Matrices,
Algebra of Matrices
&
Elementary Operations

/|
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Wh a.t I S a M at r | X ’) (Not a movie trilogy staring Keanu Reaves)

A matrix is a rectangular array of numbers (or functions) enclosed in brackets.
These numbers (or functions) are called the entries (or elements) of the matrix.

For example,
Columnl Column2 Column n
&y &, o @y (Rowm
A=[a]= d,, ay, o Ay, |Row2
| :
_aml . te amn | Rowm

A'is a matrix of dimension (size) m x n (m rows and n columns)
8 is an entry or an element of the matrix
Q; is a main diagonal entry

|
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0.3 1 -5
is a 2 x 3 matrix (Rectangular Matrix)

0 -02 16

-x 27
€ 2x isa 2 x 2 matrix (Square Matrix)
e 4x

a11 a1 13
is a 3 x 3 matrix (Square Matrix)
Qg Qg az3

azy (£27) Q33

0 a, - 0 is a diagonal matrix
oo 10
0 0 . ann
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10 -0
| = 010 is an identity matrix or a unit matrix
Do 0
00 -1
1 2 _ _ _ 1 00
0 5 is an upper triagular matrix |5 3 (| is a lower triagular matrix
00 3 45
0 -0
00 - 0f _
0=|. o| isazero matrix
00 -0

[a1 as agz] isalx3matrix (we usually call it a row vector)

4

1 is a 2 x 1 matrix (we usually call it a column vector)
2
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Vector

A vector is a matrix with only one row or column. Its entries are called the components
of the vector. We shall denote vectors by lowercase boldface letters a, b, - - - or by its
general component in brackets, a = [a;], and so on. Our special vectors in (1) suggest
that a (general) row vector is of the form

Basic operations of matrices

Equality of Matrices

Two matrices A = [ay,] and B = [by] are equal, written A = B, if and only if they
have the same size and the corresponding entries are equal, that is,
aj; = by, A13 = by, and so on. Matrices that are not equal are called different.
Thus, matrices of different sizes are always different.

a=([a az -, ay) For instance, a=[-2 5 08 0 11
A column vector is of the form Let
bl aq1 (V) 4 0
by 4 A= ad B= .
b= . For instance, b= 0]. Then dz21 a2 3 -1
B _ ap =4, ag= 0.
b ! A=B if and only if
a9y = 3. adog = -1.
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. . Scalar Multiplication (Multiplication by a Number)
Addition of Matrices

The sum of two matrices A = [a;] and B = [by] of the same size is wrilten
A + B and has the entries a; + by, obtained by adding the corresponding entries
of A and B. Matrices of different sizes cannot be added.

A+B= [ajk +bjk]m><n

For example;

2 -1 3 4 7 -8 6 6 -5
0 4 6|+49 3 5|=9 7 1
-6 10 -5 1 -1 2 -5 9 -3
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The product of any m X n matrix A = [a;;] and any scalar ¢ (number c) is written
cA and is the m X n matrix cA = [cay] obtained by multiplying each entry of A

by c.
Cay; Ca, - Ca,
CA = Ca.21 Cﬁ‘lzz o Ca.Zn
Caml Camz o Camn
27 -18 =27 1.8 3 -2 0 0
If A=|0 09|, then -A= 0 -091. |9—OA= 0 1|, A= |0 0.
9.0 -45 -90 435 10 -5 0 0
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2 -3
_ 4 0 5 B:].l 1 C
-1 3 2 3 5 7 0 1

Properties of Matrix Addition

Cummulative law (a) A+B=B+A
Associative law _ .
of addition (b) (A+B)+C=A+B+0 (written A + B + C)
c A+0=A
A+B= ©
(d) A+ (—A)=0.
Properties of Scalar Multiplication
= = A+B)=cA+c
A + C ZB Distributive laws @) < ) ¢ B
(b} (c+ kA =cA+ kA
(c) c(kA) = (ch)A (written ckA)
(@ 1A = A,
A-2B
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Matrix multiplication Example
Three different ways with the same answer: 1 1 612
Method 1: Each entry of ABis the product of a row and a column. 3 0 3|5|=
1 1 4|0
(AB)L,. = anby +anby + - + amby.
by
by
an dap - Qi . = (4B),
buy
(AB)ij=row i of A times column j of B
This single entry is the inner product of the two vectors.
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2 36
EXAMPLE A=[ . Compute

|
—

(=]
[E—
=~
Il
= o

|
1 =

AB, ifitis defined.

Solution: Since 4 is 2 x 3 and Bis 3 x 2, then AB is defined and
ABis %

2 -3
236 28 n
AB = 0 1 =
-1 01 H N
4 -7

EXAMPLE: If 4is 4 x 3 and B is 3 x 2, then what are the sizes of
AB and B4?

Solution:
EE
B
* %k *
AB = - =
* k¥
® ok
* Ok Ok
Which is
*® k%
¥ x
ERE
B4 would be *
* %k ¥
¥ x
EE

||fA ism=nandBisnxp, then 4B is m = p.
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Example 1 1 62
Method 2: Each column of ABis the product of a matrix and a column 3 0 3|5|=
11 4|0
Suppose 4 ismxnand Bisnxpwhere B=[bi by - by ]
AB = [4b; 4b; - 4b, ]
Example
bu blZ 1p
b21 bz1 2p 2 3 4 3 6 _
AnnBrp =] Ann Ao Ann 1 =511 =2 3
bnl bnz bnp
Column j of AB= A times column j of B
The number of columns in A4 has to equal the number of rows in B.
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4 =2
2 -3
EXAMPLE: Compute 4Bwhere 4= | 3 -3 andB=|: ; ﬂ :|
01 '

Solution:

-4 2
=] -24 =| 16
6 -

-4 2

=d4dB=| -4 26

6 =7

Mote that 4b; is a linear combination of the columns of 4 and 4b, is a linear combination of the
columns of 4.

Method 3: Each row of ABis the product of a row and a matrix

row i of AB=row i of A times B

< ols S o)
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Properties of Matrix Multiplication
Cautions ! Properties of matrix multiplication
AB is not always equal to BA
Try 5 20 Let 4 be m x n and let B and C have sizes for which the
A L 2} and B L ﬂ} indicated sums and products are defined.
el - . J
a. A(BC) = (4B)C (associative law of multiplication)
IFAB =AC, B is not necessary equal to C b. A(B+ C) = AB + AC (left - distributive law)
eg. My - - s C. (B+C)d=B4A+C4 (right-distributive law)
| -2 A - ) . D -
A —174 6 _| B —|:5 :_J and C= {3 1 } d. 1(4B) = (r4)B = A(rB)
BeC but AB— AC for any scalar
] e. Ind =4d=AI, (identity for matrix multiplication)
If AB =0, A or B is not necessary equal to 0
eg. -
P s
Toler o207 AB=0
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Transposition of Matrices and Vectors

The transpose of an m X n matrix A = [az] is the n X mmatrix A" (read A transpose)
that has the first row of A as its first column, the second row of A as its second
column, and so on.

a, a4 -- 4, a; @y Ay

--- a a
A=[ﬂ”]= ﬂ:u B:n . “:"‘ AT _ |:aji:| — a12 22 m2
Om - ‘-’ a:I.n a2n amn

Transposition of Matrices and Vectors

5 4
5 -8 1

1r A= ., ten A"=|-8 of.
4 0 O

10

1

120
EXAMPLE: Let4 = |: ,B= 0
301 S

AB, (4B)7, 47BT and B74T.

Solution:

120
AB =
301

. Compute

[

Tl

I =

F——
Il
1
L |
.
ty
I
L= S
o w

(AB)T ) |: :|
BTAT — 10 -2
21 4

[ R S
(=]

(1B -

310
0 —4
1 4
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Properties of Matrix Transposition
Let 4 and B denote matrices whose sizes are appropriate for
the following sums and products.
a. (A7) =4 (Le., the transpose of 47 is 4)
b. (4+B)T = 4T+ BT . .
c. Forany scalar r, (24)7 = 747 SO | ution Of SyStem Of LI near
d. (4B)T = BZ4T (l.e. the transpose of a product of matrices .
equals the product of their transposes in reverse order. ) Eq u atl O n S
EXAMPLE: Prove that (4BC)T = _ B
Solution: By Theorem 3d,
(4BC)T = (B)YO)T = cT{ )T
IO E—
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System of Linear Equations

Alinear equation

’ Unknown Variables ‘

— 7 \
ax, +a,X, +..+ax =b

N fo

‘ Given Coefficients ‘ | Given Constant

/|
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A linear equation
axX +a,X +..+a,x,=b )
eg.

2x1—x2+5x3:2J§

Non-linear equation

Anything that is not in the form of a linear equation (*)
eg.

2%, — X2, +5x%,sin(x,) = 25

|
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System of Linear Equations

A collection of one or more linear equations involving the same set

of variables.

A system of linear equations with 2 variables:
ax+by =h B9 2x+ v=_
ox+dv==k x+3y=9

A system of linear equations with 3 variables:

6x, +x,+x, =6
Sx,+x, +2x;,=4
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The whole idea of linear algebra is to solve
Ax=Db
A system of linear equations can be written in matrix form
6X, + X, +X; =6
SX + X, +2%X, =4
A%, + Xy =Xy =—2

6 1 1 x] [6 6 1 1‘6
51 2 XZZ 4 or 51 24
4 1 -1|x| [-2 4 1 —1‘-2

An augmented matrix form
[Alo]

A matrix equation: AX = b
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A system of linear equations with n variables:

Ay X)Xy X+ a,x, = b
Ay Xy + Uyy Xy +dy Xy + oty X, = by
A3 X+ A3 X5 + A3 Xy + o a5, X, = by

@)

A, X+, Xy + Xy +
Xii Xoy Xgyeennns y X, Is a set of unknown variables

If all b, are zero then the system is called “Homogeneous system”

If b, are not all zero then the system is called “Non homogeneous system”

If the system (1) is homogeneous, it has at least the trivial
solution x,=0,...,x, =0

Solutions of System of Linear Equations

A linear system of n equations in n unknowns xy, - - -, x,, is a set of equations of the form

apx; + ot agex, = by

ApXy + 7 F QX = by

Can be written in a form of matrix equation as

Ax=Db

a; a, oA, || X bl
A Ay o Ay | X% bz

[Alp]

8y Gnp A [ X b

m
/| | ) s
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. . EXAMPLE: Three equations in three variables. Each equation
Geometric Interpretation. Existence and Umqueness of Solutions determines a plane in 3-space. >
If m = n = 2, we have two equations in two unknowns xj, X . 3§
aypxy + axe = by £ /
~ 5 ’ — —
az1¥y + agaXe = by = :
Unigue solution b e -;',
There are 3 possible cases 'y e A
Xy +x=1 x +x;=1 X +x=1 / ~—~N\
2%, -x,=0 2%, + 2%, =2 2 +2,=0 . -
— ”
Case (a) Case (b) Case (c) = « \\ >
Infinitely A
*2 i \xz many solutions
Solutions No solution
]

,//‘ PN N\

(b) Infinitely many solutions if the lines coincide.
{a} Precisely one solution if the lines intersect.

/]
BE]

(e} No solution if the lincs are paraliel
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/]
BE|

Unique or Infinitely many solutions ——»  Consistent system

No solution

Inconsistent system

How can we know ?
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Strategy for solving a linear system

Replace one system with an equivalent system (one with the
same solution set) that is easier to solve.

example
Xy - 2X2 =1
a)

=Xy +. 3¢ = 3
b) XY =2 = 21
Y2 2

C) Al 3

Y2 2
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Equivalent systems

|
(ST
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Solving a linear system

Elementary Row Operations:

1. (Replacement) Add one row to a multiple of another row.
2. {Interchange) Interchange two rows.

3. (Sealing) Multiply all entries in a row by a nonzero constant.

Note: Row equivalent matrices: Two matrices where one matrix can
be transformed into the other matrix by a sequence of elementary

row operations.

Fact about Row Equivalence: If the augmented matrices of two
linear systems are row equivalent, then the two systems have the

same solution set.

Replacement: k x Row i adds to Row j and replace Row j (the one
that is not multiplied.)
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Example Solving a system of linear equations
using augmented matrix methods.

3, +4x, =1
X, —2X, =7

1. Augmented matrix corresponding to the
system of linear equations.

3 4|1

1 -2|7
2. R R, (To get a 1 in the upper left
corner.)

1 =27
3 41
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3. (IR +R, >R, (To get a 0 in the lower
left corner.)

1 -2 7
{o 10 ‘—20}
4. [110]& —R, (To geta 1 in the lower right
corner.)
1 -217
o

5. (AR, +R =R, (To get a 0 in the upper
right corner.)
1 0|3

0 1/-2

Hence, X =3 and X, =2,

We can stop the row operation process at step 4
and perform back substitution to obtain the solution set.
This method is known as “Gauss Elimination” method.
1 i .
4. (ijz —R; (To geta 1 in the lower right
corner.)

1 -2} 7
0 1/|-2
X=2y=7 (1
y=_2 2

Solve for y first in eq. (2)
and then substitute y into eq.(1)
to solve for x
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Example of system of linear equations with 3 variables
a1 @12 a3 e | [an @2 i a] An augmented matrix
a1 22 a3 | C2
celes e = o3 o am | o 7 T 3 |
031 032 0 cs) ‘ L b Forward Xf = 2xa + a3 = 0 1 2 1|0
| Fonare 4 [ elimination 2 —~ 8y = 8 0 2 8|8
[} elimination = =
~ _ a2 aig i €1 4 5 0 r 0 i 5 0 q
a1 a2 a3 (o oy aby | L s SR L 8 -
022 G23 €2 L ais | i
033 €3 - — m
— - '} 9 - T
U ............... ﬂ backward 9] 2X 4 Azy 0 | ¥ 1 {)
.................... elimination 2y — Bys = B 0 2 8|8
x7 = cafaia "
[’, il o Back 100 ‘ C Wi + Dy = 9 0 3 13 |9
X2 = (€2 — 423x3]/Q22 r The — —
substitution
x1 = [c1 — ar2x2 — aiaxalfay] | 010 ‘ CZH
0 0 1|C, v v + x3 = 0 l <2 1[0
T dyy = 4 { [— 4
vy + 13y = _9 0 -3 13 |9
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¥ - 2y # vy = 0 | =2 1|8
o o— dvs = 4 0 1 4 4
X = 29 I 0 029
~ 3x 4+ 13y = 9 0 3 13 |9 !
X2 = 16 01 016
X3 - _1 ﬂ' ﬂ ] ‘ 3
X] = 23 + x3 = 0 =2 1|0
Check: Is (29, 16.3) a solution of the original system?
X2 — dxy = 1 44 )
x) = 2.13 T X3 = 0
Xy = 0 1|3 2xa Bxy = 8
“Avy 4+ 5w o+ By o= 9
. g _ 3 B ) ‘_3 ] (29)-2(16) + 3 =29_32+1 = 0
G 2Zx1 ; 0 216)_8(3) = 32.24 - §
Xy = 16 1 016 _A(29) +3(16) +H3) = _116+80+27 =_9
xy = 3 0 1) 3
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Example 2
Row operations are reversible. 3 5 —47x, 7
i ! ; -3 -2 4 |x, |=|-1
If the augmented matrices of two linear systems are row equivalent, then the 2
two systems have the same solution sets. 6 1 -8|x -4
Example 1
6X, +X,+%X,=6
SX + X, +2%X; =4
4% + X, — X3 =—2
4
X =—1+—X,
3
X =1x,=-13,x; =1 X, =2
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Example 3

3X, +2X, +2X, —5X, =8

0.6x, +1.5x, +1.5X, —5.4x, = 2.7
1.2x,—-0.3x, —0.3x, + 2.4x, = 2.1

X, =1-X; +4X,

Example 4
3x, —6%, =8

X, = 2%, +3X%; =—1
SX, = 7%, +9%, =0

X =2-=X, Inconsistent
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Example 5
2X, —4X, +X; =—4
A%, —8X, +TX; =2 Example 6 : For what values of /i will the following system be
consistent?
—2X% —4X, —3%, =5 e, _ Or, = 4
“2x; + 6y = h
Solution: Reduce to triangular form.
394 1 3|4 e
~2 6 |h -2 6| A 0 0\h+ s
The second equation is 0x + Oxa = h + i‘ System is consistent
; _ _ &
onlyifhi+ L =0ork ==t
Inconsistent
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Example 7 Give an example of b_that will make the linear system consistent.

X, 42X, + 2%, =D, 1 2 2 b,

2%, +4X, +6X; =h, 2 4 6 b,

3%, +6X, +8x, =h, 368 | b

122 by 122 by

0 0 2 b,-2b | -~ 0 0 2 b, — 2b,

0 0 2 | b-3p 0 0 0 | —by+2b+b,—3b

For consistent system 0 = b3-b2-b1

Es. b=|5
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Inverse of Matrices
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Matrix Inverses

The inverse of a real number a is denoted by a . For example,
7-! = 1/7 and
7.71=71.7=1
An i x n matrix 4 is said to be invertible if there isannxn
matrix C satisfying
CA=4AC=1,
where I, is the n x n identity matrix. We call € the inverse of 4 .

example |2 5 . [-7 -5 _ :
A—[_3 7l C=l5 , AC= CA=

The inverse of 4 is usually denoted by 47!.

Al =414=1,

Not all n x n matrices are invertible. A matrix which is not
invertible is sometimes called a singular matrix. An invertible
matrix is called nonsingular matrix.

We have

I‘ MA 217 Calculus for Social Science Il (semester 1/2010) Matrix- p51

/]
BE|

Fact 1 If 4is invertible, then the inverse is unique.

Proof: Assume B and C are both inverses of 4. Then

B =BI= 5 )= ( ) =71 =cC

So the inverse is unigque since any two inverses coincide.g

Fact 2 The inverse of Alis A itself.

Fact 3 LetA—[ ab

c d

At= 1 4
ad-be ¢ a

If ad - bc = 0, then 4 is not invertible.

MA 217 Calculus for Social Science Il (semester 1/2010)
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Assume A is any invertible matrix and we wish to solve AX = b.
Then

AX = b and so

X = orx =

Suppose W is also a solution to 4X = b. Then 4w = b and
AW = b  which means w =4"'b.

So, W =47'b, which is in fact the same solution.

We have proved the following result:

Fact4 If.4is an invertible n x n matrix, then for each b in R*, the
equation 4X = b has the unique solution X = 4-1h.

/|
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EXAMPLE: Use the inverse of 4 = |: j 3 } to solve

[S%)

=7x1 + 32 =

Sxp - 2x0 =1

Solution: Matrix form of the linear system:

M HH

>
I
=
=
I
LV I
- W
[ E—
1
[
I
’_ un [§%]
-1 W
L1
L 1 :
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Properties of Inverses

Suppose A and B are invertible. Then the following results hold:

a. 4 'isinvertible and (4 1) = 4 (i.e. Ais the inverse of
AY).

b. ABis invertible and (4B) ™! = B~'4!

c. ATisinvertible and (47)! = (4 1)

Partial proof of part b:

(“B)(B A = A( )4

= A( )41 = =

Similarly, one can show that (B-1471)(4B) = L.

Proof part ¢
P AT(AY)T =(ATA) =1T =1

(Afl)T AT :(AA—l)T — IT =1
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Matrix inversion algorithm

AA =1
1 3ja ¢ 10

2 71b d| |0 1

> Take a column at a time, that equation determines the columns of 4~
Atimes column j of A7 =column j of 7

1 3a] [1] . [1 3]c] [o

)

2 71bl |0 2 70d]| |1

1 3/1 0
2 710 1

Carry out elimination on
all systems simultaneously.




13‘10
27|01

Matrix inversion algorithm

Place 4 and I side-by-side to form an augmented matrix [JZI I].

Then perform row operations on this matrix (which will produce
identical operations on 4 and I).

[Alf] will row reduce to [IlA*]

[A]1]
or 4 is not invertible.
' The Gauss-Jordan method Lo
: Find the inverse of 4 = -3 0 1 , If it exists.
13 1 0 EXAMPLE: Find thei f if it exi
0 11}-21 010
| l Solution: )
[1 0‘7 —3:| I 2 00/100 toolt oo
[Ar]=] 301010 |[~=~| 010[0 01
01 -2 1 0 10[001 001|210
,1] L oo
[| ‘ A Sodl=| 0 01
210
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0 1 2
Find the inverse of the matrix A=|1 0 3 , if it exists
4 -3 8
Determinant of Matrices
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Determinants

Determinant of a square matrix A is denoted by LA‘ or det A is a uniquely
defined SCALAR associated with that matrix. Determinants are defined

only for square matrices

A Third-order determinant

For a 3x3 matrix

a; &, day
A second-order determinant A=la, a, ay
a; Qp Ay
Fora2x2 matrix A = {aﬂ aﬂ}
a a
# 2 detA = |A| = (auazzaas 8,858 + a13a32321) - (a13a31a22 8,838, + a12321""33)
a; ap
det A= |A| = a = 83,8 — 8,8, is a scalar or
21 22
& & a3a; a
Example : Given —|Al =
6 .3 RtA=|A=a, a, 8ya, &
A =
{5 9 } & & A8 &
det A=|A|=(6)(9)—(-3)(5)=69
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A Third-order determinant
OR Subdeterminant or Minor Example -
a, a4 ag ay dy 4y ay 21 3
|[A| =[@a dxn dy|=al, a = anl, a 4 5 6/=(2)5)9) + ()(6)(T) + (3)(8)(4) — (2)(8)(6)
as as agp 32 33 31 33 7 8 9
— (@O - B)S)(T) = -9
4 a; ap
93lay,  ay,
=ay,aya33 — 4)dxa3n T a;dpasy — a;,dyds;
+apayay —apana;  [= ascalar] 7 0 3
9 1 4= (=7)(1)(5) + (0)(4)(0) + (3)(6)(9) — (=7)(6)(4)
0 6 5
= (0)(9)(5) — (3)(1)(0) = 295
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An nt" -order determinant

For an n x n matrix

8, 8, - &,
A=l i i =]y ]
anl an2 ces ann
By expanding -
anyrow i detA or [A|=4,C,+8a,Cp, +..+8,C, = ) a,C;
j=1

n
Any column j detA or |A|=a,,C,; +a,,C,; +..+a,C,; =D 8,C;
=il

The (i,J)-cofactor of 4 is the number C;; where

Cy = (1) detAy.

detA=a,,.c;; +a,,C;, +......8,,Cy,

A cofactor expansion across the first row of A

Use a matrix of signs to determine (-1)™

1 2 0
3 -1 2 |=1Cy+2C12+0Cn + = +
Cij is the “cofactor” of the element 20 1 -+ -
. + - +
M i is the “minor” of the element aij (cofactor expansion across row 1) p
Obtained by deleting the i th row and j th column of a given determinant
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Example
Evaluate determinant of A, given
1 2 0
01 2 )
EXAMPLE: Compute the determinantof4=| 3 -1 2
A=|1 3 4 s 0 1
56 7 using cofactor expansion down column 3.
Choose row 1 for expansion, since there is 0 in row 1 Solution
1 2 0
detA:a11C11+a12C12+a13C13 3 -1 21=0 -1 _2 L2 +1 L2 =1.
2 0 20 3 -1
2 01
1+2 l 4
Cp=(-1) " (M) > My, = 5 7 =(1)(7)-(4)(5)=-13
Example
143 1 3
Cu= (17 (M) > M= J=(0)-3)(5)=-3 L 5 0
A=|2 4 -1 detA=?
det A = (1)(3)+(2)(-9) =5 0 -2 0
(-2)
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EXAMPLE: Compute the determinant of 4 =

(===
(=R N ]
I
L LY T

Basic properties of determinants

@) det AT =det A
4 3| _|a 5|_ Y
Example 1 p 6‘—‘3 6|—9

a b|_la c|_ _
Example 2 ‘c d‘ —(b d‘ ad — be
Hence, column operations = row operations in determinant. (2)-(4)

2) The interchange of any two rows (or any two columns) will alter the sign,
but not the numerical value of the determinant.

Example
b| _ c d|_ 4, _ 4 _ _
d‘ = ad — bc. a bI ch ad (ad bc)
0 1 3 3 1 0 "
2 5 7(=-26 7 5 2{=26
3 0 1 _ 1 0 3
(14)
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(3) The multiplication of any one row (or one column) by a scalar k (4) The addition (subtraction) of a multiple of any row (or column) to (from)
will change the value of the determinant k-fold. another row will leave the value of the determinant unaltered.
Example Example
ka kb _ _ _ - . a b a b‘:ad——bc
. d‘-kad kbc = k(ad bc)—kc d‘ c d :
15 b Sa b Sa b
! =3 =3(2) = 6(Sad — 14bc) a b ‘ a b‘
=a(d+ kb) — b(c + ka) = ad — bc =
12¢ 2d| “|4c 2d 2 d ctka d+rpl = )~ b(c+ka)=a e d
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24 6
EXAMPLE: Compute | 5 6 7
7 6 10
Solution
24 6 12 3 1 2 3
56 7 |=256 7 |=2|0 -4 -8
7 6 10 7 6 10 0 -8 -11
1 2 3 1 23
=240 1 2 |[=2(4|012
0 -8 -11 005

= 2-H())(S) = — 40

23 0
4 7 0
79 -2
12 0 4
row reduction and cofactor expansion.

EXAMPLE: Compute using a combination of

oW o

(-12)
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123 4 Compute Det(A)
050
EXAMPLE: Compute 3 -1 2 -5
27 6 10 0 5 -3 _6
297 A<le 7 -7 4
-5 -8 0 9
(10) Det(A) = 0 when A is not invertible (singular). ©)
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(5) If one row (or column) is a multiple of another row (or column), the value of the
determinant will be zero.

Example

=2ab—2ab=0 =cd—cd=0

2a 2b ‘C C‘
a b d d

(6) Azerorow or column renders the value of a determinant zero.

Example
1 2 3 015
0 0 0=0=0 2 8
4 5 6 0 3 9

Further Properties

(7) det(AB) =detA-detB

EXAMPLE: Compute det4? if det4 = 5.

Solution:  det4? = det(444) = (det4)(det4)(det4)
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®) If Alisan nxn upper or lower triangular matrix o )
Applications of determinants
Triangular Matrices:
Cramer’s Rule
* % * ok * 0 0 00 ]
0k o ws e s 0 00 Cramer’s rule can be used to study how the solution of Ax=b
o 0 . e e w00 affected by the changes in the entries of b.
00 0 %= = % % - % 0
00 o0 0= koK ok Let Abe an invertible nxn matrix.Foranybin R",
(upper triangular) (lower triangular) the unique solution x of Ax = b has entries given by
detA(b) .
_ x, =—"——= 1=123..n
detA=a,a,a,;...a, T Get A
Example
where Ab)=[a, . . . .oa,]
2 0 0
[A]=[3 10 0|—|A=(2)10)9) =180 Col i
4 8 9
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Example
3% —2X, =6

—5x +4x,=8

Find the solution of the equation system

Tx,— x3— x3=0
10x, — 2x, + x3=238
6x, + 3x, — 2x3=17
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The computation of A1 Example 3 0 -1
A= 7
Cy Cxn -+ Cm .
1 Ca2 Cn -+ Cn -2 8
T= — ; . 4)
detd | : :
Cin Cm -+ Con 11 -26 467 [11 -8 7
The matrix of cofactors on the right side of (4) is called the adjuga_te (_or classical adjA=|-8 13 -24| =|-26 13 -13
adjoint) of A, denoted by adj A. (The term adjeint also has another meaning in advanced
texts on linear transformations.) The next theorem simply restates (4). 7 -13 2 46 -24 21
The adjoint of A4, is defined to be the transpose
Theorem An Inverse Formula

of the matrix of cofactors:

adjA=[c, (A)]

adjA==>nxn
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Let A be an invertible n x 1 matrix. Then

1
A= ——adjA

det A
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1
P EXAMPLE3 Find the inverseof the matrix A= [ 1 —1 1

1 -2
Solution The nine cofactors are ]
-1 1 1 1 1 -1
Ch=+ 4 _2 =-2, Cip=-— 1 -2 =3, Ci=+ 1 4’='—S
i3 2 3 > 1)_ . {
C21=—14 __2=14, Cpn=+ 1 _2~=—7, an_‘l 4'-——7
. & 2 3 v |
Cyi=+ -1 1 =4, C32=— 1 1 =1, C33=+ 1 -1 =-3

The adjugate matrix is the rranspose of the matrix of cofactors. [For instance, Cq2 gc
in the (2, 1) position.] Thus
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-2 14 4]
adjidA=| 3 -7 1
5 -7 -3

We could compute det A directly, but the following computation provides a check
the calculations above and produces det A:

i
-2 14 472 1 3 14 0 0
(adjayA=| 3 -7 1f|1 -1 1]=10 14 0f=141

5 =7 =3(|1 4 =2 | 0 0 14
Since (adj AYA = 147, Theorem 8 shows that det A = 14 and
1 -2 14 4 —-1/7 1 2/7
A-1=ﬁ 3 -7 1| =|3/14 —1/2 1/14

5 =7 =3 5/14 —1/2 -3/14
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