlax27x37 7xn) - >\19,1‘,A(«T17332>333a 7xn) - )\29%,.(1.171‘27;63) eevy mn) T e

J ) — e

ey )

‘C'L = f“.($17x27w37”7xn)_Alg,]:__,(xlaIEvaSa 'axn) _)\2g'2”(x17$2,1}3,..7$n) T e _)‘g(xla‘r27x377xn)
fori=1,2,...,n
‘c)\l — g (.’131,.132,1'3, 71;71)
‘C)\Q = — g ($1,$27I3, ,Z'n)
Ly = C..—g"" (1‘1,3027933, ,Tn)
5.3.3 Bordered Hessian
[0 0 0 g 9 9 ]
0 0 0 ¢ g 9
. 0 0 0 g 95 gk
H = 1 5
91 9 9" L1 Lo L.
95 93 95" L1 Lo Lo
L 9% 9n” gn L. L. L. |

5.3.4 Second order condition

e The second order sufficient conditions are stated in terms of the signs of the following (n — k) bordered
leading principal minors:

and the sign of |I§k+1

of (—1)k.

|I;[k+1| ’ |‘Hk+2| JRXER) |E[n| 5 |-Hn| = |H|

= (~Dk,

e For a maximum of z, the bordered leading principal minors alternate in sign

e For a minimum of z, the bordered leading principal minors take the same sign

5.3.5 Example :

e The objective function

subject to the contraint
g(z1,z2,23) = c.

z = f(x1, 2, 23)
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h(l’l, %2,%3) =d.

The Lagrangian function :
L(x1,m2,73,\) = f(21,22,73) + Ai[c — g(z1, 2, 23) + No[d — h(21, T2, 73)]

¢ FONC.
Ly = Ji(xr, w2, 23, 0 2n) — A1g1(21, 2, 23) — A2hy (21, 2, 73) =0
Ly = f.(2x1,22,23,....,0n) = A 9. (21,22,23) = XD (21,22,23) =0 Li=0;fori=1,2,3....n
Ly = f..(x1,22,23,....0p) = A_g.. (x1,02,23) = A h_ (v1,22,23) =0

e Hessian Matrix
0 0 g1 92 93
0O 0 M ho h_.
H = g1 hi Ly Lo Ly
g2 he Loy Lo Lo
g3 hs Loy Lo Lo

e For a maximum of z, the bordered leading principal minors alternate in sign and the sign of ‘}_I k+1| =

(~1)H+,

e For a minimum of 7, the bordered leading principal minors take the same sign of (—1)*.
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