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CHAPTER 7

Derivatives of More-Than-One Independent Variable Function

Topics:

e First-order partial'derivatives
Second-order partial derivatives
Differential
Total differential
Total derivatives
Implicit-function'and its derivative
Examples in economics

Partial market equilibrium
Multipliers in macroeconomic models
Utility function

Production function

Etc.
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In comparative-static analysis, we are likely to encounter the situation in which

several parameters/independent variables appear in a model. Many functions in

economics, such as Production function, Cost function, Profit function, Utility function,

Demand function, deal with many independent variables. Therefore, we must learn how

to find the derivative of a function of more than one variable (Multivariable calculus).

£
5%

“Transition of idea”

Single variable calculus/

Optimization with one choice variable

Multivariable calculus/

Optimization with more-than-one choice variable

Function: ch 5,b

\’ = "(:(.X)

Function:

ch3 %,
g = FOx, %y, 5%0)

Derivatives:

Partial Derivatives:
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Examples of multivariable function in economics

=) EH J —Pz b) k’ are
The constant elasticity demand function /{ Cnstonts & equel *
- L Y respechuel
a1 = f (1,12, Y) = kpE DLV P P
The firm’s production function (“Phﬁx ed peo vor'h""\ prvolhoﬁc\ fewctic,

Linear:

c c
cW(V\ = .}
7 C(r C( / C)_]

@:@”2@ _—_‘th\iQJ"k =1

Cobb-Douglas: . 2C
G~ hin [z& ) sz
o L
. j - mind2, 2y -2

Leontief: i ¢ Gy 1}
X1 X = - ) =
q = min —1 —2 DV i, C.
C1 Cz
= m{n [L 1 1—&
Constant elasticity of substitution: 2
g-1 9-115-1
q=C lnxl" + (1 —mx,° I
- »
v Cs |-meee =1
362 >
Geometric Representations of Functions of Several Variables é‘ X
¢ waits o , G ks of %,
O xX=a @ px+qy+rz;:n e resuired +s producs,
+ < ;
) e9. budget comir even oddifeml Lot
4 Mr Ctpat-.
5 //, \
Co y \ ~
x= >

= /‘(
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Cobb-Douglas producti&lnction with labor and capital
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Level Curves forl z = f(x,y) l k

From above three-dimensional graphs, we can find the relationship between x

and y at each level of function f. That is, we can find x and y such thaj flx,y) =c.

Looking at each level of f and plot the relevant x and y, then we will get “the level

curve” at that level of f.

Draw the level curve of z = f(x,y) = —x? — y?

xA2-y"2-z=0

v

A level curve of production function is an isoquant curve.

v

v
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Partial Derivative

Let

Y =f(xn X2, %),

where x4, ..., x,, are independent variable and all independent of one another, so that

each can vary by itself without affecting the others. If the variable x; changes by Ax;,

while x5, ..., x,, all remain fixed, there will be a corresponding change in y, Ay. The
difference quotient is:

Ay fOrq + Bxy, X 00, X0) — [ (1, X5, 000, X)
Ax4 Ax4

The partial derivative of y with respect to x; is:

. Ay . f(xl + AxlﬁxZJ ---:xn) - f(xlyxZJ ---;xn) _ ay _
lim — = lim = =fi
Ax1-0 Ax;  Axy—0 Ax, 0x,

The key :

We must hold n — 1 independent variables constant while allowing one variable to vary.

Fory = f(x4,x,), we find:

a .
% by assuming x, to be a constant.

1
d .
% by assuming %; to be a constant.

2

ay 0
Example: y = (x4, X,) = 3x% + x;X, + 4x% , what are aTy , aTy ?
1 2
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| . ] | 9y 9y
Example..y = f(u,v) = (u+4)(3u +@ . What are ==, == 2

Example: y = f(u,v) = (3u — 2v)/(u® + 3v) , what are Z—i , % ?

H-W-
o Compute all the partial derivatives of the following function
a) 4x?*y —3xy3 + 6x
b) xy
¢) xy?
d) e?x+3y

x+y
e)g

£) 3x%y —7x[y

e Compute the partial derivative of the Cobb-Douglas function

q = kix;'x,2and of the Constant Elasticity of Substitution (CES)

g
o-1 0-11g-1

production function q =C nxlT + (- n)sz
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Economic Interpretation

. +
is Marginal product of capital, M Py | 5\\'% [aba~ a5 & cngton

¢ « (_a()a'ﬁ-(, U
(

{t

is Marginal product of labor, MP;

3 1
Example: Find MPg and M P, of Cobb-Douglas production functi04 Q = 4K+La, a\

the current level of factors a( L= 625,51( 10,000 as ¥ custerd
O
3
[ 3/q —3fy /q_
..... MPem 3RO L= NER ) K
.......................................................................................... -llz.[.llq. |
(4K (LA = 3k L = 3[LN\?
K
.............. =8
....?f‘.qlc..[{._c.(,;,e)./{(.;lc.lqse ............................................ = éZ ..............
fcs Koy
Example: Find MU,,, MU,, of the utility functiol}x U(xy,x5) = x,logx, .
....... MUy 7 B =S Bl
l 9% aS'('Ea@”‘f\M
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Higher-Order Partiwe

) af . ) . .. a
Since % is a function of x4, ..., x,,, we can also find partial derivative of %
1 1

f= oz, %, .00

The second ord@r‘[ial derivative of f'is:
S —
? d (of 9% f X
f(_xb(?) (029 N

s

G am

*f . .. : o . : o
. ;x ,1 # j, is called cross partial derivatives or mixed partial derivatives.
jorL

Second-order Derivative and Hessians

—

3 1
Example: Find all second derivatives (H Q = 4K4L« ﬂ

T T
=.3K.L

I R R R R

.f’f ...... o pery oL deivetive [ R
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Function with n independent variables will n? second order partial derivatives, from

which we can write out the n X n matrix. Row i, Column j corresponds to 63;’3];]-' This
matrix is called Hessian Matrix. The Hess-ian m%tEx isgacsymmet%it matrix (Young’s
theorem). €% ) Rayeey¥n) = E RN S,
0%f 0% f
dx?  \0x,0x, ) -
H =H

Inx\

H-W-
1) Let y = f(xy,%,) = x,e*1**3 find f, ,f,, and Hessian Matrix
2) Let Q =f(K,L,T) = AK*LPTY, find marginal products, and Hessian

matrix

The Total Differential of A Function of Several Variables {-’ /
- L) AL
fy=foead Ly = VO
Derivatives vs. Differentials Y o é:\f _ T o)
d %

hav ruth ' dqanstd
when X dengs
The symbol Z—i’ for the derivative of the function y = f(x) has been regarded as a 1w

single entity.

We shall now reinterpret Z—z as a ratio of two quantities, dy and dx, the differentials

of y and x, respectively. ¢ e Qy\-ﬁb
£iFrereniols 5

fl) dedvehve

A Herenhdl '(hcx

@=f’(x)dx \ AiRerenfial

f'(x) is a “converter” translating a given independent change dx into a counterpart

change in dependent change dy.
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The process of finding dy from a given function y = f(x) is called differentiation.
The process of finding derivative j—z from a given function y = f(x) is called

differentiation with respect to x.

H-W- Given that y =3x*+7x—5, find dy 9
A
\/ ={:(_x(),.,)><n) j

Total differentials

The concept of differential can easily be extended to a function of two or more

independent variable. Consider a saving function:

S is Saving, Y is national In:

{ c.[ .l +c oave
The partial derivative of S with respect to Y: gi-s ...... MAN PWP@& b ....... S

C‘/an,;{}n S vhen v tihanje.g 1 w\ih glven ¢ Cosglont
For any change in Y, dy, the rgsulting change in S can be approximated by the
porfel difteruticl. Hm

- : ds Sl ¢ ot
quantity: ........ asdﬂ%c,hanse,msvhen e b‘a— d:] ! ! ol
v

The partial derivative of S with respect to i: ..... D L

h di, the resulting ch e Tn S when ( changs 1 onil Gl y ST
For any change in i, di, the resulting change in S can be approximated by the

Parhfaﬂ. '-(:-Gw:,:i‘)& ‘EWV'\ ¢

quantity: 95 d¢ = Cl’\.CMSQ_ ln S when (, d’Lo\mjcs [p:j dy Wuhj 5(»:,\\_,

B R R I I R Y = R R

2.6 Conptet

The total change in S is then approximated by the total differential of saving
function: Tven howge in 7 omel Th ¢

L L
a a | o
av- .............. 0. asde .. T 9 SAG L
Chcmbv. th S Y - 20
i Herenticl K S

The partial differential of the saving function:
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Rule of Differentials
For a constant k, and function U(Xy, X;) and V (X, X3)

Rule 1: dk =0

Rule 2: d(cU™) = cnU™ 1dU
Rule3:d(UxV)=dU +dV
Rule 4 : d(UV) = UdV + VdU

Rule 5: d (%) _ VdUV—ZUdV

H-W- Find dy for
@ y = 5x2 + 3x,
2) y=3x+x.x2

3 — X1+X2
)y Zx%

4) y =3x:(2x, — 1)(x3 + 5)
5) y=—-5+30x; — 3x% + 25x, — 5x% + x,x,, given that x; =5, x, =
2,dx1 = 002, dxz =0

28 d
= ofF dxy T2 -

dﬂ’ 2%y %
3 Ax,

Lo, d.\(,.‘ T

otux/_—_
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Question: Consider equilibrium consumption hich is a function of

equilibrium national income and exogenous tax, C(Y*,T,). \Whatis the rate-of change

| . — * <
of the function C(Y~, Ty) with respect to T,,, when o are related? /

:

_‘_
o

T
=21D+F|%H’m The

To answer this question, we need to learn about total derivative.

. o - . C . lirste
Unlike a partial derivative, a total derivative does not require thesargument vY*98 rémain &
_ o W T St
constant as T, varies. A total derivative allows for the postulated relationship between crowse
the two arguments.
C = ‘('\ C TDD

dc ... deivehie of

d, C W, b T
Finding the Total Derivative

Consider y = f(x, w),|wheré x)= )
4 [herd=gw)

Question: What is the total derivative of y with respect to w? How to do the total
differentiation of'y with respect to w?

Note that: the two functions f and g can be combined into a composite function y =
f(g(w), w)

The three variables y, x, w are related to one another. In the following channel map,
w, the ultimate source of change, can affect y through two separate channels:

(1) Directly, via the function

(2) Indirectly, via the function g, then f



L dyf

dw

_ 1 [k f

y = Flxw) X= gL
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“Channel Map”

the diredt ehfest =¥ et chenye
W oon \l VJHW‘\R‘L sc}"
?_’F £ 8w
W N AW
- ¢ 'P
He Indtredt eflest ©
W ©on \/
The direct effect can be represented by the partial derivative ¢
) h " Jonce Fhon W gbwmsu-) Jolding ¥
L9k oo ke & 'Fw ........... Ay Vo Y J canstand
on (o8 i Foumivg oft
The indirect effect can be represented by a product of two derivatives: fthe w Ane L)
dx.. (e .00 o
hinses ho i
dw \r\f&,\l T N Mange Hren X g AR
, by tireChain rule for a composite Tutiction censtn

RUT w Changey W thages
Adding up the two effects give us the total derivative of y Wit Tespect to w:

Alternatively, we can also find the total derivative by:

(a.) Total differentiating the function y = f(x, w)
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Example 7: Find Total derivative :—‘i, when +. ¥

— N e/
y=f(x,w) =3x—w?,x=g(w) =2w?+w+4 b w
.......... & K’ -

e T
SOOI OO G X' 0 s OO T2 ) SOOI
......... ... or. Con ey sdshtue | xzgu fnfe y=10oqw)

Example 2: U = u(c,s),and s = g(c), c is quantity of coffee, s is quantity of

sugar, which depends on quantity of coffee consumed. How much will total utility

change as quantity of coffee consumed changes?

Three channels:

N
y = W), 51 = 902 = h(w) Whatis 229

d: = £, + £ 4 + €, da
a:i ................ WL x\...a}?V:\ .............. K?‘"b('v\zlr ...............
X
/ \
y ~ f w
£ h
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Example 3: Q = Q(K,L 1), @ @

Example 4:(QP = g(P, 1), I =(f(P), QP is quantity demanded, I is

income, and P is price- N

..... T
;{Lf:’*nw ...... Subs tifien ... baCSne
e offeck ek

H-W- Find total derivative of
(7') z=f(x,y,t),x =a+bt,y =c+dt
(2:) z=f(x,y) =2x +xy —y* x = g(y) = 3y?

Chain rule:
Example 5: Let y = In(x; +xz)@an x, = t9- Find % by direct

substitution, draw channel diagram, and also find Y by chain rule-

...... dy. by direct sishehen 4 = InCh +47 5 dy
IR B SR T RIRARA SRS X
.................................................................................. g
............................. hoin e, 5 T
R~ », e
......................................................... dy..=.. 0% %%+ 3% &G
J_{ ax, dt L, db
- 1 %7 + A 2t
....................................................................... TR
HW- Find Cat t=0, z=""2 x=t"+1, y=VZ+1, w=e'+1
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. ER ¥ = a+tb %
]-Implicit Functionﬂ Y Icg i

A function given in the form of y = f(x) is called an explicit function, because the

variable y is explicitly expressed as a function of x. For example, y = f(x) =i}f.

é\l = 12
d¥%

Consider a given F(y,x) = 0. For F(y,x) = 0, the left hand side is a function of the

two variables y and x. TF QY , % ) = OJ
A

RPCY,%) =0

For example(;3 —x%y — i + 5xy = 0] =
4 X

N = fon)  implit Fction
ppli it Fuwnotin +

F(y,x) = 0 can imply the function y = f(x), in which case the function f is called

an implicit function.

Derivatives of Implicit function
If the equation F(y, x) = 0 can be solved for y, we can write out the function y = f(x)

and find its derivatives by the methods learned before.

But if the equation F(y,x) = 0 cannot be solved for y, the derivatives of implicit

function can be found by applying the concept of total differentiation.

’ F(y,x)=0 (

dF(y,x) =0
de < | Fydy1+\de}\= 0
-T
Thus, the implicit-function rule: (L‘I = P

= -

=

dorivative of § Wrtxdy p_«x Fy
of e nglict 2 R ydx F,

For F(y, x4, ..., X;,) = 0, the partial derivative ﬁ of the 1mp1101t function y =
F (.\b (B
[ (X1y wey X)) 18 -[i(, x(,

¥ = :a___
N fl_axi

<
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Example: Consider Utility function U = U (x4, x,), find the marginal rate of

Ve substitution. And, if U =U(x3,%3) = x{"xf ,Is'the indifferent curve convex?

P I

= Jne comeunt . of 2,

DI R AR DA D R I I I R R I AR R AR

which a CShsumepy

DI I T I I I I R I I I i R R R R R I I I P I PSPPI

bl diffeented * dE - B, dw, + F, dy = dO = o
o T d, | s RN Ve e Vool Np TRy TSR S0 5
ro @l +6 @ =0 . Res 3F =300
......................................... }(,‘.....‘\..... 1w ..Z...................3....... ‘....Wl.— ?1,
................ . Fy,.ldu'l = Uy.l’muxl

e s e e oot cesoannn

U e ee s el o T o poane s W= ECU(.Y(;!Q 'G)
')K,J\

L
Ay = —HY, i o Punclion c:F Wy Koy Sach et W R, o reloted to
d, [ elhother tn G Wy thet VW) = U ol
¢ - < S
! J“q l\\ « (Z\QW'\L
v (]
dh =d (9] = 2 () ¢ B (du ol
Homework: Find Z—i’ for wh@;n"z Z A, N, A, ) d, ‘obf.l
5 7 )
«i . 1) y3= JSZL}:IJZ 1y S5xy =0 = 9 —éEL-> + ?— -2 % O—llt
v 2 7%{ y W‘ F= ‘ﬂ-\ -au2 % Uy d,‘)t,l
P 2)x3+2x%y —3xy? —y3 =0
e, )X 2y 30y oy I S — 4. (—é.&t
3)x%y?+e*—e¥ =0 = & y_‘L pY, e w
4)3In(x +y) = y? — 4x? > 2
Ay 4 Xof A%
- ,_L = [ ;,\ 2L 2
dw, « |
= & (_'L + ?L) Lz 7 C V
P p x\')_ T n 3
"‘ lc C.(AV'VC (5 @ KKQ
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Applications in Economics

Utility function

@)

What are the conditions for law of diminishing marginal utility to hold?

Consider Utility function U = U (x4, x,). Find marginal utility of each good.

................. l"\.Ut,l:;av(xng;) =, U'IL

2 T Mg,
............................................ D
................ BMU%IT_?_Q-U(G-FOPWQLCW f
................. Oy RN Sl Rinll MU
.................. MU*_.LQ
.................. EMUI'L""'

oW,

ompare marginal utility of good 1 and

3
........................................................................... ,(/.&.2.
.............. N"le 21\):1(.\(1'['7—)(,12—1‘5)
1 9\(."
S
........................................................................... g
.............. sy T B R IR
PR
........... MO L 202 (o0 = BEe)
1. u“é‘ L"
MO = 300
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fand

ke Production function

[
I

o ConsideE= f(K,L) = AK“LB,A< a,f <1

Find marginal product of each factor of production. What are the conditions for law of

diminishing marginal product to hold?

...... MPLQEQ'cPAKa\LF_‘
oL

................................................................................. g
LAMPL = '._a._.?‘ﬁ?.t............=............p(:p- st & ot PLI
Al R
................................................................ L',l\)MP[_J/
........ P e et
@-M‘PK= ......................................................................................... A <\
e

4 Crts ¢ ris

ioniiger Q = f(K, L). Whether a production is constant, increasing and
decreasi;g return to scale can be considered as follows.
Cvds o inrese KL B fines ———> Qo ingeae. T Foes
s TR L e VT T 2. A e e e
drs to0 —g f e 2. &t Less then - Himes
Waen noeee kLo E Fmes . pegef L TCEK ELD
ey &  fauewe  EHme tfe, LD



Gh aﬁ%%f(’f%fj&géza zﬁ/)q_ CGa 4.0/1/ /.Pw:v\ 6’{5(,; /é’,?ﬁ),e}f/z /ﬁé&? 02 ,‘F(‘-E KS/’nby[_(_j 27

........ e & Maoesse Sdme R EGe LD
oS p 50813 WP T 1 4V B DY
VOO -SSR 5 SO0 T30 70 DU -3 1 0 N 5 DO
1o WIS <A et et b b Fus
............................................ &..&.................................................................

LE e leh d&= AR (5 and et KL Ingray £ fimes,

¢
e il st GO ELY = ACERCEP

T '&d\.ﬂs&LK‘)[—J .............
ers oo FFewn = haU,D) H Mp =t
oo o Bhew > Takiys dip 2L
A o FPex) L takl2dp L
.......................................................... Qe @55
.......................... eq, G=AK L = (s

......................................................................... = ..‘.EC-.K,.:,JLL.
Nekes  LE we Con ke any fefion 70 the fom of

................... N ='('\('+‘¢L5..’§.‘.¢J,') = tox L D)

_9 ....... chtﬁm& ...... Q' :AK&LP"_SOL’-(—P
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-5 Elasticity

=% =% Elasticity of output with respect to factor of production

Q=f(K,L)=AK%LF,0<a,p <1

- g
..... B2 levoe e 28z Mb = L PAKCLC
o ~ oL L. B-
......................... ?LQ&APLAK LPI
& =B
..... EK=2&&=°L
2K o]
Elasticity of demand
1
Consider Q4 ="f(PgyPg;¥)'= 100 — 10P, 0.3)/, Find own price/cross
price/income elasticity of quantity demanded. )‘3 =91 = 50()) Q4 =60 N
Own price elasticity:
b
OO A Y. SIPTONL S =.Tlo.f = <0.¥ <°
A 9 D
P R A A S
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Cross price elasticity:

PSSO SO 7 S =46 e 2 19T ;O
...... ?“m“m”?f%”mﬁikm“m“m“m““m”§&x“m“m“m”m“m”%im“m“
= > O £ subsitute,

............... Ey o= 96 L - 03 .1l _ogyx5x >0

HOMEWORK %

1.) Market equilibrium
0,=0,

Q,=a-bP (a,b>0)
Q. =—c+dP (c,d>0)

+_a+c Q*_ad—bc
b+d ’ b+d
dP* 9Q* AP* dQ* AP* AQ* AP* AQ*
What are —, —, —, —, —, —, —, — ?
ataea > 9a’ dc’ dc’ ab’ ab’ ad’ oad

2.) Multipliers in Keynesian crossing model

Y=C+I+G+X-M

Y=Co+C(Y-T)+1,+iY +Gy+ X, +y,Y —M,—2AY
Y=Cy+C (Y —t,~tY )+ 1, +iY + G, + X, + 1Y —M,—AY

C,~t,C,+1,+G,+ X, +y,Y —M,

Y. =
£ 1-C (1-1,)—i+4,
What are 2YE 2Ye 0V Ve,

aY*’ dly’ a¢cy’ 9Cy



