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Pym	
  Manopimoke,	
  PhD,	
  Bank	
  of	
  Thailand	
  

Op=mal	
  Risky	
  PorFolios	
  
•  When	
  choosing	
  the	
  op=mal	
  alloca=on	
  between	
  a	
  risk-­‐free	
  

asset	
  and	
  a	
  risky	
  porFolio,	
  we	
  have	
  assumed	
  that	
  we	
  have	
  
already	
  selected	
  the	
  op=mal	
  risky	
  porFolio	
  

•  In	
  this	
  sec=on,	
  we	
  learn	
  how	
  to	
  determine	
  the	
  op=mal	
  risky	
  
porFolio	
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Example	
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Modern	
  PorFolio	
  Theory	
  

•  Harry	
  Markowitz	
  

•  Adjunct	
  Professor	
  of	
  
Finance	
  

•  UC	
  San	
  Diego	
  

•  An	
  economist	
  who	
  devised	
  the	
  
modern	
  porFolio	
  theory:	
  ‘PorFolio	
  
Selec=on’,	
  The	
  Journal	
  of	
  Finance,	
  
1952	
  (Published	
  while	
  a	
  graduate	
  
student	
  at	
  the	
  University	
  of	
  Chicago	
  at	
  
25	
  years	
  old)	
  

•  Best	
  known	
  for	
  his	
  work	
  in	
  modern	
  
porFolio	
  theory,	
  emphasizing	
  the	
  
importance	
  of	
  diversifica=on	
  	
  

•  Markowitz	
  won	
  the	
  Nobel	
  Prize	
  in	
  
1990,	
  while	
  a	
  professor	
  at	
  CUNY	
  

•  A	
  Markowitz	
  Efficient	
  PorFolio	
  is	
  one	
  
where	
  no	
  added	
  diversifica=on	
  can	
  
lower	
  the	
  porFolio’s	
  risk	
  for	
  a	
  given	
  
expected	
  return	
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Recall	
  the	
  Concept	
  of	
  Diversifica=on	
  

5	
  Source:	
  Berk	
  &	
  DeMarzo	
  (2007)	
  

-­‐6-­‐

•  In	
  prac=ce,	
  there	
  is	
  a	
  limit	
  to	
  which	
  you	
  can	
  reduce	
  porFolio	
  
vola=lity	
  

•  Because	
  there	
  are	
  some	
  risks	
  that	
  cannot	
  be	
  completely	
  
diversified	
  away!	
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Mean	
  Variance	
  Analysis	
  

•  Up	
  un=l	
  the	
  mean-­‐variance	
  analysis	
  of	
  Markowitz	
  
became	
  known,	
  an	
  investment	
  advisor	
  might	
  have	
  
given	
  you	
  the	
  following	
  advice:	
  
–  If	
  you	
  are	
  young	
  you	
  should	
  put	
  money	
  into	
  a	
  
couple	
  of	
  good	
  growth	
  stocks,	
  maybe	
  even	
  into	
  a	
  
few	
  small	
  stocks.	
  Now	
  is	
  the	
  =me	
  to	
  take	
  risk	
  

–  If	
  you	
  are	
  close	
  to	
  re=rement,	
  you	
  should	
  put	
  all	
  
of	
  your	
  money	
  into	
  bond	
  and	
  safe	
  stocks,	
  and	
  
nothing	
  into	
  risky	
  stocks.	
  Don’t	
  take	
  risks	
  with	
  
your	
  porFolio	
  at	
  this	
  stage	
  in	
  your	
  life!	
  

Mean-­‐Variance	
  Analysis:	
  Preview	
  

•  We	
  will	
  show	
  that	
  the	
  op=mal	
  porFolio	
  of	
  
risky	
  assets	
  is	
  exactly	
  the	
  same	
  for	
  everyone,	
  
no	
  maher	
  what	
  their	
  tolerance	
  for	
  risk	
  
–  Investors	
  should	
  control	
  the	
  risk	
  of	
  their	
  porFolio	
  
not	
  by	
  realloca=ng	
  among	
  risky	
  assets,	
  but	
  
through	
  the	
  split	
  between	
  risky	
  and	
  risk-­‐free	
  
assets	
  

– The	
  porFolio	
  of	
  risky	
  assets	
  should	
  contain	
  a	
  large	
  
number	
  of	
  assets	
  -­‐	
  it	
  should	
  be	
  a	
  well	
  diversified	
  
porFolio 	
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A	
  PorFolio	
  of	
  Two	
  Risky	
  Assets	
  

Real	
  world	
  relevance	
  
•  Client	
  looking	
  to	
  diversify	
  a	
  single	
  concentrated	
  holding	
  in	
  

one	
  par=cular	
  asset	
  
•  PorFolio	
  manager	
  looking	
  to	
  add	
  an	
  addi=onal	
  asset	
  to	
  a	
  

pre-­‐exis=ng	
  porFolio	
  

•  What	
  are	
  the	
  characteris=cs	
  of	
  a	
  porFolio	
  that	
  is	
  composed	
  
of	
  these	
  two	
  assets?	
  

	
  

PorFolio	
  Characteris=cs	
  (n=2	
  case)	
  

•  The	
  porFolio’s	
  expected	
  return	
  is	
  a	
  weighted	
  sum	
  of	
  the	
  
expected	
  returns	
  of	
  assets	
  1	
  and	
  2	
  

	
  

•  The	
  variance	
  is	
  the	
  square-­‐weighted	
  sum	
  of	
  the	
  variance	
  plus	
  
twice	
  the	
  cross-­‐weighted	
  covariance	
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Example:	
  n=2	
  case	
  

	
  
•  How	
  does	
  correla=on	
  affect	
  the	
  risk?	
  Derive	
  the	
  minimum	
  variance	
  

fron=er	
  under	
  3	
  different	
  assump=ons	
  

•  Under	
  each	
  assump=on	
  we	
  can	
  plot	
  out	
  a	
  set	
  of	
  expected	
  returns	
  
and	
  standard	
  devia=ons	
  for	
  different	
  combina=ons	
  of	
  the	
  assets	
  

•  Minimum	
  Variance	
  Fron3er	
  	
  is	
  the	
  set	
  of	
  porFolios	
  with	
  the	
  lowest	
  
variance	
  for	
  a	
  given	
  expected	
  return	
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No	
  Diversifica=on	
  Benefit	
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Perfect	
  Hedge	
  	
  
•  Perfect	
  Hedge	
  is	
  a	
  hedge	
  that	
  gives	
  a	
  porFolio	
  
with	
  zero	
  risk	
  

•  It	
  is	
  possible	
  to	
  find	
  a	
  perfect	
  hedge	
  with	
  these	
  2	
  
securi=es	
  

•  We	
  have	
  created	
  a	
  ‘synthe=c’	
  risk-­‐free	
  security!	
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Diversifica=on	
  and	
  PorFolio	
  Effect	
  

•  The	
  diversifica=on	
  effect	
  
–  The	
  reduc=on	
  of	
  porFolio	
  standard	
  devia=on,	
  compared	
  
with	
  a	
  simple	
  linear	
  combina=on	
  of	
  the	
  standard	
  
devia=ons,	
  that	
  comes	
  from	
  holding	
  two	
  or	
  more	
  assets	
  in	
  
the	
  porFolio	
  (provided	
  their	
  returns	
  are	
  not	
  perfectly	
  
posi=vely	
  correlated)	
  

–  The	
  size	
  of	
  the	
  diversifica=on	
  effect	
  depends	
  on	
  the	
  
degree	
  of	
  correla=on	
  among	
  asset’s	
  returns	
  

–  Generally,	
  the	
  more	
  different	
  the	
  assets	
  are,	
  the	
  greater	
  
the	
  diversifica=on	
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PorFolio	
  Characteris=cs	
  (General	
  n	
  asset	
  case)	
  

•  The	
  porFolio	
  expected	
  return	
  is	
  always	
  the	
  
share-­‐weighted	
  sum	
  of	
  the	
  expected	
  returns	
  
for	
  the	
  assets	
  included	
  in	
  the	
  porFolio	
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PorFolio	
  Variance	
  (n>2)	
  

•  Given	
  a	
  vector	
  of	
  porFolio	
  weights	
  and	
  the	
  matrix	
  of	
  
variances	
  and	
  covariances,	
  the	
  porFolio	
  variance	
  is	
  computed	
  
by	
  adding	
  all	
  cells	
  by	
  the	
  product	
  of	
  the	
  row	
  weight,	
  the	
  
column	
  weight	
  and	
  the	
  cell	
  variance	
  or	
  covariances	
  

Set	
  of	
  All	
  PorFolios	
  of	
  Risky	
  Assets	
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Effect	
  of	
  Increasing	
  #	
  of	
  Assets	
  in	
  an	
  	
  
Equally	
  Weighted	
  PorFolio	
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What	
  if	
  a	
  risk-­‐free	
  asset	
  is	
  available?	
  

•  Recall	
  that	
  the	
  capital	
  alloca=on	
  line	
  is	
  the	
  
straight	
  line	
  through	
  the	
  risk-­‐free	
  asset	
  and	
  
the	
  risky	
  asset	
  

•  Adding	
  the	
  risk-­‐free	
  asset	
  generates	
  a	
  number	
  
of	
  CAL	
  choices	
  	
  
– Which	
  CAL	
  to	
  choose?	
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CAL	
  with	
  two	
  risky	
  assets	
  
•  Assume	
  we	
  can	
  only	
  trade	
  in	
  risk-­‐free	
  asset	
  with	
  
3%	
  return	
  and	
  risk	
  assets	
  B	
  and	
  C	
  where	
  

	
  with	
  correla=on	
  coefficient	
  0.5	
  
•  We	
  can	
  compute	
  the	
  minimum	
  variance	
  fron=er	
  
created	
  by	
  combina=ons	
  of	
  B	
  and	
  C	
  
–  The	
  risk-­‐free	
  asset	
  plus	
  B,	
  or	
  the	
  risk-­‐free	
  asset	
  plus	
  C	
  
gives	
  us	
  two	
  possible	
  CALs	
  

CAL	
  with	
  two	
  risky	
  assets	
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The	
  Mean-­‐Variance	
  Efficient	
  (MVE)	
  PorFolio	
  	
  

Finding	
  the	
  MVE	
  PorFolio	
  (Algebra)	
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Op=mal	
  Risky	
  PorFolio	
  

•  Adding	
  the	
  risk	
  free	
  asset	
  generates	
  a	
  number	
  of	
  
CAL	
  choices	
  	
  

•  The	
  feasible	
  set	
  of	
  porFolios	
  becomes	
  more	
  
ahrac=ve	
  

•  We	
  can	
  iden=fy	
  an	
  op=mal	
  risky	
  porFolio	
  which	
  
dominates	
  all	
  other	
  risky	
  porFolios	
  (irrespec=ve	
  
of	
  risk	
  preferences)	
  

•  The	
  op=mal	
  (tangency/MVE)	
  porFolio	
  has	
  the	
  
highest	
  Sharpe	
  ra=o	
  among	
  all	
  feasible	
  porFolios	
  
(highest	
  slope)	
  

Op=mal	
  PorFolio	
  with	
  Many	
  Risky	
  Assets	
  

•  What	
  does	
  the	
  minimum	
  variance	
  fron=er	
  
look	
  like	
  now?	
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•  We	
  get	
  the	
  possible	
  combina=ons.	
  Can	
  we	
  do	
  
beher?	
  

PorFolios	
  of	
  PorFolios	
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The	
  Case	
  of	
  N	
  Risky	
  Assets	
  

The	
  ‘Efficient’	
  Set	
  of	
  Risky	
  PorFolios	
  

•  Among	
  the	
  set	
  of	
  all	
  possible	
  porFolios	
  
constructed	
  from	
  risky	
  assets,	
  the	
  efficient	
  
porFolios	
  give	
  the	
  minimum	
  risk	
  for	
  given	
  
expected	
  return	
  or	
  the	
  maximum	
  expected	
  
return	
  for	
  given	
  risk	
  

•  Harry	
  Markowitz	
  developed	
  a	
  mathema=cal	
  
algorithm	
  based	
  on	
  quadra=c	
  programming	
  to	
  
determine	
  the	
  set	
  of	
  efficient	
  porFolios	
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Op=mal	
  PorFolio	
  Selec=on	
  

1)  Es=mate	
  expected	
  return,	
  variances-­‐covariances	
  
matrix	
  

2)  The	
  weights	
  are	
  determined	
  by	
  quadra=c	
  
programming	
  op=miza=on	
  with	
  constraints	
  
based	
  on	
  either:	
  
–  For	
  given	
  expected	
  return,	
  find	
  the	
  minimum	
  variance	
  
–  For	
  given	
  variance,	
  find	
  the	
  maximum	
  expected	
  return	
  

Note:	
  You	
  can	
  do	
  this	
  by	
  using	
  Solver	
  in	
  Excel	
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4)	
  Trace	
  out	
  the	
  minimum	
  variance	
  fron=er	
  by	
  repea=ng	
  
the	
  op=miza=on	
  for	
  all	
  levels	
  of	
  expected	
  return	
  
5)	
  Graph	
  the	
  efficient	
  fron=er	
  
6)	
  With	
  a	
  risk-­‐free	
  asset,	
  find	
  CAL	
  with	
  highest	
  Sharpe	
  
ra=o,	
  with	
  the	
  point	
  of	
  tangency	
  with	
  efficient	
  fron=er	
  
being	
  the	
  op=mal	
  risky	
  porFolio	
  
	
  
Note:	
  We	
  can	
  also	
  maximize	
  the	
  Sharpe	
  ra=o	
  by	
  
introducing	
  the	
  risk	
  free	
  rate	
  asset	
  from	
  the	
  outset	
  and	
  
find	
  the	
  porFolio	
  with	
  the	
  steepest	
  CAL	
  

	
  -­‐	
  no	
  constraint	
  on	
  expected	
  return	
  or	
  variance	
  just	
  
the	
  the	
  porFolio	
  weights	
  sum	
  to	
  one	
  

	
  -­‐	
  won’t	
  get	
  en=re	
  minimum-­‐variance	
  fron=er	
  

Example	
  

•  Consider	
  three	
  risky	
  assets,	
  A,	
  B,	
  C	
  with	
  risk	
  
free	
  return	
  at	
  3.5%	
  

•  Refer	
  to	
  Markowitz.xls	
  and	
  tutorial	
  on	
  moodle	
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The	
  Investor’s	
  Op=mal	
  PorFolio	
  

•  Lies	
  on	
  the	
  expanded	
  efficient	
  porFolio	
  locus	
  
•  The	
  posi=on	
  depends	
  on	
  the	
  investor’s	
  
artude	
  towards	
  risk	
  ie.	
  degree	
  of	
  risk	
  
aversion	
  which	
  influences	
  the	
  shape	
  of	
  the	
  
indifference	
  curve	
  

Example:	
  Op=mal	
  Risky	
  PorFolio	
  
•  Inves=ng	
  $100,000,	
  risk-­‐free	
  =	
  0.5%	
  
•  Stock	
  1	
  has	
  expected	
  return	
  8%,	
  stdev	
  12%	
  
•  Stock	
  2	
  has	
  expected	
  return	
  13%,	
  stdev	
  20%	
  
•  The	
  correla=on	
  between	
  the	
  two	
  stock	
  returns	
  is	
  zero.	
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Op=mal	
  Complete	
  PorFolio	
  

•  Inves=ng	
  $100,000,	
  A=8,	
  risk-­‐free	
  =	
  0.5%	
  

Two	
  Fund	
  Separa=on	
  

•  Key	
  result	
  in	
  modern	
  porFolio	
  theory	
  
•  An	
  investment	
  problem	
  can	
  be	
  broken	
  into	
  two	
  parts	
  
–  Find	
  the	
  op=mal	
  porFolio	
  of	
  risky	
  securi=es	
  
–  Find	
  the	
  best	
  combina=on	
  of	
  the	
  risk	
  free	
  asset	
  and	
  this	
  
op=mal	
  risky	
  porFolio	
  

•  Separa=on	
  property	
  –	
  the	
  porFolio	
  choice	
  problem	
  is	
  
separated	
  into	
  2	
  independent	
  tasks.	
  	
  
–  The	
  1st	
  task	
  (finding	
  the	
  op=mal	
  risky	
  porFolio)	
  is	
  purely	
  
technical	
  and	
  is	
  the	
  same	
  for	
  all	
  clients.	
  

–  The	
  2nd	
  task	
  (capital	
  alloca=on)	
  depends	
  on	
  risk	
  preference	
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Passive	
  Strategy	
  is	
  Efficient	
  

•  Basic	
  message:	
  your	
  risk/return	
  tradeoff	
  is	
  
improved	
  by	
  holding	
  many	
  assets	
  with	
  less	
  
than	
  perfect	
  correla=on	
  

•  The	
  op=mal	
  risky	
  porFolio	
  is	
  the	
  same	
  for	
  
every	
  investor,	
  and	
  is	
  the	
  market	
  porFolio	
  

•  No	
  need	
  for	
  stock	
  selec=on	
  
•  Investors	
  need	
  only	
  to	
  adjust	
  the	
  mix	
  of	
  risk-­‐
free	
  asset	
  and	
  the	
  market	
  porFolio	
  based	
  on	
  
risk	
  aversion	
  


