10.1

10. Multicollinearity

Nature of Multicollinearity

One of the required assumptions of the classical linear regression model (CLRM) in Chapter 7 is that
there is no perfect multicollinearity. In this chapter, we take a critical look at this assumption. To clarify,
we firstly begin with the multiple regression model as in Equation 10.1, in general, where X; = 1 for all
observations to enable the intercept term to enter the model.

Y = BiXi + BoXoi + B3 Xzi 4 - + BiXui + i (10.1)

If the independent variables above can be algebraically formed as Equation 10.2:

MXii+ X0 + A3 X3+ + X =0 (10.2)

where A1, A,,..., A are constant such that not all of them are equal to zero simultaneously.

They are said to have exact linear relationship or perfect multicollinearity. That is, we can acquire
the value of any independent variable in the model through the linear combination of other independent
variables. For instance, if we want to find the value of X,, we can apply the addition, subtraction,
multiplication and division among other independent variables.

On the other hand, if the formation of independent variables follows Equation 10.3 , rather than
Equation 10.2, they are said to have imperfect multicollinearity. Specifically, we cannot obtain any
independent variable in the model from the linear combination of other independent variables.

MXii+ X+ A3 Xai+ -+ M X +vi=0 (10.3)

where Vv; is the stochastic disturbance term.
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To see the difference between perfect and less than perfect multicollinearity, we can rewrite
Equation 10.2 and Equation 10.3 as:

According to Equation 10.2 and 10.3, consider Table 10.1 which illustrates the collection of 5
observations for each independent variable (X, and X3). It is obvious that we can multiply X, by the
constant term to transform it into X3. In this case, we can establish the relationship, as in Equation 10.2,
between these two independent variables by letting A} = —3 and A, = 1.

—3X2i+ X3 =0

Table 10.1: Perfect multicollinearity in explanatory variables

Observation Xo; X3 3Xy  Vi=—3Xpi+ Xy

1 6 18 18 0
2 12 36 36 0
3 7 21 21 0
4 -5 -15 -15 0
5 2 6 6 0

For the case of imperfect multicollinearity, consider Table 10-2. It can be found that we cannot
form the relationship as Equation 10.2 due to the difference between independent variables (X, and X3).
Even we multiply X, by -3, the random disturbance term (Vv;) still exists. In Table 10-2, after the forth
observation of X, is multiplied by 3, it is still different from -12 by 3. Hence, the relationship between
these two independent variables can be written as

—3Xi+X3i+Vvi=0

Table 10-2: Imperfect multicollinearity in explanatory variables

Observation Xoi Xi; 3X; Vi = —3X0; + X3,

1 6 16 18 -2
2 12 45 36 9
3 7 18 21 -3
4 -5 -12 -15

5 2 7 6 1
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The relationship discussed in this chapter involves only the linear one. Although the independent
variable is squared or cubed, as in Equation 10.4, it does not always mean that the model constructed
from these variables will suffer the perfect or imperfect multicollinearity. The important factor to
consider is whether X; and Xl-3 can be written in the form of Equation 10.3 or 10.4.

Y = B+ BoXi + B X} +ui (10.4)

In the following sections of this chapter, the consequence of the perfect or imperfect linear relation-
ship of independent variables will be discussed. However, to completely understand the characteristics
of multicollinearity, it is essential to know the sources of the problem. In principle, multicollinearity is
originated from:

1. Method of data collection used in the regression model: sometimes researchers collect the data
in the limited amount, causing the sample to concentrate in some group of population rather than to
represent the population as a whole.

2. Restriction imposed in the model: in the study of relationship between a single dependent variable
and multiple independent variables, possibly the linear relationship exists among those independent
variables. To illustrate, suppose we study the dependence of the sale of goods Y on the prices of goods
X and Y, where X is used to produce Y. With this relationship, when the price of goods X increases, it
almost certainly raises the price of goods Y. Hence, there seems to be highly linear relationship between
these two variables.

3. Application of polynomial to the model: such as Equation 10.4, the Xl-3 is included as another
variable. If the data used in the study is restricted within the narrow range, the value of two vari-
able, namely X; and Xl-3, might not be notably different, resulting in the linear relationship between them.

4. Over-determination of the model: some models have higher amount of parameters than the
amount of observation collected. The evident example of these models is in the medical or human
behavior field in which the amount of patients or volunteers is less than the independent variables.
Usually, researchers have to discard some variables to make the study possible.

5. Common trend of independent variables: the time series data of revenue, expenditure and
population seems to move together because, as the time passes, they tend to increase collectively. Thus,
the linear relationship among them might occur.
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10.2 Estimation in the Presence of Perfect Multicollinearity

According to Chapter 7, if we have the regression model as shown in Equation 10.1 , we can employ
the ordinary least square to estimate 3, and 3. By the method of calculus, minimizing the sum of
disturbance term squared, we obtain the estimators (BZ and B3) as follow:

Y: = Bi + BoXoi + B3 X + i (10.5)
A _ (X yix2i) (X3;) — (Lyixsi) (L x2ixs;) 106
b= ) (E2) - (T (106)
5 (Xyixsi) (X)) — (Eyixi) (Lxoixs;) 1
= 0.7

B = ) ) — (Do 10.7)

where

yi=Yi—Y,

xoi = Xoi — X,

x3i = X3 — X

Nonetheless, if the explanatory variables, X, and X3, suffer perfect multicollinearity, namely
X3; = AXo; where A is the constant greater than zero, from the relationship stated, we can substitute
X3; = Axy; in equation 10.6 and 10.7 and get

We can get the same result for 33

s AP(Eyira) (E43) — (Tywar) (Exsixs)] 0
e A2[(X5) (Ex5) — (L x20)?] 0 (10.8)
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On the other hand, consider the case where there is imperfect multicollinearity among regressors.
For the model with two regressors, let X3; = A X»; + v; and substitute x3; = Axp; + V; into equation 10.6,
the estimator of 3, can be obtained by equation 10.9 which is different from the case with perfect
multicollinearity problem. The same is true for both estimators of 8 and f33.

(Lyixai) A L5 + L V7)) — (A Lyixai + Lyivi) (A Lx3) y 0
(E5) (A2 L5+ Ev7) — (A Lx3,)? 0

B = (10.9)
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where
X3 =AXpi + Vi
Xz =AXy;

X3 — X3 = A(Xoi — Xoi) + Vi
x3i = AXoi + Vi
where A #0and Y x;v; =0

10.3 Practical Consequences of Multicollinearity
In case of near or high multicollinearity, we might encounter the following consequences:

1. Although BLUE, the OLS estimators have large variances and covariances, making precise
estimation difficult.

2. Because of consequence 1, the confidence intervals tend to be much wider, leading to the
acceptance of the zero null hypothesis (i.e., the true population coefficient is zero) more readily.

3. Also because of consequence 1, the t ratio of one or more coefficients tends to be statistically
insignificant.

4. Although the t ratio of one or more coefficients is statistically insignificant, R> , the overall
measure of goodness of fit, can be very high.

5. The OLS estimators and their standard errors can be sensitive to small changes in the data.
The preceding consequences can be demonstrated as follows.

Large Variance and Covariances of OLS Estimateors

~ o2
~ o2
5 h —szGz
cov(Ba,B3) = - (10.12)

(1 _r%3)\/zx%ix§i

where ;3 is the correlation coefficient between regressors X, and X3 and can be computed by
equation 10.13 and the value ranges from -1 to 1.

s )2
r :(sz?;x)% (10.13)
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According to equation 10.10 and 10.11, it can be seen that the higher the correlation coefficient, the
higher the variance of estimators. To ease the analysis, redefine equation 10.10 and 48 by Variance
Inflation Factor (VIF) by letting,

1
VIF = — (10.14)
— I3
We get
A 0'2
Var(f;) = —— VIF (10.15)
X2
N 62
Var(fB3) = <5 VIF (10.16)
Y3,

As r3 — 1, or the correlation approaches one, VIF — oo and the variance will be higher and
approaches infinity.
On the contrary, as rp3 — 0, or the correlation coefficient approaches zero (namely, no linear relation-
ship), VIF — 1 and the variance will be lower. Consider Table 10.3 and Figure 10.1, it can be seen that
the higher the correlation , the higher the VIF and the higher the variance of estimators.
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Table 10.3: The consequence of an increase in the correlation coefficient on the variance of estimators

A A

3 VIF Var(B,) Var(B3)
Let
2 2

0.00 1 ZGT%VIF =B ZGT%VIF =C
0.50 1.33 1.33B 1.33C
0.70 1.96 1.96B 1.96C
0.80 2.78 2.78B 2.78C
0.90 5.76 5.76B 5.76C
0.97 16.92 16.92B 16.92C
0.99 50.25 50.25B 50.25C

Figure 10.1: The consequence of an increase in the correlation coefficient on the variance estimators

AVar (B\ 2)

23

When the variance rises due to the level of multicollinearity among independent variables, the
standard deviation will certainly rise and at least two negative effects will result. First, the interval
estimation will be impaired because the confidence interval will be widen and Table 11.4 (for 95 percent
confidence interval and large number of observations). The other negative effect is on hypothesis test
since the t-statistic, as in equation 10.17, will be lower and might result in misleading conclusion from

hypothesis test.
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Table 10.4: The consequence of an increase in the correlation coefficient on 95 percent confidence
interval

3 95% Confidence interval of 3,
) 2
0.00 B+ 1.96\/ o

0.50 Br£1.96, /5’;‘;1.33
i

5 2
0.70 B2 +1.96, /267%1.96

0.80 Pr£1.96, /575278

2
0.90 B2 +1.96 Z"x%iS.76

0.97 Br£1.96,/:7516.92

A 2
0.99 B2+ 1.96 Z(;%l_SO.ZS

" (ﬁz—ﬁz) (10.17)

1= r
se(B2) 1
In any models, we might have the high value of coefficient of determination (R?) and statistically
overall significant of the model from F-test. The implication is that the model possesses the explanatory
power over the dependent variable. However, it is possible that we might not get the statistically
significant result from the test of individual coefficients. That is, some coefficient is not significantly
different from zero which means the variable associated with that coefficient lacks explanatory variable

because the t-statistic is lower due to multicollinearity problem. This situation is called conflicting
test, namely the result from t-test contradicts with the one from F-test.

To conclude, if there is perfect multicollinearity among independent variables, we are unable
to estimate the parameters in the model. Also, the variance of estimators will approach infinity.
Furthermore, if there is imperfect multicollinearity, OLS is still applicable to estimate the parameters.
Yet, it has to be aware that the variance of estimators might be so high that some aspects of regression
analysis, such as interval estimation and hypothesis test, are negatively influenced.
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Detection of Multicollinearity

We have already discussed the consequence of both perfect and imperfect multicollinearity among
regressors. For the regression analysis, the harmful problem is the situation when there is perfect multi-
collinearity which will invalidate the estimation of the model in order to explain the true relationship in
the population. The case of perfect multicollinearity, thus, can be easily detected.

For the imperfect multicollinearity, if the degree of multicollinearity is not immense, the estimators
are still BLUE. Yet, if the degree is huge, the problem will become damaging. Statistically, the extent
of multicollinearity can be tested through various approaches. Some of them are discussed here.

1. There is conflicting test between t- and F-test: if we find that the conclusion derived from the
two tests are inconsistent, specifically R? is high and F-test results in statistical overall significance;
whereas, at least, one null hypothesis of some t-tests cannot be rejected, it is reasonable to suspect the
multicollinearity problem.

2. Correlation of regressors is greater than 0.8: the higher the correlation, the higher the variance
of estimators.

3. Variance inflation factor is greater than 10: when the regressors face the multicollinearity
problem, the value of VIF might be so high that the resulting high variance of estimators adversely
affects the regression analysis.

4. Scatter plot of two regressors is relatively linear: when we plot the value of on regressor against
another and we find that both of them tend to change in the same way, this fact might suggest the
existence of multicollinearity. Figure 11.2 depicts the case where income and wealth, which is usually
perceived to explain consumption expenditure, are prone to move together.
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Figure 10.2: Scatter plot between two regressors, namely income and wealth, showing the linear

relationship between both of them
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Remedial Measure for Multicollinearity

In principle, the problem of multicollinearity among explanatory variables is not actually serious as
we still have BLUE estimators. Notwithstanding, the problem become more severe as the degree of
multicollinearity rises and can be alleviated through:

1. Do nothing: if the degree of multicollinearity is low, the model is still valid as the BLUE property
of estimators is attained.

2. Apply prior relationship among explanatory variables: consider the model

Y, = Bi + BoXoi + B Xz + u;

If we know before that the linear relationship between explanatory variables X, and X3 can be
written as 33 = 0.7f3,, we can use this fact to eliminate the problem by

Y, = Bi+BXoi+0.76:X5 +u;
— ﬁl + ﬁz (X2i -+ 07X3l) + u;
= ﬁ] —+ Bin* -+ u;

where X = X5; +0.7X3;

3. Discard some explanatory variables: the removal of the variables could mitigate the problem;
but, another problem, namely specification bias problem, might occur instead. For example, suppose
we want to construct the model where the production is the explained variables; and labor and capital
are the explanatory ones. If there is linear relationship between labor and capital, the elimination of
one variable might assuage the multicollinearity problem, but might be contrary to economic reasoning.
Hence, the decision of which variables will be disposed of should be based on economic theory.

4. Collect more observation: this practice will increase Zx% which is the component of the variances
I Accordingly, the variances will be lower despite high correlation among explanatory variables.

A o2

Var(B,) = m

5. Transform the variables: although there is linear relationship among explanatory variables, it is
not necessary that the first difference or ratio transformation of the variables will have that relationship.

! As the data set gets larger, the sample statistic will approach the population parameter. Consequently, we can reasonably
state that mean of X is almost stable under the larger data set. In this case, the increase in the size of data set is likely to
increase the sum of the square of deviation from the mean
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For the first difference of variables, consider the model in period t and t-1

i = i+ BaXor+ B3 Xz +uy
Yoi = Bi+BXo—1+BX3—1 +u—
Y=Y, 1 = Bo(Xo—Xos 1)+ B(X3 —X3,-1) +V;
AY, = BoAXo+ BAX3+V,
where
Vi = U — U]
AY, = Y, —-Y
A = Xo—Xp,
AXz = X3 —X3:-1

This transformation perhaps results in no linear relationship among new regressors. Unfortunately,
another serious econometric problem might take place which is the autocorrelation problem which
will be discussed in Chapter 12.

For the ratio transformation of variables, consider the model

Y, = Bi+BXu+BXs+u

Y _ 1 X X3y w
Xr B1X13,+ﬁ2X3[ +£3X3r+x3r
2t = £ A2 U
X3 B1X3:+ﬁ3+ﬁzx3r+x3:
* * * *
VOES Bl + BZXQI +uy
where
I (
o= X3 .
¥
ﬁ1 = B X5 + B3
X; = 2
2t - X3t
o U
Mt - X3

With this remedial measure, we can reduce the degree of multicollinearity since there is one explanatory
variable left in the model. However, when we consider the random disturbance term in this new model,
it is possible that the variance of the disturbance term might not be constant, namely heteroscedasticity,
which will be discussed in the next chapter.



