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Chapter 5

Nonlinear Model and Differential Calculus in Economic Theory

Topics:

- Slope and derivatives of a function

- Rule of differentiation

- Non differentiable functions

- Convexity and concavity

- Inflection point

- Maxima-Minima

- Examples in Economics
< Relations among the total, the average and the marginal functions
< Derivative and marginality
< Elasticity
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Comparative Statics and Derivative

VOCAB: “Difference Quotient” / “Derivative”/ “Differentiation/ “Differential

Calculus”

Comparative Statics is concerned with the comparison of different equilibrium
states that are associated with different sets of values of parameters and exogenous

variables.

For example,

When G =G,

(1) Y=C+I+G

(2.) C=a+bY,

(3) Y, =Y-T =Y .=
(4) 1=1,

(5.) G=G,

When G =G,

(1) Y=C+I+G

(2.) C=a+by,

(3) Y, =Y-T (=Y. .
(4) 1=1,

(5.) G=G,

when G, — YE|G

when G, — YE|G

AG=G -G, = AY=Y,| -Y,

It should be clear that the problem under consideration is essentially one of finding a

rate of change: the rate of change of the equilibrium value of an endogenous variable

O

_a-bT+1,+G,
1-b

_a—-bT+1,+G,
1-b

G()

with respect to the change in a particular parameter or exogenous variable.
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The notion of rate of change is directly concerned with the mathematical concept of

derivative, in differential calculus.

Looking at a function: y = f (x)

when x, — y,=f(x)

when x, — y,=f(x,)
Ax=x,-x, = Ay=y,-y

. . A D : :
We are interested in é which is called “ difference quotient”

A d
When Ax—)O,—y—>—y.
Ax dx
.. A . f(x+Ax)—f d
That is, lim =2 = lim MtA) 10 = Y f'(x)
Ax—0 Ax Ax—0 Ax dx
ay

2 o7 f'(x) is called the derivative of f at x.

Notation for derivative of f at x: f'(x), d]; Ecx), Z—z, D.f(x),y'

A derivative is a function. The word derivative means a derived function, from the

original function y = f(x), which is also called a primitive function.

When we have a Primitive function y = f(x) and try to find the derived function Q,

dx

we call this process “differentiation”.

Derivative and differential Calculus will be used in finding maximum, minimum

points and in optimization problem.
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O

The Slope of a Curve and The Derivative of a function

The concept of theislope‘of a curve is the geometric counterpart of the concept of the

Both concepts deal with the] marg1na!|notion used in economics.

The slope of a total cost function: C = F (q) measures the change in total cost

resulting from a unit increase in output, i.e. the marginal cost(MC). That is,

Me( )_AC
Q = Aq
And when Ag = 0

Me( )_dC

The slope of a utility function: u=U (x) measures the change in utility

resulting from a unit increase in consumption, i.e. the marginal utility(MU). That is,

Au
MU =—
(x) o
And when Ax - 0
du
MU(x) = —
dx

© If a function is linear, the slope is constant and is equal for every points on the linear
curve.

© If a function is nonlinear function, the slope is not constant. Slope for each point on
the curve might not be equal. Slope at each point on a nonlinear function is the slope of
the tangent line at that point.
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A d_ d. - slepe of
y ) ¥ 2TE 'S tﬁ;‘,’ fongert
. ine of
Pr'\"‘-‘we | gd‘?"“t
w 2 8
iy - H
by |dX derivative £°

Differentiation / derivation / process of obtaining the derivative

From definition of derivative, we can find the derivative from a primitive
function as the following.

For example, let f(x)=2x"+4 find f (x):
(1) f'(x)=4x

(2.) Use derivative definition: 1" (x) = grr% (%)

Let x increases from x, to x, =x,+/h,so Ax=x, —x, =hwith

f(x)=2x2+4 waz f(x,)=2x2+4=2(x,+h) +4=2x7 +4xh+2h* +4

Therefore,
QZJ’Z_% :f(XZ)_f(xl)
Ax  x,—x h
(27 +4x,h+ 20 +4)—(2x] +4)

h
=4x,+2h
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. A
x, is actually can be any x Ey =4x+2h

: . A
S (x)= j}gg[;yj
= lim (4x+ 24)

Differentiability of a function

“A function is differentiable at point x, if it is smooth and continuous at point x,.”

& Continuity

£ Continuity is a necessary condition for a function to be differentiable.

The function /' is continuous at a if

1. We can find f(a),i.e. x = a must be in the domain of the function f.
2. We can find lim /()

X—a

3. £1£13f(x):f(a)

Example of a function that is not continuous atx =0.6

/(%)

LfllfNﬂTﬂ A :/
1. f(0.6) can be found. b

2. lim f(x)# lim f(x)

x—0.6~ x—0.6" f(06) 1. '
~. f(x) is not continuous at x = 0.6 /
x = 0.6
x’ when x <2

Hw.: s this function continmons £ (x) =
f( ) x+1 whenx>2

v
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© Smooth Function(has no kink)

£ Smooth function is a sufficient condition for differentiability.

The differentiability condition is:
f (o + Ax) — £ (xo)
Ax

fiixo) =

Example of a function that has kink: f(x)=|x—2[+1

/(%)
N

Continuity: f(2)= £1£1}f(x) =1, f(x) is continuous at x =2

But if we try to find derivative:

Function f has derivative at a if:

, iy f(a+h)—f(a)
f(a)=lim .

h—0

Ifwelet x=a+h
when 7 —0 , x —a and we can rewrite /" (a) as:
S(x)=f(a)

f'(a):lim— , X#a
xX—a x—a

Derivative of f (x) at x=2 is:

P a ge | 7
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_x=2p+1-1 -2
=lm—— =lim——

' 2) =
f( ) x—2 x_2 x—2 x_z
where lim |x—2| = —(x—2) =-1
-2 x=2 x=2
i A X2

-2t x—=2 x-2

< tim P i =2
x—2" x—z x—2F x—2

Therefore, f'(2)= limM cannot be found.

x—2 x_2

Even f'(x) is continuous atx =2 but we cannot find /'(2) because f (x) has a kink

atx = 2.

Notation:
fe % or fec : means f iscontinuous.
fe Y or fec : means f iscontinuously differentiable (A function

f with a continuous derivative function, i.e. the everywhere-smooth function)

Rule of Differentiation

. If f(x) =c,cisaconstant f'(x) =0
. If f(x) =cg(x), cisaconstant f'(x) = cg'(x)

A fO) =T 2V, /() =U'(x) £ V'(x)
I fO) =UEVE), /() =UV (%) +V(x)U'(x)

V() U (x)-Ux)V' (x)
[V(x)]?

7. [chain rule] If we have a differentiable function z = U(y) and another

1
2
3. If f(x) = x™, nis any real number f'(x) = nx™1
4
5

U(x)

6. If f(x) ==, f'(x) =

V(x)’

differentiable function y = V(x) , then the derivative of z with respect to x is equal

to the derivative of z with respect to y, times the derivative of y with respect to x .
dz dzdy
dx dydx

Change in x determines change in y via function V, and change in y determines

=U' (V' (x)

change in z via function U.
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8. [Derivatives of Inverse Function] Let y = f(x), we have Z—z. The inverse function

‘ .. d
of f,x = f~1(y), its derivative is ﬁ, and

dx_ 1
dy dy
dx

9. [Derivatives of log function]

d 1
Ify = log, x, £=%.
Ify=Inx, Z—z=x;e =§.
d V' (x)
HszV@L£=V£

10. [Derivatives of exponential function]

Ify =a*, wherea > 0,a # 1, Z—i= a*lna

x 4y _
Ify=e L

Ify =e"®), Z—z ="MV (x)

How.

(a) find f'(x) for the following functions:
fx) = N2x
f(x) = 2x° +3x> =5x+1

f(x)= (2X +3)(3x2)

ax’+b

f(x)=

cX
f(x) =(x—-4x")’

f(x)=(1-x)V1-2x
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(b.)
dx

Ify=1(x)= 5x+25, find —
dy

If y=1(x)= x5+x,ﬁndd—X
dy

(c)

Find f'(x) if f(x)=¢>"
Find f'(x) if f(x)=In(1+2x+x7)

1
Findf'(x) if f(x)=(01+x)(1+ e )3—-x)?
2-3x’
1-2x°

Find f'(x) if f(x)=(x*~1)

4 1
(d.) Let y=x"—x3 +6x3, find the second derivative of f (x) with respect to x,

f"(0.

9

Maxima and Minima, Convexity and Concavity
Ne Can use dervatfive 1o Wnderstand the characteristics of a funchian.

Global vs. Local Extremum Concept

Consider (a), (b) , (c) and (d)

3 ) v
A A A
E
B C
N ® -
D
P
> X <
0 * 0 ) >

(a) (b) (c)
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Graph(a.): Constant Function
No maximum/minimum of y

d
2 _0
dx

Graph (b.):Strictly Increasing Function

When x increases, y increases. There is no maximum value of y, and the
minimum value of y is at point D.

|

Monotonic increasing function is when 2 o 0.

. .. . . d
Strictly monotonic increasing function is when 2> o. /

dx \
Monotonic decreasing function is when Z—z <0. | R ‘
Strictly monotonic decreasing function is when Z—i <0. ‘ \

Graph (d.)

A

Ly, R) 6 is local Max

T_n{;h(saraiah‘e,‘salobaﬂ,mux ....................................................
H S 8[c)odl, mon .
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How can we test if a critical point is a local max, a local min, or an inflection point?

%> First-Derivative Test

If y = f(x) has Local Max/ Local Min at x = Xx,,, possible cases for the first derivative
are:

(a.) f'(x,) does not exist

(b.) f'(x0) =0

not §modh
ool max

A"
i

(a) - .Cp}.j-icgl_ value | Pdln'(

If f(x) is a smooth function, the necessary condition for a point to be a local
max or local min is:

'p I(X,) = O as x chonges i an extrenely Snall wnit
' ‘oo dosnt chowge

We call the order pair (x, y) that satisfies this necessary condition a stationary point,
in which x is “critical point or critical value”, and y is “stationary value”.

The condition f'(x) =0 is a necessary condition, but not a sufficient condition) for a
point to be a local maximum or local minimum.
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N

If the first derivative of f(x) at x =x, is 0 (f'(x,)=0), then f(x,) will be

1. Local maximum, when the first derivative changes from being positive to
negative when x < x, and x > x,

A
y; 'Fr(.x-e)=°
71.; ';(o >
[
when X < Xg, covveveiniieninn.. {.@.".\.?.?9 ..................................................
s
when x > x,, e B 2

2. Local minimum, when the first derivative changes from being negative to positive
when x < x and x > x,

r
when x < xo, . .06, < O

when x > x,, ) 20
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3. Inflection point, when the first derivative doesn’t change sign when x < x, and
X > X,

when x < x,,

when x > x,,

How.: Find local maxima or mivima of the following functions:
y=f(x)=x>-12x>+36x+8

Average-Cost Function AC=f(Q)=Q*-5Q+8

& Second-Derivative Test &

Interpretation of the Second Derivative

'(x) >0 f(x) will be st increasing
;'(X) <0 o S‘hc:g} deveasing

frx) >0 ] slws. o f(x) willbe | stricily inceasing
f(x) <0 shricky  clesrtsing,



3

Y a

|

If f'(x) >0and f''(x) >0,

A
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G is Inams(mr

™e 2
Me\
>

If f'(x) >0and f"'(x) <0,

4

\ g (s Enorc,asincz

mel
M/
>

If f'(x) <O0and f''(x) >0,

Y s decre,asihaK

_\
Me -

If f'(x) <O0andf''(x) <0,

4

A

>

Yy ¢S o\m'\m‘_

-t
\
>

d}-?% A

dope oF ¢ (s incrmircd»

as ® t, slepe T

e Yt oof Cmuegsimamﬂ»

slope oF 4 ¢S dwms\'md-

%lgt‘.

> asL T, slge U
%

yr o d,eueasih:, wie

.. ‘ inYe e
s\a‘:e o ¢ ¢S lhereasing (Z::;;ma, nYe Otsaunt

as T Mo.anﬂwle_ of slepe J

d-_i’l A
dne

] 3
> C ne akive )
X e N
Am o -1-(2) =1 >0
on 1

s\c‘)e of ¢ ¢s decreasi "%

as kT , Mcuan'lM o slge
(Mot ncﬁaﬁve)
slge ¥

»
»

\’“
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Curvature of a Graph
A graph can be:

- Strictly Convex/ Convex

£ of Lin om > lincom

f(x) is strictly convex if a linear line between any two points M and N lies above f(x)

Ya ﬁé_A

Aan+uafy
FCMLsa-HY)

A A

S
.

£ oL+ -0
A€en+Ha-D
TN

S X X At (,1-»\)«3, v&_ g
fx)....... < Q... for strictly concave function
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’
A
0
(a) (b)
From graph (a.)
F"W“\ A%&‘—jc x1<x2<x3
......... X 2.0 2 gy ) 2 Al 2 Fd
............................................... £ \[4................slcfe..kmps..ate_aea.s’.in%.
............................................... 0 L,
......................................... cnd. 'f:‘.‘(,xi.) D -
From graph (b.)
Xy < X5 < Xg
..... o Ao e T & RO ey
............................................ oot skpe keeps Snomasim .
TN UNUUUURUUUURURUNE: dut & 1 S0t SNSRI
........................................... ). 20 i
If f'(x,) =0, f(x,) will be
< o

= alocal maximum when.........0 . 50 T

]
- a local minimum when......... £ '(" B D = PR
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SUMMARY ot %, a udticel value
Condition Maximum Minimum
First-order necessar [
Y £iw) =0 flow=o
Second-order necessar 1 I
There are mox [min Hz\,e =0 f (X) & O £ (Y-O);O
(X =% A . .
h;e%@:a‘n d“'n {,Q :ej,ﬁ) wtine Lest Yo differntiate fom (AFleckion pant
Second-order sufficient
£l €0 F% ) >0

(1.) f(x)zé(x“—sz)
(2.) f(x)=%4—%x2

(3.) f(x)=x"
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O

Application of differential calculus in economics

4 Total Cost, Average Cost, and Marginal Cost
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How much does total cost increase if labor in production increases?

..... TR LA QA > TCA
............... TN T G
dTe = AT A® = MO X MR = MEC, = Marginel Rk Gt
doL da dL the ingement to fotul osbs

PCSQLHI\% Gem o ONE-unit tNUSE
;f’TR, AR, MR n lobcs
...&c.!.':...u'.t:.\a? .................. D qumd,'Fﬂ ...............................................
...\?....—:..%...—.—...1..@‘.1.’........lnwerse..alemmd,..t?f‘.‘ ....................................
o dmengpeby pabde
I ..... =...A..... =...l.. &_1& @s:a' ~l&z ...........................
b= PR (- ) TSy

— -— Ok —_ .1& - h@'ﬁ €,5 aAK
M. =.... .T{_{ ..... s L H 80 ce: P=AR .. ..
MR = dTR = o - 2@ nhice . |slpectme| < 2 Isipe Faq]
................... &ﬂ ............E..........‘& J. :
..................................................................................... Seume, indemapl
...................................................................................... MR <AR
eaacl'ri\}i ...............
A
I V2R
Ma _
> Q
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The relation between MR, AR, and Price elasticity of demand

LR AR Q@ ARG
..... MR = dTR = AR
da e
= AR + &dAR

................................................... M................................................
......................... =R * ade

da
......................... = At Q. f. 40

p da

......................... :-.‘-: ..........A.-.&......-.‘T.........P..q.......................................

da . 2
................................................... AP R
.............. MR = R

Eo
................................................................. CAY wvvmmmmmmneeeeeeeeeeee e,
.............. MR.m AR R LR ) L Nde ! Sines Bp 60 g MRLAR

E
3 afFon @
M == TRt
AR Ep
............... E&;:_&:‘?
MR - AR
............................................ EPL-ﬂ_
............. |c9&>1e‘ashc-—>1+é L0 MR >0
Ep== P
............. \.EP\.;1......un1¥.e\ashg.ﬁ.g$......{r;..—&...._l._...)....;. et 2.......R =0
> Ep

= -1
............. \Ep\éq(he‘ogﬁcwﬁyg.(—]_\){O.—am 40
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How much does total revenue increase if labor in production increases?
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.......... TR ). RO
.......... TR LA DRADTIRN
.......... d, m:%é&:mr{xmq:mg&
.......... deL'MGf(?Mc-Q, Revenwy, Prdic

of leble,
-H.W. Let P =25-0.1Q, Q = 5L, find MRP
TR =Pa = (25-01@)Q= 2@ ~on@
.......... TR =25(50).70.160" = 25L - &sL”

......... dIR. = . 125 - 5L = MRe
..... OV\MP\PLgMRXMPLP
....... AP = TR AR w25~ .0.20). 5. 12578

d-,& dL ...................................

# TP, APL, MPy,

.......... Te..=.. 8. =
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Proof:

1.) At the maximum of AP;, AP, = MP,
2.) When MP, > AP,, AP, increases.

3.) When MP; < AP, AP, decreases.

....... d;PtP(_-év(pr/[—-D
......... SR - USSP U SU TS PPROTNY
FE e R LQ,.TP ........ '—'T.P ......................................
dL
................................................. L?_
........... dAPL. iz BB BB,
AL L L
........ 1)0:\-AP14,AP,._=O
L, aL
...... Fm*
....................... ,MpLzAPL#
........ M) AR AL > O
L
e MO AP > O
L C
........................................... MP o AP
........ 3) AP,_J,{@APLAG
......................................... F
..... Bom MR AP A,
L C
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# MC and MP,
........................ MC/=¢TC
d&
............................... s DTG
aL d&
e R e ek Tom 3L TRC=0
i MC.=.. N eSO A o
da %
..................................... L K P
........................ MO e
me_ ¢ -2 mc T
MPL_ MK - MmCc  Mn
4 AVC and AP,
....................... BVC m NG
Q
................................. S CUURY S A1/ OF X Y4 Y 1 o o
L Q
................................ =N e
Q
...................... BN . m
Ap
....................... AP > AV N
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@ Demand (1) QY =a—bP; a,b>0 @2.) 0 =%
do’
a d £ a >0
o o
= = = J
CL_G{d“ =—b Lo i’? - P2
d.p
2 d
1I. a°Q
dpr’ _
o .S‘cpe, (S
= A& > o °. )
d’f&d’ = O %ﬁd ;s (nareasing-
a2
dp
dJBGZd' = —ba Z O s\cge (S
dp® p¥ Cencave. .
The graphs are:
&J. &
P P
o
da’ 4d
a0 dsp
P p
-b
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Vi & and marginality
dx

o Utility

du
dx

ez hen . consumptd A ol il T
........ —?MW&&mLuhh\'\\,?O'Fafe"%
OSSOSO PO U OO OO UUUUUUUUUUUUOY S = JOUUUURROOe ootk
d2u

m)' > o

mJ' 4o

XN

HW.

(a.) Find marginal utility when U = 5x/2 + 100
(b.) Find marginal cost when TC=5Q2+3Q+200
(c.) Find marginal revenue when TR = 25Q
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Vi & and Elasticity
dx

— and price elasticity of demand: law of demand

[ ]
dx
Demand (1.) Q‘ =250-10P @) 0/ =50pP"*
-5
...... i«& d'z_‘of-_g@d':-i?"/‘f
dp dp *
................... R AR
EP"’ ..... d‘Q'ﬁtb ..................................... Epz ...... d"QEd/ ...........
9 Q 9 &
........ T OO 1S A -
{ ¥
"(:Pf-‘,@li’Z"O ............................................ =20 -_p_[l* .........
E —Ho . & ' 4 “ &
= = o] - 2. = — g -
Pd fy pra of P=1t6, G-= 25
e — and income elasticity of demand: inferigr vs. ngrmaj good
dx P %
Q%= f()
aQ® I
g _d0t 1
dl Q¢
CQ\L >0 N
E<0. 1T G am%ﬁo@d«; ......................
necessi 0o 1 OLE4S)
E>0.3xT... ,.F‘f‘f’?..:‘?.?‘.%#..ﬁ?ﬂé? .......... tf)'(? ................. L
quuv\nj gocds TUEL D

— and cross price elasticity of demand: substitute vs. complementary

dx
goods

Q4 = f(Py)

_dQg¢ P,

b= ap, of

Ec<0.... PET..j..Gzi.\L ..... =2..... Cmnp[e,mm.‘h@ ..... SCAS i
Pl G D sbwihie  goeds
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. & and law of supply

dx
dQ® P
ES:d_P'E 20
dy ..
. o and output elasticity of labor
X
.......... TRHEEJQQL)“.““““““““.““““““.
........... “=C_9~_/TP-.[:‘.=
aL P
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