Matrices,
Algebra of Matrices

&
Elementary Operations
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What iS a Matrix ? (Not a movie trilogy staring Keanu Reaves)

A matrix is a rectangular array of numbers (or functions) enclosed in brackets.
These numbers (or functions) are called the entries (or elements) of the matrix.

For example,
Column1 Column2 Columnn
a.ll a.lz ¢ aln Row1
— il =
_aml . Tt amn_ Row m

A is a matrix of dimension (size) m x n (m rows and n columns)

a; is an entry or an element of the matrix

d;; is a main diagonal entry
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0.3 1 -5
[ il is a 2 x 3 matrix (Rectangular Matrix)
0 -02 16
- o=
€ 2x is a 2 x 2 matrix (Square Matrix)
%% 4x _
Cay G 13-
is a 3 x 3 matrix (Square Matrix)
Qg Qg2 dz3
| 431 32 azs_|
a, O 0
0 a, - 0 is a diagonal matrix
: : S
0 0 A |
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IS an identity matrix or a unit matrix

IS an upper triagular matrix 7 3

oS O O O

IS a zero matrix

Is a lower triagular matrix




Vector

A vector is a matrix with only one row or column. Its entries are called the components
of the vector. We shall denote vectors by lowercase boldface letters a, b, - - - or by its
general component in brackets, a = [g;], and so on. Qur special vectors in (1) suggest
that a (general) row vector is of the form

a={la a -, a,) For instance, a=[-2 5 08 0 1]

A column vector is of the form

by
- 47

by
b= N For instance, b= 0
=7

_bm..
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Basic operations of matrices

Equality of Matrices

Two matrices A = [ay;,] and B = [by;] are equal, written A = B, if and only if they
have the same size and the corresponding entries are equal, that is,
a1 = byq, a3 = bye, and so on. Matrices that are not equal are called different.
Thus, matrices of different sizes are always different.

Let

aq1 ) 4 0:|
A= and B= .
o1 oo 3 -1
Then
a1 = 4, Q10 = 0.

A=B ifandonlyif
{floy = 3. dog = —1.
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Addition of Matrices

The sum of two matrices A = [a;] and B = [b;,] of the same size is wrilten
A + B and has the entries a;, + by, obtained by adding the corresponding entries
of A and B. Matrices of different sizes cannot be added.

1A+B:[%k+mé‘

mxn
For example;
2 -1 3] -8 [ 6 6 5]
0O 4 6 (+/9 3 5 (=9 7 11
-6 10 -5 |1 -1 2| |-5 9 -3
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Scalar Multiplication (Multiplication by a Number)

The product of any m X n matrix A = [ay;,] and any scalar ¢ (number c) is written
cA and is the m X n matrix cA = [cay;] obtained by multiplying each entry of A

by c.
I Ca, Ca, - Ca
ca ca -+ Ca
21 22 2
CA=| . . S
ca, Ca., - Ca.,
27 —1.87 =27 1.87 3 -2 0 0
]
If A=]|0 09|, then -A= 0 -09 . ?0A= 0 1], OA=|0 0].
9.0 -4.5] | =9.0 4.5 | 10 =5 ] L 0 0
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4 0 5 11 1 2 -3
-1 3 2 35 7 0 1
A+B=
A+C= 2B =
A-2B

MA 217 Calculus for Social Science Il (semester 1/20




Properties of Matrix Addition

Cummulative law (a) A+B=B+A
Associative law _
of addition b) A+B)+C=A+B+C)
(¢) A+0=A
(d) A+ (—A)=0.

Properties of Scalar Multiplication

S (a) c(A + B) =cA + ¢B
Distributive laws
(b} (c + H)A = cA + kA

(written A + B + C)

(c) c(kA) = (ck)A (written ckA)

(d) A = A.
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Matrix multiplication

Three different ways with the same answer:

Method 1: Each entry of AB1s the product of a row and a column.

[..:4..5} [.;' - {:'f'lb]__ll' + ﬂ;:blr + e + ﬂjﬁbﬁj.

— r) J—

an ap - i N - (4B),

(AB)ij=row i of A times column j of B

This single entry is the inner product of the two vectors.
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EXAMPLE 4=

AB. If it is defined.

2 3 06
-1 0

b

= O

. Compute

Solution: Since Ai1s 2x 3 and B is 3 x 2, then 4B is defined and

AB Is

AB

o

2 3 6
-1 0 1

28 1
H B
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EXAMPLE: If4is4x 3 and Bis 3 x 2, then what are the sizes of

AB and BA4?
Solution: B B B B
* ok ok — —
* %
* %k
‘4B= * % =
* k%
* %
* k% — —
B 7 Which is
— — * ok %k
* ok
* ok %k
BA would be ¥
* ok ok
* %
- — * k%

lfdAismxnandBisnxp, then 4B is m x p.
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Method 2: Each column of AB1s the product of a matrix and a column

Suppose 4 ismxnand Bisnx pwhere B=[bi by by ]

4B = [4b; 4b, - 4b, |

bll b12 blp
b21 b21 b2p
Amxn anp - Arnxn : Amxn : : ) Arn><n
_bnl _bn2_ _bnp ]

Column j of AB= A times column j of B

The number of columns in 4 has to equal the number of rows in B.
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Example

Example

R
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4 =2
7 -3
EXAMPLE: Compute ABwhere d=| 3 -3 andE=|: ; ﬂ :|
o 1

Solution:
4 2 | [ R
7 3
Aby = 3 =5 |:|5 :| Abs: = 3 -5 _
0 1 o 1 |[L 4
- - -
=| -2 =| 26
) e
-
— AB=| -24 26
6 7

Mote that 4b, 15 a linear combination of the columns of 4 and 4b- 15 a linear combination of the
columns of 4.
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Method 3: Each row of AB1s the product of a row and a matrix

row 1 of AB=row1of Atimes B

2 os o

MA 217 Calculus for Social Science Il (semester 1/20




Properties of Matrix Multiplication

Cautions !

AB is not always equal to BA

Try 51 2 0
A= and B =
3 -2 4 3

If AB = AC , B is not necessary equal to C

g T2 —3] 8 4 5 -2
A= B = and C =
4 6 | 5 5 3 01

B+C but AB = AC

If AB =0, A orB is not necessary equal to 0
€g. _

P Y S L 1B =(
A= B = AB =0
-1 2 11
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Properties of matrix multiplication

Let 4 be m x n and let B and C have sizes for which the
indicated sums and products are defined.

a. A(BC) = (4B)C (associative law of multiplication)
b. A(B+ C)=AB+ AC (left - distributive law)
C. (B+C)4d=BA+CA (right-distributive law)
d. #(4B) = (r4)B = A(rB)
for any scalar r
e. Ind = 4 = Al, (identity for matrix multiplication)
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Transposition of Matrices and Vectors

The transpose of anm X n matrix A = [a] is the n X m matrix AT (read A transpose)
that has the first row of A as its first column, the second row of A as its second
column, and so on.

-Gu @, --- ﬂl,,- a, a, - ay

[ " a a a

O | IS AR L S
_anll amu_ _aln a2n .o amn |

Transposition of Matrices and Vectors

5 4
5 -8 1
If A= . ten A'=|-8 o]f.
4 0 O
1 0
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EXAMPLE: Let‘4=|: L2
3 01

AB, (4B)T, ATBT and BT4T.

Solution:

1 2 0
AB =
3 0 1

L
=

| B

. Compute

AI—BI —

BTA4T = [
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21 4
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Properties of Matrix Transposition

Let 4 and B denote matrices whose sizes are appropriate for
the following sums and products.

a. (A7) = 4 (l.e., the transpose of 4T is 4)
b. (4+B) =47+ BT
c. Forany scalarr, (14)" = rd”

d. (4B)" = BT4T (l.e. the transpose of a product of matrices
equals the product of their transposes in reverse order. )

EXAMPLE: Prove that (4BC)T =

Solution: By Theorem 3d,

(4BC)T = (4B)O)T=cT( )

:(_’:T( ):
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Solution of System of Linear
Equations
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System of Linear Equations

A linear equation

Unknown Variables

— \
E:IIX1 -+ a2X2 + ...+ aan —

NN /

b
|

Given Coefficients

Given Constant
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A linear equation

ax +a,x, +..+ax =b (")
eg.
2X =X, +5%, =2+/5

Non-linear equation

Anything that is not in the form of a linear equation (*)

eg.
2X — X, +5X, sin(x,) = 25
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System of Linear Equations

A collection of one or more linear equations involving the same set
of variables.

A system of linear equations with 2 variables:
ax+by =h EQ 2x+4 y=
x+dv==~k x+3y=9
A system of linear equations with 3 variables:
O6X, + X, +x, =6
Sx,+x, +2x; =4

4.1" —I_ .1'3 _ T}I — _2
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The whole idea of linear algebra is to solve

Ax=b
A system of linear equations can be written in matrix form
OX, + X, + X, =6
SX, + X, +2X, =4
AX, + X, —X; =2

6 1 1 x] [6] 6 1 1|6
51 2|x|=|4 or S 1 214
4 1 -1|x| [-2 4 1 -1-2

An augmented matrix form
[Alb]
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A system of linear equations with n variables:

), X, + X, Fdx, o a, x, =b,
Ay X+ Uyy Xy + Ay Xy + ol X, =D,
{-ir-: I |1r| + {.‘r-:: |1~|r: —l_ {.-"r-::,lln..lkl:,ll + 1111111 {.‘r:-lln'\"n - Jﬂr}j
(1)
a X, +d X, + X+ a x =b
X Xy Xygunnnnn , X, Is a set of unknown variables

If all_b. are zero then the system is called “Homogeneous system”

If b. are not all zero then the system is called “Non homogeneous system”

If the system (1) is homogeneous, it has at least the trivial
solution x,=0,...,x,, =0
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Solutions of System of Linear Equations

A linear system of /n equations in » unknowns xy, - - -, x,, is a set of equations of the form

ﬂllx]_ + -+ alnx,, = bl
agxy + -+ agx, = by

ApiX1 + - T QupXp = bm

Can be written in a form of matrix equation as

Ax=b . [A]b]

A, QA - Ay || X b1
Ay Ay Ay || X bz

_a'ml Ay a‘mn_ X, bm
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Examples of a system of linear equations

A charity wishes to endow a fund that will provide $50000 per year for
cancer research. The charity has $480000 and , to reduce risk, wants to
invest in two banks paying 10% and 11 % respectively.

How much should be invested in each bank?

A manufacturer produces three products: A,B, and C. The profits for each unit of A ,B and C
sold are $1,$2 and $3 respectively. Fixed costs are $17000 per year, and the costs of
producing each unit of A,B and C are $4,95, $7, respectively. Next year, a total of 11,000
units of all three products is o be produced and sold, and the total profit of $25,000 is to be

realised. If the total cost is to be $80,000, how many units of each of the products should be
produced next year?
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2X+Yy =8

(1)

X+3y=9 (2

To obtain solutions to this system of linear equations we can either use, for examples

Ok wh =

»

Graph method

Substitution method

Elimination of unknowns method
Elementary row operations
Inverse of a matrix

Cramer’s rule

1. Graph method

EnEEEEEEE N
10/ '

2. Substitution method

From (1): 2x+y=8 =
| v

From (2): x+3y=9
X +3(8-2x)=9
X+24-6x=9
—S5x=-15
x=3 and

From (1): y=8-2x=8-

"ea,
.
-




3. Elimination of unknowns

2x+y=8 (1)
x+3y=9 (2

To eliminate v,
(1) = -3: —6x—-3y=-24 (3)

(2)~(3): —5y=-15
y=3 and
v

From (1): §—-2x=8-2(3) = yv=2

Methods 4-6 require the use of matrix algebra.
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Geometric Interpretation. Existence and Uniqueness of Solutions

If m = n = 2, we have two equations in two unknowns xy, Xs
ap¥y + ayy = b

Q921X1 + {122‘\'2 = bz.

There are 3 possible cases
2%, ~x,=0 2x) + 2x;, =2 xy +2x,=0
Case (b) Case (c)

<\ / < . \\
AN I\ RN
/ 1 \ X, 1\::, ,\\\

(b) Infinitely many solutions if the lines coincide.
{c) No solution if the lines are parallel

S
talfne

(a) Precisely one solution if the lines intersect.
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EXAMPLE: Three equations in three variables. Each equation
determines a plane in 3-space.

! . ey
—
o
F

|

Unique solution

Infinitely
many solutions

Solutions No solution

Unique or Infinitely many solutions ——  Consistent system

No solution > Inconsistent system

y

How can we know ?
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Strategy for solving a linear system

Replace one system with an equivalent system (one with the
same solution set) that is easier to solve.

example
X1 = 32 ]
a)
X1 + X = 3
b) \ 2%y = l
2
C) A i 3

[d
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Equivalent systems
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Solving a linear system

Elementary Row Operations:

1. (Replacement) Add one row to a multiple of another row.
2. (Interchange) Interchange two rows.

3. (Secaling) Multiply all entries in a row by a nonzero constant.

Note: Row equivalent matrices: Two matrices where one matrix can
be transformed into the other matrix by a sequence of elementary
row operations.

Fact about Row Equivalence: If the augmented matrices of two
linear systems are row equivalent, then the two systems have the
same solution set.

Replacement: k x Row i adds to Row j and replace Row | (the one
that is not multiplied.)
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Example Solving a system of linear equations
using augmented matrix methods.

3X, +4X, =1
X, —2X, =7

1. Augmented matrix corresponding to the
system of linear equations.

3 41
1 2|7
2. RR>R, (To get a 1 in the upper left
corner.)
1 -2|7
3 411
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3. (3R +R,—>R, (To get a 0 in the lower
left corner.)

1 =2 7
0 10|-20

1
4, (EJRZ =R, (To get a 1 in the lower right

corner.)

1 -2] 7
0 1|-2

5. @R, +R =R, (To get a 0 in the upper
right corner.)




We can stop the row operation process at step 4
and perform back substitution to obtain the solution set.
This method is known as “Gauss Elimination” method.

1
4. (Eij — R, (To get a 1 in the lower right

corner.)

1 -2 7
0 1]-2
X=2y=7 (1
y:_2 (2)

Solve for y first in eq. (2)
and then substitute y into eq.(1)
to solve for x
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““““ aly aiz aiz b C
ann a2 a1z} C ;
i a1 42 4z | C2
G dsy @iz G 5
| 3] Q32 Q433 | C3
Clz] @3p Clgg i EF Forward
| Forward ~U- " elimination
~U' elimination
any a2 @13 § Q
anr a2 a3 3 C a2 Q3 | 2
ap Q23 i C aiz | cji
a3 | c3 >
U --------------- ‘ ‘ backward
..................... elimination
X3 = C3/da3 B "]
c o) Back 10 0] C
— —_ — 5 . 1
X2 = (€2 — 023X3)/A22 substitution 01 0lcC
x) = (c1 — a12x0 — a13x3)/Q) 1 | 2
O 0 1 C3
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Example of system of linear equations with 3 variables

\ 2X¥a 4+ X3 = 1)
lk: - OXy = 5
4x) + 52 + Wy = 9
L Ej: + X3 = ¥
2% BRI = &
s 4+ 13x:y = 9
X 2%+ ¥y, =
V2 dxy =
Ixs 4+ 13xy = 9
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-4

0
{

0
{

[

[

y

it

.
13

4
13

An augmented matrix

0
8

!

()

-9

R2+4 Rl -) Rz

Ra2/2

R3+3 Rg é Rg




v dyy = 4

ivs 4+ |3xy = O
'y - 22X+ X3y = {
X3 — 4y = 4
Xy = 3

] e 2X3 = 3
X7 = 16

Xy = 3
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| -

0 1

0 3
I =2
01
0 0
] =2
0 1
0 O

1 | 0O
A 4
13 |9

| |0

4 4

1|3

0.3

0|16

1| 3

R2+4R3 9| R>

R1+2 Rg -) Rl




¥y = 79 1 O 0 |29
X3 = 16 0 1 O |16
X3 = 3 0 0 1 | 3

Check: Is (29, 16.3) a solution of the original system’?

A = 2.1'3 7 Xy = ()

Zra - 83 = B

Ay 4+ 53 4+ By = 9
(29) _2{16)+ 3 =29_32+73 = )
2(16) —8(3) = 32_24 - 8
A2 +5(16)4+9%3) =_116+B80+27 =_.9
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Row operations are reversible.

If the augmented matrices of two linear systems are row equivalent, then the
two systems have the same solution sets.

Example
OX, +X, +X; =6

5% +X, +2X, =4
4X, + X, — X, =—2
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Echelon form (or row echelon form):
1. All nonzero rows are above any rows of all zeros.

2. Each leading entry (i.e. left most nonzero entry) of a row is
in a column to the right of the leading entry of the row above
it.

3. All entries in a column below a leading entry are zero.

E}{AMFLE: Echelon forms B

M o+ + * = B
0 W % x x 0 W =*
(@) (b)
0 0000 0 0 N
0 0000 0 0 0 The whole purpose of doing
T 0 B s ok %ok ok ok ok ok x| the elimination is to get an
0 00 M * % % % % % % upper triangular matrix (U)
©| 000 0om . . s (echelon form)
0 00 0 0 0 ok
0o 00 0 0 0 * ok
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Reduced echelon form: Add the following conditions to
conditions 1, 2, and 3 above:

4. The leading entry in each nonzero row is 1.
5. Each leading 1 is the only nonzero entry in its column.

EXAMPLE (continued):

Reduced echelon form :
01 = 0 0 = = 0 0 % =*
0 0O 0 1 0 = = 0 0 = =*
00 001 = = 0 0 % =%
0 0 0 0 0 0

(
00 00O0O0DO0DO0 1 * =
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Important terms

Pivot position: a position of a leading entry in an echelon form of the matrix.

Pivot: anonzero number that either is used in a pivot position to create 0’s or
is changed into a leading 1, which in turn is used to create O’s

Pivot column: a column that contains a pivot position.

Pivot row: a row that contains a pivot position.

Number of pivots = Rank of a matrix

Example : 3 equations 3 unknowns

Cf2 1 X [
(coefficient matrix) 4 -6 0 YI=|— 2

_—2722 9
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Replacement

The first pivot

I 2 1 1_ < Pivot row
4 -6 0
— 7 2
- ¢2 = Pivot column
1 1 21 1
Replacement
18l —2| mm) 0 [-8
8 3 0 0
U
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Example Row reduce to echelon form and locate the pivot columns.
pivot
£ B B
0 -3 -6 4 9 N 145-9-?—‘ | 4 5 9 -7
=Y ==l 3 ] -1 =2 =1 3 1 ~ 0 2 4 46 =06
Ra+Ry = R
= St oo 8 =1 23 0 3-1 0 | 0 510 -15 -I5
[ 4 § 9 7 |m—rR| 036 4 9 | | 0-3 -6 4 9 |
B B !
: Possible Pivots:
pivot column
14597 | [ 14593
024 -6 6 0 2 4 -6 -6
Ri-(5/2)R; P Ra o0 0 0 000 -5 0
Regf3/2R: PR 000 -5 0 | | 000 0O 0 Note: There is no more
i = than one pivot in any row.
0 -3 <6 4 9 _
R R There is no more than one
Ongmal WMalis: | o & o 4 pivot in any column.
] 4 5 -9 -7
- I
pivot columns: 1 2 4
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EXAMPLE: Row reduce to echelon form and then to reduced
echelon form:




Cover the top row and look at the remaining two rows for the
left-most nonzero column.

3 912 9615 | [ 3912 96 15 |
0 2 4 42 = | 0 1 =2 21 =3
0 3 -6 6 4 =5 0 3 <6 6 4 =5

30 12 -9 6 15 |wewsa [3 -9 12 -9 0 -9
~| @ 1 =2 21 =3 O 1 -2 2 0 -7
N o O O 01 4 . 100 0 0 1 4

Echelon form

womsn [ 3 ) -6 9 0 =72 | mys | 1O =2 3 0 -24
-~ 01 =220 =7 ~| 61 =220 -7
00 001 4 00 001 4

Reduced echelon form

[
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Example

o N B~

O NN

10

How many pivot variables?
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If the algorithm produces n pivots (there are pivots in every column
l.e. a full set of pivots),
then there is only one solution to the equations (a unique solution)

X, + X, =10
example 1 ) <:> &=Q

— X +X,=0

If a zero appears in a pivot position, elimination has to stop!
Stop temporarily=>» there is possibility to exchange with
a lower row for a proper pivot.
Stop permanently=>» there is no exchange of row that
can avoid zero.

examples
X, —2X, = =3 X, +X,=3
Ax=Db < > Ax=b
2X —4x, = =72 —2X, —2X, =—6 - =

However, we do not know whether a zero will appear until we try.
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Two Fundamental Questions (Existence and Uniqueness)

1) Is the system consistent; (i.e. does a solution exist?)

2) If a solution exists, is it unique? {i.e. is there one & only one
solution?)

If a solution exists either a unigue solution or infinitely many solutions,

the system is said to be consistent. Otherwise the system is inconsistent.

How an echelon form (or rref) of a matrix (obtained by performing
row operations on a matrix ) tell us about the nature of the solution

(e.g. Unique solution, infinitely many solutions or no solution)?
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EXAMPLE: Is this system consistent?

X - 2.1'3 + X3 = ()
X fx; = 8
by 4+ Say 4+ 9y = _9

1 -2 1 x]T[o

0 2 -8|x|=|8| ()

_—4 5 9 1 X _—9_

Perform row operation to obtain echelon form

0
—4

-2

2
5

-8 8

9 -9

In the last example, this system was reduced to the triangular

form:
¥ — Zxa <+ x3 = ()
Yy dy: = 4
ry = 3

0

Rz+4R; =2 Rs

This is sufficient to see that the system is consistent and unique.

Why?
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EXAMPLE: |s this system consistent?

Iy Gis= 8 | 0 3 .6 |8
¥ _ 2R 3§ =1 1 22 3 L1
5.l'| = T.‘L’] +9r3 = 0 5 = Q {0

Solution: Row operations produce:

= L. s 2
0 3 6 |8 1 -2 3|1 2 3|l
I 2 3 L1 |=| 0 3 6|8 |—=| 0 3 6| 8
5 7 910 n 3 _61 5 0 0 0.3

= R3-5R; = Rs = kit b

Equation notation of triangular form:

X == .11"_1 4 _-'Ii_].".I — !
Ixs — G6xy = B
Oxs = .3 + Nevertrue

The original system is inconsistent!
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EXAMPLE: Forwhat values of /i will the following system be
consistent?

3.1’| - "‘l‘l'j = 4

“2x 4+ b6xa = A

Solution: Reduce to triangular form.

31.9|4 | 3|4 1 3| 4
2 6|h 2 6] 4 0 0het

The second equation is Oxy + Oxz = i 4 —f System is consistent

onlyifh+ £ =0orf = =%,
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Homogeneous linear systems

Ax=0

-
L 1|
>
\®]
I
-
Qo
-
o
X
I
-
o
-
X<
I

S

< [

2 4(0]e ts[2 4
1 200] ~ |0 0

0 .'.XzeR )
0} and or X:C{ };C e R

0 =2X, +4X,
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Nonhomogeneous linear systems

Ax=b
e.g.
(a) 2 4 X B 4
1 3x| |1
2 414
2 4 R,~ <R, S X, =—1 and X, =4
1 311 2(0 1]-1 ? !
b
o2 4‘4 Rz—%Rlz 44 No solution
1 21| ~|0 0l|-1

(c) {2 4|4}R1R {2 4‘ 4} Infinitely many solutions
2 2 1
L 212] ~ [0 010 .. X, €R and H {_2}
or = +C ;CeR
X, =2-2X,




Example

3

-3

K
'3 5 -4
-3 -2 4
6 1 -8

5

—2 4

General solutions

-4 X,

X, =2
X;=C; CeR
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As a vector the general solutions of Ax=b has the form
N A
x| "X [=1] | —5%
3 3 . -
X, |=| 2 |=|2|+ 0 | X€
X | X, 0 X,
X3 can be any real number.
I
X, -1 )
X, |=| 2 |[+C| 0 | CeR
X | [ 0] 1
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Rectangular (coefficient) matrices A _

A _x=b

——mxn= bl

This matrix equation is equivalent to a system of linear equations
of m equations n unknowns.

X, +2X, = 1 2 2 (1 2| 2]
X, +5X, =6 <::> L 50X | |6 <:"> 1 5
2%, +7X, =8 2 7 {xj_ 8 2 7
4%, +14x, =16 4 14 116 | 4 14|16

The solution of equations n unknowi(B # n)
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Rectangular (coefficient) matrices

3 equations 4 unknowns=> Ax=0

112 2 27 1 2 2 2

Perform

A=[2 4 6 8| ) 0/0V2 4

_3 6 8 1() row operation O 2 4

Candidate for the 2nd pivot has become zero and
The entry below is also zero. “ go onto the next column”

1 2 2 2]

0 0 2 4

Row of zero Ux =0
occurs becaus O O O O_

of row 3 was
a combination Number of pivots = 2 (rank of the matrix)

of row 1 and 2 Solution is not unique

< U ( Echelon form)
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Solution to Ux=0 is the same as solution to Ax=0

1

2

X X X X
(O8]

4

Number of pivot variables (any variables that corresponds to a pivot column) = r
Number of free variables = n-r

X, +2X, +2X, +2X, =0

2X, +4X, =0

*Assign any numbers to X, and
X4
*Solve for X; and X;

=

MA 217 Calculus for Social Science Il (semester 1/20

Parametric description
of general solutions




x| [=2x,+2%x, ] [-2 2]
X | _ X, _ 1 0 | X
X, —2X, 0 -2 X,
Xy | Xy 1 L0 1
x| [-2 2]
X, 1 0 ]|C
= ;C,,C, eR
X, 0 -2|C,
Xl 0 1
x| [-2] [2]
X, 1 0 .
. =C, 0 +C, ) ;C,,C, €eR  General solutions as a vector
3 _
X, | | 0 1]
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4 equations 2 unknowns=> Ax=(

~N D DN

1
L |
Il
o O O O

B
1
2

4 14
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Rectangular (coefficient) matrices Amxn

M<n -2 No unique solution exists. There may be

= infinitely many solutions

= no solution

(if the system in echelon form contains equations of
the form O=b with b nonzero.)

e.g. 1 2 2 2|b, 1 2 2 2| b
2 4 6 8|h, ~ 0 0 2 4|b,—2b
3 6 8 10| b, 0 0 2 4 |b,-3b
12 2 2 b, ]
T |0 0 2 4 b, —2b,
0 0 0 0 |=b,+2b +b,-3b,
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M>n 2> There may be

= A unique solution could exist provided that
number of rank equal number of unknowns
and m-n row are zero rows (within echelon form).
= infinitely many solutions
= no solutions

Example

1 2|2 1212 272 Unique solutions
1 56| 034 o~ |0 3|4

a) m-n=2
2 7|8 0 314 0 010|*—— These 2 rows are linear
4 14 |16 0 6 |8] |0 00|« combination of other rows
122 12| 2] (1 2] 2] (122

(b) 1 516 0 3 (4| o |03]4] ~ |03]4 No solutions
2 708~ o 3 0 0 00
3011 0 00 00

Many solutions
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EXAMPLE:

1 6 0 3 00 x1 +bxo x4 = ()
6 0 I -8 0|5 X3 =8Xxq =3
0 o0 017 X5 m=]

Pivot columns:

Pivot variables: Free variables:
EXAMPLE:

i ¥ = =bxz — 3xq (x| [0] B (-3

xy +hxs +3x4 = {) xa is free X, 0 1 0

x3 =8xy =5 = X3 =5+8xy <:> X, |=|5]|+C,| 0 |+C,| 8

x5 =17 xa is free X, 0 0 1

W=7 X, 7 0 0
; (general solution) - - -

C,,C,eR

The system is consistent and has infinite many solutions
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EXAMPLE:

Ixs  ~Oxy +6xy +dy: = -5
vy =7x» +8xy =Sy 48 =9
3¢y =9x2 4+12vy <Oy 46y = 15

Perform sequences of row operation

3 <9 12 -9 6|15
0 2 4 4 2|-6
O 0 0 01| 4 (xs = 4)

Mo equation of the form O = ¢, where ¢ = 0, so the system is
consistent.

Free variables: 1; and i

Consistent system | infinitely many solutions.

with free variables

What is general solutions in a vector form?
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EXAMPLE:

vy Hxs = =3 i 3 4|3 -
2x), #5x2 = § =+ 4 . T
—2x; =3y = | -2 =3 |
i 1 4|3 Il

v + 4y = =3
-~ 0 1] 3 e

Xa =3

g 0] 0

Consistent system, : :
— unique solution.

no free variables
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Example 13 4
: 3
2 _
& b=
A =
6 7
5 1 6
RREF
1 3(4] 1 3|47 [rol1] _
- r=n <m
2 113 0O —-51| =5 0 :151 (full column rank)
6 17| |0 —17|-17| |0 oo
5 16| |0 -14/-14] |0 0l0
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Summary

Ax=b b0
r=m=n =» one solution exists (full rank)
r=n<m =>» 0 or 1 solution (full column rank)
r=m<n =» infinitely many solutions

(no zero row) (full row rank)

r<mandr<n = no solution
or infinite many solutions
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Inverse of Matrices
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Matrix Inverses

The inverse of a real number a is denoted by a™!. For example,
7-1 = 1/7 and

An n x n matrix 4 is said to be invertible if thereisannxn
matrix C satisfying

CA=A4AC =1,
where I, is the n x n identity matrix. We call C the inverse of 4 .
example 2 5 . -7 -5
A= C= — =
{_3 I s AC CA

The inverse of 4 is usually denoted by 471,

We have

A;"i_l - 4"'1_114 = j—“

Not all n x n matrices are invertible. A matrix which is not
invertible is sometimes called a singular matrix. An invertible
matrix is called nonsingular matrix.
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Fact 1 If 4 is invertible, then the inverse is unique.

Proof: Assume B and C are both inverses of 4. Then

B = BI = B( )= ) =17 = C.

So the inverse is unique since any two inverses coincide.g

Fact 2 The inverse of Al is A itself.

Fact 3 Let 4 = [ a b ] If ad — be #= 0, then 4 is invertible and

A= ] a1
ad-be ¢ a

If ad — bec = 0, then 4 is not invertible.
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Fact4 If 4is an invertible n x n matrix, then for each b in R”, the
equation 4X = b has the unique solution X = 4-1h.

Assume A is any invertible matrix and we wish to solve 4AX = b.
Then

AX b and so

IX = orX =
Suppose W is also a solution to 4X = b. Then AW = b and

AW = b whichmeans w =4"1h.

So, W =4'b, which is in fact the same solution.
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5 =2
~Tx1 4+ 3x» = 2
51 - 2% = 1

MA 217 Calculus for Social Science Il (semester 1/20

Matrix-



Properties of Inverses

Suppose A and B are invertible. Then the following results hold:

a. A!isinvertible and (47 1) = 4 (i.e. 4 is the inverse of
A1),

b. ABis invertible and (4B) ! = B 14!
c. ATis invertible and (47)! = (4 1)’
Partial proof of part b:

(4B)(B'4™!) = A( )4

A( 147! = =

Similarly, one can show that (B-'471)(4B) = I.

Proof part c
p AT(A—I)T:(A—IA)TZITZI

(A—I)T AT :(AA—I)T 1T =
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Matrix inversion algorithm

AA™ = |

1 3|a c 1 O
2 7|b d 0 1
=>Take a column at a time, that equation determines the columns of A

Atimes column j of A7 =column j of /

1 3ja] |1 . 1 3jc 0

2 7|b] [0o] * |2 7|d| |1
3o Carry out elimination on
2 710 all systems simultaneously.




| The Gauss-Jordan method
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Matrix inversion algorithm

Place 4 and I side-by-side to form an augmented matrix | 4| I |.

Then perform row operations on this matrix (which will produce
identical operations on 4 and I).

[Alf] will row reduce to [IlA‘lj

or 4 is not invertible.

2 00
EXAMPLE: Find the inverse of 4 = -3 0 1 |, Ifitexists.
0 1 0
Solution: B B
2 00[1 00 1 005 00
[‘4|I]= 301010 |~=~| 010[0 01
0 1 0/0 01 001|310
_% Do
Sodl=| 0 01
= 10
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Find the inverse of the matrix A=|1 (0 3 if it exists
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Determinant of Matrices
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Determinants

Determinant of a square matrix A is denoted by LA or det A Is a uniquely
defined SCALAR associated with that matrix. Determinants are defined
only for square matrices

A second-order determinant

, _ a, 4,
For a 2x2 matrix A =
a21 a22

a, a,
det A = ‘A‘ = =a;dy, —a,,a,, is a scalar

a21 22

Example : Given

det A =|A|=(6)(9)—(-3)(5)=69
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A Third-order determinant

For a 3x3 matrix

a'31 a'32 a33 _

det A = ‘A‘ = (@858, + 8,88, +8,;85,8,) — (38,8, +&,8,,85, +8,8,,85;)
or

a, &, a;a, a,
dtA=|Al=|a, a, a;a, a,
3, a, aa, a,
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OR Subdeterminant or Minor

IS

a a a
11 12 13 a a a a
a a a. | — 22 23 21 23
|A| =[82 22 23| = a
hayp as 12la;  aj
a3 dsz ds3z
g Ay  dy
3lay; aq
= d)1A4,033 — 41105303 T A3Ay3a5 — A5d5 A3y
ta)3a,a3 — A3a9,45 [ = a scalar]
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A Third-order determinant

Example :
21 3
g g g=(2)(5)(9)+(1)(6)(7)+(3)(8)(4)~(2)(8)(6)
= (1)4)(9) — 3)(5)(7) = -9
-7 0 3
g é -451=(—7)(1)(5)+(0)(4)(0)+(3)(6)(9)"("7)(6)(4)

= (0)(9)(5) — (3)(1)(0) = 295
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An nt" -order determinant

For an n x n matrix
a, a, - a,

A=l 11 |=lay
nxn
n Gyt Ay

By expanding

n
Anyrow i detA or |A|=a,C, +a,C,, +...+8,C;, = > &,C,
j=1
. n
Anycolumn j detA or |A|=a,,C;+a,,C, +..+a,C, =) &C,
=1

Cij is the “cofactor” of the element

M i is the “minor” of the element aij

Obtained by deleting the i th row and j th column of a given determinant
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The (i,])-cofactor of 4 is the number C;; where

Cy = (—1)" detA4,.

detA=4a,,.C,, +a,,C,, +......3,,C

In™1n

A cofactor expansion across the first row of A

Use a matrix of signs to determine (-1)™

1 2 0 _ _
3 -1 2 |=1C11+2C12+0C3 +r - T
2 0 1 -+ =
+ - +
(cofactor expansion across row 1) .
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Example

Evaluate determinant of A, given

AN W =
<N =~ N

0
A=|1
5

Choose row 1 for expansion, since there is O in row 1

detA=4a,C, 6 +a,C,+a,C,

1 4
5 7

\=<1>(7>—<4><s>=—13

O
Il

(1) (M),




¥ I —
[ ]
]

EXAMPLE: Compute the determinant of 4 =

-1 2
2 0 1
using cofactor expansion down column 3.
Solution
1 2 0
3 -1 1 2 1 2
3 -1 2 |=0 -2 + 1 = 1.
2 0 2 0 3 -1
2 0 1
Example
1 5 0
A=12 4 -1 detA="?
0 -2 0
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b
T

EXAMPLE: Compute the determinant of 4 =

= o O =
L S o B (S

-
th = th s
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Basic properties of determinants

(1) det A" =det A

4 3| _|4 5|_ K
Example 1 s 6l 13 6 9

a b| _lla ¢ _ _
Example 2 - dl=le d ad — bc

Hence, column operations = row operations in determinant. (2)-(4)

(2)  The interchange of any two rows (or any two columns) will alter the sign,
but not the numerical value of the determinant.

Example
g 3=ad—bc, Z z|=cb—~ad=—(ad-bc)
0 1 3 3 1 o] "
2 5 7= —26 7 5 2| =26
3 0 1 1 0 3




(3) The multiplication of any one row (or one column) by a scalar k

will change the value of the determinant k-fold.

Example
ka kb| _ B _ B _a b
- gl kad — kbc = k(ad — bc) = k .
15 7b S5a 7b S5a b
= _ 2 — _
!120 2d 3 4c 2d 3(2) e d 6(5ad — 14bc)
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(4) The addition (subtraction) of a multiple of any row (or column) to (from)

another row will leave the value of the determinant unaltered.

Example
(CJ Z = ad — bc
a B _ _ b
ot ka d+kb—ad+kb) b(c + ka) = ad — bc . d‘
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EXAMPLE: Compute

Solution

2 4 06
5 6 7
7 6 10

= 2(-4)

0
0

1
-3

L

o |

L O o SR %
1

10

-

2
-11

10

= 2(-4)

0
0

2(-4)(1)(1)(5) = — 40

-4
-8

b

—3
—-11

Ll

b
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3 0 1
4 7 0 3 . L
EXAMPLE: Compute using a combination of
79 -2 4
1 2 0 4

row reduction and cofactor expansion.
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1 2 3 4
EXAMPLE: Compute | © - ° °
2 7 6 10
2 9 7 11
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Compute Det(A)

3 -1 2 =5
0O 5 -3 -6

A =

Det(A) = 0 when A is not invertible (singular).
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(5) If one row (or column) is a multiple of another row (or column), the value of the
determinant will be zero.

Example
2a 2b| _ _ _ c c| _ _
, b =2ab—2ab =0 J d-—cd cd =0

(6) A zero row or column renders the value of a determinant zero.

Example

A~ O =
whnh O BN
AN O W

|

-

[
o O O
W N =
O OO0 Wn
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Further Properties

(7) det(AB) —det A-detB

EXAMPLE: Compute det4’ if detd4 = 5.

Solution:  det4® = det(444) = (detA4)(det4)(det4)
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(8) If A is an n x n upper or lower triangular matrix
Triangular Matrices:
_$*--~**_ _${]DDD_
0 = * «= % 0 0 0
0 0 * ¥ *= % -~ 0 0
0 0 0 = S L
(upper triangular) (lower triangular)
detA =4q,,a,,8;,..a
Example
2 0 0]
[A]=|3 10 0|—|A=(2)10)9) =180
8 9
MA 217 Calculus for Social Science Il (semester 1/20




Applications of determinants

Cramer’s Rule

Cramer’s rule can be used to study how the solution of Ax=b
affected by the changes in the entries of b.

Let Abe an invertible nxn matrix. Foranybin R" ,
the unique solution x of Ax =b has entries given by

x =9AD) o3 n
det A

where Ai(b):[a1 Lo lf Lo an]

Col 1
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Example
3X, —2X, =6
—5X, +4X, =8
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Find the solution of the equation system

Tx,— x,— x3=0
10x, — 2x, + x; =8
6x, + 3x, — 2x, =17
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The computation of A-

[ Ciy Cy -+ Cp
i o __]__ Ciz2 Cpp -+ Cp @
detd | - . :
B Cin Co -+ Cnn J

The matrix of cofactors on the right side of (4) is called the adjugate (or classical
adjoint) of A, denoted by adj A. (The term adjoint also has another meaning in advanced
texts on linear transformations.) The next theorem simply restates (4).

The adjoint of A, 1s defined to be the transpose
of the matrix of cofactors:

adjA=[C, (A)[

adjJA==>nxn
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Example (3 0 -1
A=| 4 3
__2 8 -
11 -26 4671 [11 -8 77
ade: —8 13 24| =|-26 13 —13
|7 -13 21| |46 -24 21|
Theorem An Inverse Formula

Let 4 be an invertible 1 x 1 matnx. Then
1

Al =
det A

adj A
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¥ EXAMPLE3 Findtheinverscofthematrix A= |1 —1 1

) 1 —-2-
Solution The nine cofactors are - " ‘
-1 1 1 1 | 1 -1
Cii=+ 4 _2 = -2, Clz=-—l1 _2‘=3, Cin=+ 1 4'=5
1 3 2 3 2 1
L 3 2 3 2 1
C3=+ 1 1‘=4, Cyp=— 1 1 =1, Cyn=+ 1 —1 = -3

The adjugate matrix is the transpose of the matrix of cofactors. [For instance, C; ge
in the (2, 1) position.] Thus
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-2 14 4]
adidA=| 3 -7 1
5 -7 -3]

We could compute det A directly, but the following computation provides a check
the calculations above and produces det A:

. ] : i

-2 14 412 1 3 14 0 0
@@djayA=| 3 =7 1l|1 =1 1|=|0 14 0Of=141

5 -7 =3][1 4 2] [0 0 14]

Since (adj A)A = 147, Theorem 8 shows that det A = 14 and

1 2 14 4] [-=1/7 1 2/7"

Al=—1| 3 =7 1|=]3/14 —-1/2 1/14

1 5 7 3] |s/14 —172 —=314]
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