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Solution: Exercise 8 (Part 1)

Techniques of Integration: Substitution rule/Integration by parts/Trigonometric integrals/Partial fractions

1. Evaluate the integrals.

(a) fsin?’(m) cos?(x) dx

Solution: Let u = cos(z). Then du = —sin(z)dx and

/ sin®(2) cos?(z) d = / sin?(z) cos? () sin(z) da / (1 — cos?(z)) cos?(z) sin(z) dz

3 5
= /(l—u / u4du:—%+%+0

cos®(z)  cos®
= — +C.
3 + 5

fo COS

Solution: Let U= sin(x). Then du = cos(z)dxr and
whenz=0=u=0andz=7/2=u=1,

7l'/2(3085 X Tr = Tr/2 COS2 X 2COSI T = 7r/2 —Sil'l2 X 2COS.I X
/0 (z) d —/0[ () <>d—/0 11— sin?(x)]? cos(z) d

1 1 2 W1t
= /[1—u2]2du:/ 1— 20 +uldu = |u— Zud+ =
0 0 3 51y

2 1 8
= [1-Z4Z|-0=—.
[ 3+5] 0=15

2. Evaluate the integrals (integration by parts).

(a) f zln(z) dx
Solution: Let u = In(z), dv = zdx = du = Ldz, v = 122
From integration by parts: [udv =uv — [wvdu,

1 1,1 1 1
/:cln(x) dx = ln(x)§x2 - / 2:62 dx = 5952 In(z) — = /:cdx = —2%In(z) — Ldz+C.
x

(b) f re®® dx
Solution: Let u = z, dv = e**dx = du = dz, v = %e
From integration by parts: [udv = uv — [ vdu,

1 1 1 1
2x _ T2 - 2 — —pplx 2
/xe dr = 2:66 /26 dx 2.736 46 + C.

(c) fsin_l(x) dx
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Solution: Let u = sin~(z), dv = dx = du =
From integration by parts: [udv =uv — [wvdu,

/sin_l(:n) dr = xsin—l(x)—/x\/ll_iﬂd:c
— asinl(z) - /(1 )L (—;) d(1 — 22)

= xsin!(z) - (—1) (1_1:;;)1/2 +C =xsin !(z) +V1—22+C.

(@) [ a2 cos(3r) do
Solution: Let u = #%, dv = cos(3z) dz = du = 2xdz, v = §sin(3z).
From integration by parts: [udv = uv — [ vdu,

1 2
/x2 cos(3z) = §x2 sin(3z) — 3 /xsin(&r)dm
|
(%)
and from (*), we will apply again integration by parts.

Let U = z and dV = sin(3z)dz = dU = dz and V = —3 cos(3z)

1 1 A
/msin(3x)d:v = —% cos(3z) + / 3 cos(3z)dx = —g cos(3z) + 9 sin(3z) + C.

By substituting (*) and letting C' = —%C’, we have
1 2 1 A
/a:2 cos(3z) = —a?sin(3z) — = _ cos(3z) + = sin(3z) + C
3 31 3 9
= le sin(3z) + g(:05(3%) _2 sin(3z) + C
-3 3 27 '
(e) f sin(In(z)) dz

Solution: Let u = sin(In(z)), dv = dx = du = cos(In(z))1dz, v = x.
From integration by parts: [udv =uv — [vdu,

/sin(ln(m)) dr = xsin(ln(z)) — /mcos(ln(x))idaj = zsin(In(z)) — /cos(ln(ac))d:ﬂ
(*)

and from (*), we will apply again integration by parts.
Let U = cos(In(z)) and dV = dz = dU = —sin(In(z))idz and V =z

/cos(ln(a:))da: = zcos(In(z)) + /xsin(ln(x))idm = zcos(In(z)) + /sin(ln(w))dw
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By substituting (*) and letting C' = %CA', we have

/ sin(n(z)) dr = wsin(in(z)) — [xcos(ln(m))—i— / sin(ln(m))dw]

2/sin(ln(x)) dx = xzsin(ln(z)) — zcos(In(z)) + C

. 1 . 1
/Sln(ln(x)) dx = 5% sin(In(z)) — 3% cos(In(z)) + C.

f et sin(3t) dt

Solution:

Let u = sin(3t), dv = e*dt = du = 3cos(3t)dt, v = Le*.
From integration by parts: [udv = uv — [ vdu,

/e sin(3t)dt = %e%sin(?)t) ;/e cos(3t)dt
—_—
(%)

and from (*), we will apply again integration by parts.
Let U = cos(3t) and dV = e?'dt = dU = —3sin(3t)dt and V = %

1
/e cos(3t)dt = ithcos(3t) ;/e sin(3t)dt

S
()
By substituting (*),
1 31 3
/e sin(3t)dt = —e?!sin(3t) — = | =e* cos(3t) + /e sin(3t)dt
2 22 2
9 Lot 3 o
(1+Z) esin(3t)dt = ¢ s1n(3t)—ze cos(3t)
/e sin(3t)dt = hd 162'5sin(3t)—§62tcos(3t) +C
13 [2 4 '

fO x cos(2z) dx

Solution: Let u = z, dv = cos(2z)dx = du = dz, v = § sin(2x).
From integration by parts: [udv = uv — [ vdu,

/2 T w2 (T2 1 a1 1
/0 2 cos(2z) d = [58111(2@}0 - /O 5 sin(2e) do = 04 [eos(22)f5/* = 7(~1-1) = .

h) fol (22 +1)e™® dx

Solution: Let u = 22 + 1, dv = e *dx = du = 2zdx, v = —e~.
From integration by parts: [udv = uv — [ vdu,

1 1 1
/ (z* +1)e ™ do = [e " (2 + 1)](1) + / 2z ™% dr = -2 41+ 2/ xe * dx.
0 0 0
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Then fol xe~* dx can be computed by integration by parts again: Let U = z,dV = e *dz =
dU =dz,V = —e™ 7%,

1 1
/ ze T dr = [fxe_m]é +/ e dr = —2¢ 1+ 1.
0 0
That is,

1
/ (2®+ e " dr=—-21+1+2(—2e"+1)=—6e"+3.
0

() [, n(va) da

Solution:

4 11 1 1 3
/1 In(vr) do = /1 §1n(x) dr = 2/1 In(z) de = 5[90 In(z) — 2]} = 21n(4) — 7

We have used integration by parts: [udv = wv — [wvdu, Let v = In(z), dv = dz =
du = %dw, v = .

/ln(x) dz = z1n(z) — /:ci do = 2In(z) — 2 + C.



