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Matrices, 
Algebra of Matrices

&
Elementary Operations



Matrix- p2MA 217 Calculus for Social Science II (semester 1/2017) 

What is a Matrix ? (Not a movie trilogy staring Keanu Reaves)

A matrix is a rectangular array of numbers (or functions) enclosed in brackets. 
These numbers (or functions) are called the entries (or elements) of the matrix.   

For example,

11 12 1

21 22 2
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Column1 Column2 Column n

Row1

Row 2

Row m

A is a matrix of dimension (size) m x n (m rows and n columns)

ija is an entry or an element of the matrix

iia is a main diagonal entry
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is a 2 x 3 matrix (Rectangular Matrix) 

is a 2 x 2 matrix (Square Matrix)

is a 3 x 3 matrix (Square Matrix)


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














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a
a
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
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0
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11

is a diagonal matrix 
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1 0 0
0 1 0

0
0 0 1

 
 
 
 
 
 

I





  



is an identity matrix or a unit matrix 

1 2 3
0 5 6
0 0 1

 
 
 
  

is an upper triagular matrix 


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













543
032
001

is a lower triagular matrix 

0 0 0
0 0 0

0
0 0 0

 
 
 
 
 
 

0





  



is a zero matrix 

is a 1 x 3 matrix (we usually call it a row vector) 

is a 2 x 1 matrix (we usually call it a column vector) 
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Vector
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Basic operations of matrices
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jk jk m n
a b
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    A B
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












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




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

395
1179

566

211
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874

5106
640
312

For example;
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11 12 1

21 22 2

1 2

n

n

m m mn

ca ca ca
ca ca ca

c

ca ca ca

 
 
 
 
 
  

A





   


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










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A 








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B 






 


10
32

C

2BA

CA

BA







B2
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Properties of Matrix Addition

Properties of Scalar Multiplication

Cummulative law

Associative law
of addition

Distributive laws
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Matrix multiplication
Three different ways with the same answer:

Method 1: Each entry of AB is the product of a row and a column.

(AB)ij=row i of A times column j of B

This single entry is the inner product of the two vectors.
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











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

0
5
2

411
303
611

Example
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Which is _____________
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Method 2: Each column of AB is the product of a matrix and a column

Column j of AB = A times column j of B

The number of columns in A has to equal the number of rows in B .
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

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

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
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
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Example


































0
5
2

411
303
611


















 321

634
51

32
Example
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Method 3: Each row of AB is the product of a row and a matrix

row i of AB = row i of A times  B


















015
021
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32
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Properties of Matrix Multiplication

Cautions !
AB is not always equal to BA

If AB = AC , B is not necessary equal to C

Try

If AB = 0 , A or B is not necessary equal to 0

eg.

eg.

-2
1
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Properties of matrix multiplication
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11 21 1

12 22 2

1 2

m

mT
ji

n n mn

a a a
a a a
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a a a

 
 
      
 
  
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
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   


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  TAB
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Properties of Matrix Transposition
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Solution of System of Linear 
Equations



Matrix- p25MA 217 Calculus for Social Science II (semester 1/2017) 

A linear equation

1 21 2 ... n na a x bx ax    

Given Coefficients Given Constant

Unknown Variables

System of Linear Equations
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A linear equation

1 1 2 2 ... n na x a x a x b   
eg.

1 2 32 5 2 5x x x  

Non-linear equation

Anything that is not in the form of a linear equation (*)

(*)

eg.

2
1 2 3 12 5 sin( ) 25x x x x  



Matrix- p27MA 217 Calculus for Social Science II (semester 1/2017) 

System of Linear Equations
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The whole idea of linear algebra is to solve 

bxA 
A system of linear equations can be written in matrix form

24
425

66

321

321

321





xxx
xxx

xxx




















































 2
4
6

114
215
116

3

2

1

x
x
x

















 2-
4
6

  
114

215
116

An augmented matrix form

or

bxA A matrix equation:
][ bA
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1 2 3, , ,......, nx x x x Is a set of unknown variables

If all      are zero then the system is called   “Homogeneous system”ib
If      are not all zero then the system is called   “Non homogeneous system”ib

(1)

If the system (1) is homogeneous, it has at least the trivial 
solution x1=0,…,xn =0
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Solutions of System of Linear Equations 

Can be written in a form of matrix equation as

Ax b

111 12 1 1

21 22 2 2 2

1 2

n

n

m m mn n m

ba a a x
a a a x b

a a a x b

    
    
     
    
    

          





     



m x n n x 1 m x 1

][ bA
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Examples of a system of linear equations

A charity wishes to endow a fund that will provide $50000 per year for 
cancer research. The charity has $480000 and , to reduce risk, wants to 
invest in two banks paying 10% and 11 % respectively. 
How much should be invested in each bank?



Matrix- p32MA 217 Calculus for Social Science II (semester 1/2017) 

93
82




yx
yx

To obtain solutions to this system of linear equations we can either use, for examples
1. Graph method
2. Substitution method
3. Elimination of unknowns method
4. Elementary row operations
5. Inverse of a matrix
6. Cramer’s rule

1. Graph method
2. Substitution method

(1)

(2)
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3. Elimination of unknowns

Methods 4-6 require the use of matrix algebra.
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There are 3 possible cases
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Solutions
Unique or Infinitely many solutions

No solution

Consistent system

Inconsistent system

How can we know ?
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Strategy for solving a linear system

example

a)

b)

c)

Replace one system with an equivalent system  (one with the 
same solution set)  that is easier to solve. 
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a) b) c)

Equivalent systems
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Solving a linear system

Note:

Replacement: k x Row i adds to Row j and replace Row j (the one 
that is not multiplied.)
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Ex. 9: Solving a system of linear equations
using augmented matrix methods. 

  72
143

21

21




xx
xx

 
 1. Augmented matrix corresponding to the
system of linear equations. 

  







 7

1
21

43
 

2. 21 RR   (To get a 1 in the upper left
corner.) 

  






 
1
7

43
21

 

3Example
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3. 221)3( RRR  (To get a 0 in the lower
left corner.) 

  










20
7

100
21

 

 4. 2210
1 RR 







(To get a 1 in the lower right
corner.) 

  










2

7
10
21

 

 5. 112)2( RRR  (To get a 0 in the upper
right corner.) 

  







 2
3

10
01

 

 Hence, 31 x  and 22 x . 
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We can stop the row operation process at step 4 
and perform back substitution to obtain the solution set. 
This method is known as  “Gauss Elimination” method.

 4. 2210
1 RR 







(To get a 1 in the lower right
corner.) 

  










2

7
10
21

 

2
72




y
yx

Solve for y first in eq. (2) 
and then substitute y into eq.(1) 
to solve for x

(1)

(2)
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




















3

2

1

100
010
001

C
C
C

backward 
elimination
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An augmented matrix

Example of system of linear equations with 3 variables
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Row operations are reversible. 
If the augmented matrices of two linear systems are row equivalent, then the 
two systems have the same solution sets.

Example 

24
425

66

321

321

321





xxx
xxx

xxx

1,13,3 321  xxx
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The whole purpose of doing 
the elimination is to get an 
upper triangular matrix (U) 

(echelon form)
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Important terms 

Pivot position: a position of a leading entry in an echelon form of the matrix.

Pivot: a nonzero number that either is used in a pivot position to create 0’s or 
is changed into a leading 1, which in turn is used to create 0’s

Pivot column: a column that contains a pivot position.

Pivot row: a row that contains a pivot position.

Example : 3 equations 3 unknowns





















































9
2

5

272
064
112

z
y
x

(coefficient matrix)

Number of pivots = Rank of a matrix
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















100
280

112
Replacement

The first pivot
Pivot row

Pivot column

U

By definition, pivots cannot be zero. ( need to divide them!)

Replacement




















272
064
112

















380
280

112
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~

Note: There is no more 
than one pivot in any row. 
There is no more than one 
pivot in any column.

Row reduce to echelon form and locate the pivot columns.Example

~~
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Echelon form

Reduced echelon form



















410000
702210
9091293
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



















1082
862
642
321

A

How many pivot variables?

Example
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If the algorithm produces n pivots (there are pivots in every column
i.e. a full set of pivots), 

then there is only one solution to the equations (a unique solution)

If a zero appears in a pivot position, elimination has to stop!
Stop temporarily there is possibility to exchange with 

a lower row for a proper pivot.  
Stop permanently there is no exchange of row that 

can avoid zero.

0
10

21

21




xx
xx

842
32

21

21




xx
xx

622
3

21

21




xx
xx

However, we do not know whether a zero will appear until we try.

example

examples

Ax=b

Ax=b Ax=b
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How an echelon form (or rref) of a matrix (obtained by performing

row operations on a matrix ) tell us about the nature of the solution 

(e.g. Unique solution, infinitely many solutions or no solution)?

If a solution exists either a unique solution or infinitely many solutions, 
the system is said to be consistent. Otherwise the system is inconsistent.
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























































9
8
0

954
820

121

3

2

1

x
x
x






















9
8
0

   
954
820

121

Perform row operation to obtain echelon form
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Homogeneous linear systems

Ax=0

E.g. 

























0
0

31
42

2

1

x
x









0
0

   
31
42









0
0

   
10
42

~
12 2

1 RR  0  and   0 12  xx

E.g. 

























0
0

21
42

2

1

x
x









0
0

   
21
42









0
0

   
00
42

~
12 2

1 RR 

21

2

420
  and

   

xx

Rx















0
0

xor

RCCx 







 ;

1
2

or
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Nonhomogeneous linear systems
Ax=b


























1
4

31
42

2

1

x
x









1
4

   
31
42









1
4

   
10
42

~
12 2

1 RR  4  and   1 12  xx

(a)
e.g.

(b)








1
4

   
21
42









1
4

   
00
42

~
12 2

1 RR  No solution









2
4

   
21
42









0
4

   
00
42

~
12 2

1 RR (c) Infinitely many solutions

21

2

22   
  and   

xx
Rx



RCCx 

















 ;

1
2

0
2

or
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Example

























































4
1

7

816
423
453

3

2

1

x
x
x

























4
1

7
    

816
423
453

~ …. 



















 

0000
2010

1
3
401

General solutions






CCx
x

xx

  ;
2

3
41

3

2

31
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As a vector the general solutions of Ax=b has the form

























































 


















3

3

3

3

3

2

1

0
3
4

0
2
1

2
3
41

x

x

x

x

x
x
x

RCC
x
x
x
























































      

1
0
3
4

0
2
1

3

2

1

x3 can be any real number.   

;

; x33
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Rectangular (coefficient) matrices

The solution of m equations n unknowns

nmA

)  ( nm 

bxA nm

This matrix equation is equivalent to a system of linear equations
of m equations n unknowns.

16144
872

65
22

21

21

21

21







xx
xx

xx
xx














































16
8
6
2

144
72
51
21

2

1

x
x



















16144
872
651
221
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
















10863
8642
2221

A
















4200
4200
2221

Candidate for the 2nd pivot has become zero  and 
The entry below is also zero.  “ go onto the next column”

















0000
4200
2221

U ( Echelon form)

Ux = 0 

Number of pivots = 2  (rank of the matrix)
Solution is not unique

3 equations 4 unknowns Ax=0 

Row of zero 
occurs because 
of row 3 was 
a combination 
of row 1 and 2

Perform

row operation

Rectangular (coefficient) matrices
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 Number of pivot variables (any variables that corresponds to a pivot column) = r
 Number of free variables = n-r

 Solution to Ux=0 is the same as solution to Ax=0

0
0000
4200
2221

4

3

2

1





































x
x
x
x

                        
042       

0222

43

4321




xx
xxxx

•Assign any numbers to X2 and 
X4

•Solve for X1 and X3
43

4321

2
222

xx
xxxx


 Parametric description

of general solutions
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










































































4

2

4

4

2

42

4

3

2

1

10
20

01
22

2

22

x
x

x
x

x
xx

x
x
x
x

RCC
C
C

x
x
x
x




















































21
2

1

4

3

2

1

, ;   

10
20

01
22

RCCCC

x
x
x
x






























































2121

4

3

2

1

, ;  

1
2

0
2

0
0
1
2

General solutions as a vector
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












































0
0
0
0

144
72
51
21

2

1

x
x

4 equations 2 unknowns Ax=0 
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m<n No unique solution exists. There may be 
 infinitely many solutions
 no solution

(if the system in echelon form contains equations of 
the form 0=b  with b nonzero.)

Rectangular (coefficient) matrices nmA

















3

2

1

10863
8642
2221

b
b
b




















13

12

1

34200
24200

2221

bb
bb

b




















1312

12

1

320000
24200

2221

bbbb
bb

b

~

~

e.g.



Matrix- p70MA 217 Calculus for Social Science II (semester 1/2017) 

m>nThere may be 
 A unique solution could exist provided that 

number of rank equal number of unknowns 
and m-n row are zero rows (within echelon form).
 infinitely many solutions 
 no solutions 



















16144
872
651
221



















860
430
430
221

~ ~ m-n=2
These 2 rows are linear 
combination of other rows


















000
000
430
221 Unique solutions

a)



















113
872
651
221

~


















000
3/500

430
221



















10105
663
442
221



















000
000
000
221

~

(b)

(c) Many solutions

No solutions


















 550
430
430
221



















3/500
000
430
221

~ ~

Example
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Pivot columns:                                

Pivot variables: Free variables:

The system is consistent and has infinite many solutions































































































0
1
8
0
3

0
0
0
1
6

7
0
5
0
0

21

5

4

3

2

1

CC

x
x
x
x
x

RCC 21,



Matrix- p72MA 217 Calculus for Social Science II (semester 1/2017) 

Perform sequences of row operation

What is general solutions in a vector form?
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







3
5
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Example





















15
16
12
31

A




















6
7
3
4

b&



























14
17
5

4

140
170
50

31

RREF



















0
0
1
1

00
00
10
01



r=n <m
(full column rank)



















6
7
3
4

15
16
12
31


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r = m = n         one solution exists (full rank)

r = n < m         0 or 1 solution (full column rank)

r = m < n     infinitely many solutions
(no zero row) (full row rank)

r < m and r < n     no solution 
or infinite many solutions

bxA 

Summary

0b
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Inverse of Matrices
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Matrix Inverses

example











73

52
A 







 


23
57

C; AC= CA=
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Fact 1

Fact 2 The inverse of A-1 is A itself.

Fact 3
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Fact 4
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Suppose A and B are invertible. Then the following results hold:

Properties of Inverses

IIAAAA
IIAAAA

TTTT

TTTT








)()(
)()(

11

11Proof part c



Matrix inversion algorithm

IAA 1

Take a column at a time, that equation determines the columns of A-1


























10
01

72
31

db
ca

A times column j of A-1 = column j of I


























0
1

72
31

b
a


























1
0

72
31

d
c

;









1072
0131 Carry out elimination on 

all systems simultaneously.
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







1072
0131









 1210

0131












1210
3701

 IA

 1AI

The Gauss-Jordan method
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Matrix inversion algorithm
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Find the inverse of the matrix 




















834
301
210

A , if it exists 
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Determinant of Matrices
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Determinants

Determinant of a square matrix A is denoted by         or det A  is a uniquely 
defined SCALAR associated with that matrix. Determinants are defined 
only for square matrices

A

For a 2x2 matrix 11 12

21 22

a a
a a
 

  
 

A

11 12
11 22 12 21

21 22

det
a a

a a a a
a a

   A A is a scalar

Example : Given

A second-order determinant

6 3
5 9

 
  
 

A

     det 6 9 3 5 69    A A
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A Third-order determinant

For a 3x3 matrix 

11 12 13

21 22 23

31 32 33

a a a
a a a
a a a

 
   
  

A

11 22 33 12 23 31 13 32 21 13 31 22 11 23 32 12 21 33det ( ) ( )a a a a a a a a a a a a a a a a a a      A A

or

11 12 13 11 12

21 22 23 21 22

31 32 33 31 32

det
a a a a a
a a a a a
a a a a a

 A A
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OR Subdeterminant or Minor
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A Third-order determinant

Example :
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An nth -order determinant

11 12 1

1 2

n

ij n n

n n nn

a a a
a

a a a


 
       
  

A


   



For an n x n matrix 

ijC is the “cofactor” of the element 

ijM is the “minor” of the element ija

Obtained by deleting the i th row and j th column of a given determinant 

1 1 2 2
1

det  or ...
n

i i i i in in ij ij
j

a C a C a C a C


     A A
By expanding

Any column  j 1 1 2 2
1

det  or ...
n

j j j j nj nj ij ij
i

a C a C a C a C


     A A

Any row  i
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nncacacaA 1112121111 .......det 

A cofactor expansion across the first row of A
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  ;  

Example

0 1 2
1 3 4
5 6 7

 
   
  

A

Evaluate determinant of A,  given

Choose row 1 for expansion, since there is 0 in row 1

11 11 12 12 13 13det a C a C a C  A

         1 2
12 12 12

1 4
1 1 7 4 5 13

5 7
C M M       

         1 3
13 13 13

1 3
1 1 6 3 5 9

5 6
C M M       

     det 1 3 2 9 5    A
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Example



















020
142

051
A detA=?

(-2)
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(14)
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Basic properties of determinants

det detT A A(1)

(2) The interchange of any two rows (or any two columns) will alter the sign, 
but not the numerical value of the determinant. 

Example

Hence, column operations = row operations in determinant. (2)-(4)
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(3) The multiplication of any one row (or one column) by a scalar k 

will change the value of the determinant k-fold. 

Example
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The addition (subtraction) of a multiple of any row  (or column) to (from) 

another row will leave the value of the determinant unaltered. 

(4)

Example
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(-12)
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(-10)
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

























9085
4776
6350
5213

A

(0)

Compute Det(A)

Det(A) = 0 when A is not invertible (singular).
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If one row (or column) is a multiple of another row (or column), the value of the 
determinant will be zero. 

(5)

Example

(6) A zero row or column renders the value of a determinant zero. 

930
820
510

0
654
000
321



Example
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 det det det AB A B

Further Properties

(7)
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If A is an n x n upper or lower triangular matrix(8)

11 22 33det ... nna a a aA

     9102
984
0103
002

















 AA

Example

= 180
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Applications of determinants

Cramer’s Rule
Cramer’s rule can be used to study how the solution of Ax=b
affected by the changes in the entries of b.

 ni

i
i

n

A

n i
A

Ax

A
RnnA

abab

b
bxx

b

....)(                where

...3,2,1  ,
det

)(det                        

bygiven  entries has  of solution  unique the
 , in  any For  matrix.   invertiblean  be Let 

1






Col i
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845
623

21

21




xx
xx

Example



Matrix- p108MA 217 Calculus for Social Science II (semester 1/2017) 

Find the solution of the equation system 

1x 2x 3x
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The adjoint of Anxn is defined to be the transpose 
of the matrix of cofactors:

 Tij ACadjA )(

nnadjA 

The computation of A-1
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Example






















582
374
103

A













































212446
131326
7811

21137
24138

462611 T

adjA

Theorem
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