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The Three-Variable Model

1 2 2 3 3i i i iY X X uβ β β= + + +

2β
3βThe coefficients        and         are called the partial 

regression coefficients
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Assumptions
Linear regression model, or linear in the 
parameters
Fixed X values or X values independent of the 
error term. We require zero covariance between          
and each X variables

Zero mean value of disturbance 

iu

2 3cov( , ) cov( , ) 0i i i iu X u X= =

iu

2 3( | , ) 0,i i iE u X X for each i=



EE 325 1/2012 (Ajarn Kaewkwan 
Tangtipongkul)

Homoscedasticity or constant variance of

No autocorrelation, or serial correlation, 
between the disturbances

iu
2var( )iu σ=

cov( , ) 0,i ju u i j= ≠
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The numbers of observations n must be greater than 
the number of parameters to be estimated

There must be variation in the values of the X 
variables

No exact collinearity between the X variables

There is no specification bias



EE 325 1/2012 (Ajarn Kaewkwan 
Tangtipongkul)

Interpretation of Multiple 
Regression Equation

2 3 1 2 2 3 3( | , )i i i i iE Y X X X Xβ β β= + +

The conditional mean or expected value of 
Y conditional upon the given or fixed 
values of 2 3X and X
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The Meaning of Partial Regression 
Coefficients

The coefficients        and         are called the partial 
regression coefficients

The meaning of partial regression coefficient is as 
follows

measures the change in the mean value of, Y, 
E(Y), per unit change in        , holding the value of         
constant. 

2β 3β

2β
2X 3X
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measures the change in the mean value of, Y, 
E(Y), per unit change in        , holding the 
value of          constant. 

3β

2X
3X
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OLS Estimation of the Partial Regression 
Coefficients

1 2 2 3 3
ˆ ˆ ˆ ˆi i i iY X X uβ β β= + + +

2 2
1 2 2 3 3

ˆ ˆ ˆˆm in ( )i i i iu Y X Xβ β β= − + +∑ ∑

The OLS procedure consists of choosing the values of 
the unknown parameters so that the residual sum of 
squares (RSS)             is as small as possible2ˆ iu∑
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Variance and Standard Errors of OLS 
Estimators
In all these formulas variance          is the 

homoscedastic) variance of the population 
disturbances 

An unbiased estimator of          for the three variable 
model is given by

2σ

iu
2σ

2
2

2 2
2 2 3 3

ˆ
ˆ

3
ˆ ˆˆ

i

i i i i i i

u
n

u y y x y x

σ

β β

=
−

= − −

∑

∑ ∑ ∑ ∑
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( )
2 2 2 2
2 3 3 2 2 3 2 3 2

1 22 2
2 3 2 3

1 1

22
2 32

2 23 22 2 2
2 23 2 3

2 2

21ˆvar( )

ˆ ˆ( ) var( )

( )ˆvar( ) ,
(1 )

ˆ ˆ( ) var( )

i i i i

i i i i

i i

i i i

X x X x X X x x
n x x x x

se

x x
r

x r x x

se

β σ

β β

σβ

β β

⎡ ⎤+ +⎢ ⎥= + ⋅
⎢ ⎥−⎣ ⎦

= +

= =
−
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∑ ∑ ∑
∑ ∑ ∑

∑
∑ ∑ ∑
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2

3 2 2
3 23

3 3

2
23

2 3 2 2 2
23 2 3

ˆvar( )
(1 )

ˆ ˆ( ) var( )

ˆ ˆcov( , )
(1 )

i

i i

x r

se

r
r x x

σβ

β β

σβ β

=
−

= +

−
=

−

∑

∑ ∑



EE 325 1/2012 (Ajarn Kaewkwan 
Tangtipongkul)

Properties of OLS Estimators

The three-variable regression line passed 
through the means. Thus in the k-variable 
linear regression model

1 2 2 3 3

1 2 2 3 3

...

ˆ ...

i i i k ki i

k k

Y X X X u

Y X X X

β β β β

β β β β

= + + + + +

= − − − −
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The mean value of the estimated                 is equal to 
the mean value of the actual

The residuals        are uncorrelated with        and      , 
that is 

The residuals        are uncorrelated with     ; that is 

ˆ
i iY Y=

iY

ˆ ˆ 0iu u= =∑
ˆiu 2iX

3iX

2 3ˆ ˆ 0i i i iu X u X= =∑ ∑

ˆiu îY

ˆˆ 0i iu Y =∑
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From the variance equation, it is evident that as 
, the correlation coefficient between      and         , 
increases towards 1, the variances of        and
increase for given values of         and            or
In the limit, when              (i.e., perfect collinearity), 
these variances become infinite

23r
2X 3X

2β̂ 3β̂
2σ 2

2ix∑ 2
3ix∑

23 1r =
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For given values of        and          or             , the 
variances of the OLS estimators are directly 
proportional to       increases. Similarly, for given 
values of         and      , the variance of       is inversely 
proportional to               ; that is, the greater the 
variation in the sample values of       , the smaller the 
variance of       and therefore      can be estimated 
more precisely

23r 2
2 ix∑ 2

3ix∑

2σ
2σ 23r 2β̂

2
2ix∑

2X
2β̂ 2β
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Given the assumptions of the classical linear 
regression model, one can prove that the OLS 
estimators on the partial regression coefficients 
not only are linear and unbiased but also have 
minimum variance in the  class of all linear 
unbiased estimators. (BLUE) 
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The Multiple Coefficient of 
Determinant (      )

Measure the goodness of fit of the regression 
equation
We would like to know the proportion of the 
variation of Y explained by the variables                      
jointly. 
The quantity that gives this information is known 
as the multiple coefficient of determinant

2R



EE 325 1/2012 (Ajarn Kaewkwan 
Tangtipongkul)

The Multiple Coefficient of 
Correlation (R)

Measure of the degree of association between 
Y and all the explanatory variables jointly
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Y

X

Y

X

iY

îY
ˆ( )iY Y due to regression− =

iY Y total− =

ˆiu due to residual=
SRF

1 2 2 3 3
ˆ ˆ ˆ

i iX Xβ β β+ +
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2 2( )i iy Y Y= −∑ ∑

2 2ˆ ˆˆ ( )i iy Y Y= −∑ ∑

2ˆiu∑

TSS ESS RSS= +

Total variation of the actual Y values 
about their sample mean 

(Total Sum of Squares, TSS)

Variation of the estimated Y values about their mean 
(Explained Sum of Squares, ESS)

Residual or unexpected variation of the Y values about the 
regression line (Residual Sum of Squares, RSS)
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R-squared
2

2

2

1

ˆ
1 i

i

ESSR
TSS

RSS
TSS

u
y

=

= −

= − ∑
∑
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R-squared

Lies between 0 and 1
Nondecreasing function of the number of 
explanatory variables
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Relationship between R-Squared and the 
variance of a partial regression coefficient in 
the k variable multiple regression model

Where       is the partial regression coefficient of 
regressor and         is the      in the 
regression of           on the remaining (k-2) 
regressors.

2

2 2

1ˆvar( )
1j

j jx R
σβ

⎛ ⎞
= ⎜ ⎟⎜ ⎟−⎝ ⎠∑

ˆ
jβ

jX 2
jR 2R

jX
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Example- Child mortality 

2

3

( )
( )

( )

Y C hild m orta lity C M
X per cap ita G N P P G N P

X F em ale literacy ra te F LR

=

=

=
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CM is the number of deaths of children under 
five per 1000 live births

PGNP is per capita GNP in 1980

FLR is measured in percent 
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1 2 3

2

263.6416 0.0056 2.2316
(11.5932) (0.0019) (0.2099)

0.7077

i i i i

i i i

CM PGNP FLR u

CM PGNP FLR
se

R

β β β= + + +

= − −

=

=
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As PGNP increases by one thousand dollars, on 
average, the number of deaths of children under age 5 
goes down by about 5.6 per thousand live births. 

Holding the influence of PGNP constant, on average, 
the number of deaths of children under age 5 goes 
down by about 2.23 per thousand live births as the 
female literacy rate increases by one percentage point
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If the values of PGNP and FLR rate were fixed 
at zero, the mean child mortality rate would be 
about 263 deaths per thousand live births
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2Adjusted R

2
2

2

ˆ /( )
1

/( 1)
i

i

u n k
R

y n
−

= −
−

∑
∑

k = the number of parameters in the model 
including the intercept term
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For k>1, Adjusted R-Squared < R-Squared implies 
that as the number of X variables increases, the 
adjusted R-Squared increases less than the unadjusted 
R-Squared
Adjusted R-Squared can be negative

2 2 ( 1)1 (1 )
( )
nR R
n k
−

= − −
−
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Other criteria are often used to judge the 
adequacy of a regression model

Akaike’s Information criterion 

Amemiya’s Prediction criteria
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Comparing Two R-Squared 
values

The Sample Size n must be the same
The dependent variable must be the same
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Functional Form

The Cobb-Douglas Production Function
Polynomial Regression Models
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The Cobb-Douglas Production Function

32
1 2 3

i
i i iY X X eβ μββ=

2

3

log

Y output
X labor input

X capital input

u stochastic disturbance term
e base of natural

=

=

=

=

=
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2 3

2 3

2 3

1

1

1

C O N STA N T R E TU R N TO SC A LE

D E C R E A SIN G R E TU R N TO SC A LE

IN C R E A SIN G R E TU R N TO SC A L E

β β

β β

β β

+ =

+ <

+ >
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1 2 2 3 3

0 2 2 3 3

ln ln ln ln

ln ln

i i i i

i i i

Y X X u

X X u

β β β

β β β

= + + +

= + + +
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Example 
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The U.S. manufacturing sector for 2005, the 
output elasticities of labor and capital were 
0.4683 and 0.5213, respectively 

2 3

2

2

ln 3 .8876 0 .4683 ln 0 .5213 ln

(9 .8115) (4 .7342) (5 .3803)
0 .9642
0 .9627

i i iO u tpu t labor cap ita l

t
R
R

= + +

=

=

=
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Polynomial Regression Models

2
0 1 1Y X Xβ β β= + +

The general kth degree polynomial regression 

The stochastic version may be written as
2

0 1 2

2
0 1 2 ...

i i i

k
i i k i i

Y X X u

Y X X X u

β β β

β β β β

= + + +

= + + + + +

which is called a second-degree polynomial regression 
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2
0 1 2

ˆ ˆ ˆ
î i iY X Xβ β β= + +

1 2

ˆ ˆ ˆ2i
i

i

Y X
X

β β∂
= +

∂

When X increases one unit, Y will increase or 
decrease by unit1 2

ˆ ˆ2 iXβ β+
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Example: 
Estimating the total cost function
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       _cons     141.7667   6.375322    22.24   0.000     126.1668    157.3665
          x3     .9395882   .0591056    15.90   0.000      .794962    1.084214
          x2    -12.96154   .9856646   -13.15   0.000    -15.37337    -10.5497
           x     63.47766   4.778607    13.28   0.000     51.78483    75.17049
                                                                              
           y        Coef.   Std. Err.      t    P>|t|     [95% Conf. Interval]
                                                                              

       Total       38982.9     9  4331.43333           Root MSE      =  3.2849
                                                       Adj R-squared =  0.9975
    Residual    64.7438228     6  10.7906371           R-squared     =  0.9983
       Model    38918.1562     3  12972.7187           Prob > F      =  0.0000
                                                       F(  3,     6) = 1202.22
      Source         SS       df       MS              Number of obs =      10

2 3
0 1 2 3

ˆ ˆ ˆ ˆ
î i i iY X X Xβ β β β= + + +
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2 3

2

ˆ 141 .7667 63 .4776 12 .9615 0 .9396

(6 .3753) (4 .7786) (0 .9857 ) (0 .0591)

0 .9983

i i i iY X X X

R

= + − +

=

X = output
Y= Total cost ($)
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Elementary price theory shows that in the short run 
the MC and AC curves of production are typically U 
–shaped – initially, as output increases both MC and 
AC decline, but after a certain level of output they 
both turn upward again the consequence of the law of 
diminishing return 
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Partial correlation coefficient

The coefficient of correlation ( r ) as a measure of the 
degree of linear association between two variables
For the three variable regression model we can 
compute three correlation coefficients

correlation between Y and 
correlation between Y and 
correlation between       and

12

13

23

r
r
r

2X

2X 3X
3X
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measure the degree of linear association between Y 
and         when a third variable      may be associated 
with both

Partial correlation coefficient between Y and        
holding         constant 

2X12r

3X
2X12.3r

3X
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Partial correlation coefficient

12 13 23
12 .3 2 2

13 23

13 12 23
13 .2 2 2

12 23

23 12 13
23 .1 2 2

12 13

(1 )(1 )

(1 )(1 )

(1 )(1 )

r r rr
r r

r r rr
r r

r r rr
r r

−
=

− −

−
=

− −

−
=

− −
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Relationship between        , simple correlation 
coefficients and partial correlation coefficients

2R

2 2 2 2
12 12 13 .2

2 2 2 2
13 13 12 .3

2 2
2 12 13 12 13 23

2
23

(1 )

(1 )

2
1

R r r r

R r r r

r r r r rR
r

= + −

= + −

+ −
=

−
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The proportion of the variation in Y explained by 
and            jointly is the sum of two parts:

1. The part explained by         alone
2. The part not explained by                       time 

proportion that is explained by         after holding 
the influence of            constant

2X

2 2 2 2
12 12 13 .2(1 )R r r r= + −

2X
3X

2X 3X

2
12( )r=

2
12( 1 )r= −

2X
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Source

Gujarati, D.N. (2009) Basic Econometrics. 
5th ed. Singapore, McGraw-Hill


