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Limits and Continuity

x? -1

Consider the rational function f(x)= . Clearly we cannot use x = 1.

We want to know what happens if our x values approach x =1. In this case

x<1 f (X) x>1 f ()
0.9 1.9 1.01 2.01
0.99 1.99 1.001 2.001
0.999 1.999 1.0001 2.0001

From the tables, we can see that if our x values approach x = 1, then our f (x) (or y) values
approach 2. This idea is expressed using the limit. We write Iin} f (x) =2 and we read “The limit

of f (x) as x approaches one is two”.

In general,
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X—a
~ ~ _
LE———————— LF———————= LF———————>
A d d
/ / a2
Ve ', e e |
|
|
|
0 a X 0 a X 0 a

(a) (b) (c)

In all of these cases above, lim f(x)=L.
X—a
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= One sided Limits

Consider the split definition function

x2-1 if x>0

f(x)=
0 %x+2if x<0

We have Iirrg f (x) does not exist.

However,

lm fo)=-1 and lim f(x)=2.

x—0*

We write

lim f(x)=L

X—a~

“The left — hand limit of f (x) as x approaches a (OR the limit of f (x) as x approaches a from the
left) is equal to L.”

Similarly, we write

lim f(x)=L

x—a*

“The right — hand limit of f(x) as x approaches a (OR the limit of f(x) as x approaches a from the
right) is equal to L.”
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Computing Limits

Limit Laws : Suppose that c is a constant and the limits

limf(x) and limg(x)

exist. Then

-

- lim[f () + ()] = lim f(x) + limg (x)

2. lim[f(x) — g(x)] = limf(x) — limg(x)
xX—a x—a x—a
3. lim[cf(x)] = climf(x)
xX—a x—-a
4. lim[f(x)g(x)] = limf(x) - limg(x)
xX—a xX—a xX—a
L fG) _ Amf@ -
> a9 limg (x) where )}I_)rl(;lg(x) #0
6. lim[f (x)]™ = [limf (x)]™ where n is a positive integer
xX—a xX—a
7. limc=c
xX—a
8. limx =a
xX—a
9. lim x™ = a™ where n is a positive integer
xX—a
10. limVx = Va If n is even, we assume that a > 0
xX—a
1

1. lim%/f(x) = "/ limf (x) If nis even, we assume that limf(x) >0
x—-a x—-a xX—a
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Direct Substitution Property: If f is a polynomial or rational function and a is in the domain of

f

, then

lim () = f (a)
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Example: Find the following limits.
(@)lim 3X+/X+3
x—1 X—2

2
(b) lim 2X—8+X

x—>2 X—2

. (x+1)?
c)limx+5————
©m X2 —X—2
(d)Iim—VX_lz_l

X_

X—2

(e)IimM

x—=0 ¥

(f)limf(x) when f(x)=

X—3

{\/x+6 if x>3

x? if x<3
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= |Infinite Limits

Vertical Asymptote

Asst.Prof. Dr.Supranee Lisawadi
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Definition: The line x = a is called a vertical asymptote of the curve y = f (x) if at least one of the

following statements is true:

For example,

limf(x)=c0

lim f (X) = oo

(a) im flx)=w

a

L

lim f(x)=c0 lim f(x) =00

X—a~

lim f(x)=—e0 lim f(x) = —o0

(b) Limf{x)= o0

r—=a-
y e
0 a 0 al —~_ A x
| |
(c) lim f(x)=—w (d) hm_fix)=—c

x—a

r—a
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Horizontal Asymptote

Definition: The line y = L is called a horizontal asymptote of the curve y = f (x) if either

X—00

limf(x)=L X"ﬂo f(x)=L

x* -1
Example: Consider f(x)=—;
X“+1
X 0 +1 +2 +3 +4 +10 +50 | £100 | +1000
f(x) -1 0 0.6 0.8 0.882 | 0.98 |0.9992 | 0.9998 | 0.999998
¥
v=1
i
ol A N o i
F= r+1
Examples illustrating lim f (x)=L:
¥ ¥ ¥
v=IL — L:_!"!_T_:. E}:j’_
= v= [ — .x_!'=.r|-'-
1] X o X o

F= i
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Theorem: If r > 0 is a rational number, then

If r > 0 is a rational number such that x" is defined for all x, then

lim i:O

x——o0 X"

Example: Find the horizontal asymptotes and vertical asymptotes of the graph of the function.

2

X% — X
Ofx)= 1
X% — X

(210 =
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Infinite Limits at Infinity
The notation
lim f (x) =
is used to indicate that the values of f(x) become large. Similar meaning are attached to

limf(x)=—o0 lim f(x)=c0 lim f(x)=—o0

X—>00

Example: Find

(D lim2x®

X—00

(2) lim 2x®

(3) lim 3x*

N

4 lim
( )X—)oo X_l
2
() lim 2%
x>—0 X +3
1/9 —

. x® —x
6)lim——
©)lm x*+1

(7) XILrl(x+\/x2 +2x)

8) lim

X
X+ 4

9) lim (x*+x°)

X—>—00




