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Chapter 8
Constrained Optimization: Equality

8.1  Constrained Optimization with Equality
Constraints An optimization problem with k equality
constraints is given by,

max (min) f(x)
g'(x)
st.g(x) = 9’ :(X) =c.
g (%)

where the number of constraints k is less than the
number of decision variables n. The functions f is
called the objective function and g constraints. Both f
and g are assumed to be twice differentiable.

Definition 8.1 A vector X, € R" is a feasible solution
if g(xy) = c. The feasible set or feasible region is given
by

F ={x|x e R", g(x) =c}

A feasible solution is any point or vector that can
satisfy all equality constraints simultaneously.

Definition 8.2 A vector X* is a local maximum point if
x* € F and f(x*) = f(x), for any x € F such that ||[x —
x*|| < & for some € > 0.

A local maximum point must first be feasible and
its objective function value is not less than that at any
other feasible solution that is within a distance € > 0.
The local minimum point is defined by reversing the
direction of inequality. The strict local maximum or
strict local minimum point is defined by strict inequality.

Definition 8.3 A vector X" is a global maximum point
ifx* € F and f(x*) = f(x), for any x € F.

The global minimum, global strict maximum and
global strict minimum can be similarly defined.

8.2 The Lagrangian Method: Single Equality
Constraint

An optimization problem with a single equality
constraint is given by
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max(min) z = f(x)
st. g(x) =c.

Write the Lagrange function,
Lx, ) = f(x)—2Agx) —o),
where A is called the Lagrange multiplier.

First-Order Sufficient Conditions (Single Equality):
The first-order sufficient conditions for the maximum
point are given by the partial derivatives of the Lagrange
function with respect to A and each decision variable x;
are set to zero. That is,

Lyx5A)=—gx)+c=0
Lix" 1) =fix)—-Ag;x)=0j=12,..,n

We have n + 1 equations and n + 1 unknowns which
are the critical point (x*,A"). The n + 1 equations can
be written equivalently in vector form as,

e ae  [LAXSA)] —gx*)+c
VA = vrtean) = loree - 2 rate)
=0.

Consequently, at the critical point (x*,A*), the solution
x" is feasible and the gradient of f and the gradient of g
point either in the same or opposite direction, i.e.,

Vf(x") = A'Vg(x").
In other words,

fix") _ gix")
fix) o gixy

This gives us the familiar micro-economic equilibrium
condition: the ratio of the marginal products of any pair
of input i, j is equal to the relative price.

Example: Consider the problem,

max f(X) = 2x? + x2 + 10x;x,
st. g(x) = x; +2x, =c.

The first-order sufficient conditions are given by

LX) =—x{—2x;+c=0
LX) =4x; +10x; — 1" =0
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L,(x*, ") = 2x; + 10x; — 24" = 0.

The critical point is given by

*_90
1717
«_ ©
2717
/1*_40
1t

HW  Baldani, p. 241 #9.1 (a,b,d,e)—but replace
inequality constraint by equality one.

Example: Consumer’s Utility Maximization Problem.

max u(X)
st. p'x = B,.

The Lagrange function and the first-order sufficient
conditions can be written as

L(x,1) =ux)—A(pTx — By)
L(x* 1) =—pTx*+ B, =0
Lj(x*,/l*) = uj(x*) —A'p;=0,j=1.2,..,n

Equivalently in matrix form,

ey = [P X*—Bo)] _
We can solve for the optimal solution X* in terms of
prices p and income I. We can write X* = X,(p, By)
and call it ordinary or Marshallian demand function.
The value of the utility at this optimal solution
u(XM (p, BO)) =v(p,By) is called indirect utility
Sfunction.

From the first-order conditions, the marginal rate
of substitution equal the relative price

W) _pe
w(x)  py
and equivalently,
_ X)) w7 un (x)

1 — e — :
(&1 () Pn
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which means the marginal utility from the last $ spent
must be the same for all goods and is equal to A*.

Example:  Consumer’s Expenditure Minimization
problem.

min B = p'x
st.u(x) = u,.

Write the Lagrange function:
L(x,1) =pTx — 2(ux) — ug).
The first-order sufficient conditions are

ey [T @) —up)]

Note that, as in the previous example, we also have the
ratio

We can solve for the optimal solution X* in terms of p
and uy. Write X" = X5 (P, Up) and call it the Hicksian
demand. The value of the expenditure at this optimal
solution is e(p,uy) = pTx(p,uy) , and called the
expenditure function.

Note: Ifu, = u(XM(p, BO)) = v(p, By), then

Xp (P, Uo) = Xy (p, e(p, uo))-

Example: The solution of the consumption problem:

max u(x;, x,) = Axfx; @

st. p1x1 + p2x; = By

where 0 < a < 1, is given by,

., aBy
xX; =——
! P1
(1-a)B,
X, =———
D2

1-a

w=a() (57)

v(p, By) = ulxy, x3)
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a\* /1 —a\'™®
= Ax;%x;17% = AB, <—) < )
P1 P2

The Marshallian Demand is

aB,
P1 x1' (01, P2, Bo)
,By) = -
Xy (p, By) (1a)30\ lxé"’(pl,Pz,Bo)
()

1-a

Au(p,By) = A <%)a <1p_2a)

Problem Show that the consumption problem with
utility function w(xy,x,) = C xf‘xf ,a>0,8>0, has

the same optimal solution x,,(p, By) as the problem in
the previous example if a = ﬁ Note that the Lagrange

multiplier will be different.
Example: The solution of the consumption problem:

min B = p1x; + paX;
st. u(xy, xp) = Axfx3~% = u,

is given by,
T
tta\a- a)p:
= @((1 - a)pl)“
27 A ap,

1-a

1 a
P30 (2
e(p,up) = ﬁﬂq + ngZp
p
-2 G55)

The Hicksian demand is given by

1-a

@( ap, )l—a
A\(1-a)p, x1' (P1, P2, Uo)
xy(p,uy) = =
HiP: o @((1 - a)P1)a x5 (p1, P2, Uo)
. A ap» f
p a p —-a
) =2 () ()
Note that

a) Ay (p, Bo) = 1/44(p,uo)
b) X, (P, up) = Xy (P, e(P, uo))
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a

%%(%) (1p_2a)

(1_ ) a 1-a
o) G20

Uy <(1 - a)p1>

| A ap,
¢) Xy (P, Bo) = xy(p, v(P, By))

[ a\® /1 —a\ %1 ap, \'¢@
15 () (57) 2@z
b1 b2 A\(1—-a)p,

a\® /1—a\'"%1 /(1 - a)p;\*
a0 (5) (5 (o)
L P1 P2 A ap>
[ abB,

p1
(1—-a)B,|

()

1-a

8.2 Graphical Interpretation For the case of two
products, the consumer is allowed to choose the bundle
of products only along the budget line in the (x4, x;)
plane, tracing an arc on the graph of the utility.

u(x)

Figure 8.1 Graph of maximizing utility function
subject to a linear budget constraint.

At the top of the arc where the utility is
maximized at X*, the slope of the arc in the permissible
direction d from x* is zero and with concave curvature.
This observation yields respectively the first- and
second-order sufficient conditions.

For the first-order sufficient condition, along the
permissible direction d such that V(pTx*)Td = pTd =
0, the budget is unchanged, the directional derivative of
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the objective function in this permissible direction d is
zero, i.e., Vu(x*)Td = 0.

Along this permissible direction, the curvature of
the arc at X* is concave so that dTV2u(x*)d < 0.

If we make a move away from X" in the
permissible direction d infinitesimally small so that

_ _ [dxy
d=dx= dxz]’

we have,

Vg(x*)Tdx = g, (x")dx; + g,(x")dx,
= pldxl + pzdxz = O

and
Vu(x*)Tdx = u; (x*)dx; + u,(x)dx, =0
That is,

dx; __P1_ _up(x7)
dx; P2 uz(X*).

This last condition is obtained from the first-order
condition of the Lagrangian method above. It says that
at the optimal solution x* the level sets of the constraint
and the objective function are tangent. It also follows
that the gradients of the constraint and the objective
function either align in the same direction or the opposite

directions.

X
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Figure 8.2 Gradient of constraint and objective
function align in the same or opposite direction in the
case of one constraint in 2-variable case.

That is, Vu(x*) = A*Vg(x*) for some VA*. For
the maximization of f(x) with k equality constraints
g(x) = c to be discussed in the next section, we will have
Vf(x*)Td = 0 for the permissible direction d such that
Vg(x*)d = 0, and it can be shown that for some A* # 0,
Vf(x*) = Vg(x*)TA*. See Sandaram [1996], pages 135-
137.

For the second-order sufficient condition, the
curvature of the graph of the objective function being
concave at the optimal solution along this permissible
direction d, where Vg(x*)d = 0. That is, the Hessian of
the objective function needs not be negative definite in
all directions but just d where Vg(x*)d = 0. This is the
test of the bordered Hessian to be discussed in Section
8.4.

8.3 Optimization with & Equality Constraints

max f (X)
g+ (%)
st.g(x) = 9’ :(X) =c.
g )

where the number of constraints k is less than the
number of decision variables n.

Write the Lagrange function,
L&D =fx) - KT(g(X) —©)
= G0 - 21 (') - o).

Theorem 8.1 (Simon and Blume [1994], Theorem 18.2,
p. 421). Consider the problem,

max (min) f(x)
g (%)
st.g(x) = 9’ :(X) =c.
g

Let f and g be C! functions of n variables where n > k.
Suppose that x* is a local max or min of f in the feasible
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region F = {X|x € R",g(x) = ¢} where Vg(x*) is full
rank (rank Vg(x*) = k). Then, there exists A* such that
V,L(x*, A"
Vit = fi&%k%]zo
—(g(x") — ¢ ]
[VF(x*) — Vg(x*)Tar
[ —(g(x") —©)
Vf(x") —[Vg'(x") Vg*(x") - Vg&x)H
[ —g'x") + ¢ ]

—g*(x*) + ¢

k
VA(x) - ) KVgI(x")

We have n + k equations and n + k unknown being the
critical point (x*,1%).

Proof See Appendix at the end of this chapter.

Problem Show that under the assumptions of Theorem
8.1, the Lagrange Multiplier A* is unique.

Definition 18.4 The requirement in Theorem 8.1 that
rank Vg(x*) =k is called the Nondegenerative
Constraint Qualification (NDCQ).

8.4 Second-Order Sufficient Conditions

With equality constraints, the curvature of the
objective function needs to be concave only in the
permissible direction of change d away from x*. That is,
d"H(x*)d < 0 only for permissible direction d such
that Vg(x*)d = 0.

This condition is established by testing the
leading principal minors of the bordered Hessian.

8.4.1 Bordered Hessian for Single Equality
Constraint The bordered Hessian is a (n + 1) X (n +
1) matrix as given by

0 —VgxH)T
—Vg(x*) ViL(x", 1Y)
[ 0 —Vg(xH)T l
-Vg(x*) Vif(x*) —A'Vig(x")|

H@ﬁf)zVﬁL@ﬁF)zl
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8.4.2 Bordered Hessian for k Equality Constraints
The bordered Hessian is a (n + k) X (n + k) matrix as
given by

_ 0 —Vg(x*)
)= [—Vg(x*)T VZL(x*, ")
0 —Vg(x")T

H(x*, A" = V3, L(x5, A"
4]

k
—VE() V&) - Y A ()|

8.4.3 Test of Bordered Matrix (Simon and Blume
[1994], Theorem 16.4, page 389] Given a bordered

matrix

0 kan]
T

= |
Buxk  Anxn (n+k)x(n+k)

where A is symmetric, the matrix A is negative definite
subject to Bd = 0 if H has the same sign as (—1)" and
the last n — k leading principal minors alternate in sign.

The matrix A is pesitive definite subject to Bd = 0 if
|H|and all the last n — k leading principal minors have
the same sign as (—1).

In either case, H is nonsingular.

Example: (Continued) For the problem,

max f(X) = 2x? + x2 + 10x;x,
st.g(x) =x; +2x, =c.

we had the FOSC,
LX) =—x{—2x;+c=0
LX) =4x; +10x; — 1" =0
Ly(x*, ") = 2x; + 10x; — 24" = 0.

The bordered Hessian is given by

[0 -1 -2
H=|-1 4 10
-2 10 2

The matrix [ 140 12()] is neither positive nor negative

definite. ~ But the last n—k=2—-1=1 leading
principal minor, which is |[H| = 22 > 0, being the same
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sign as (—1)* = (—1)2=1>0. Thus the bordered
matrix H is negative definite.

Example Utility Maximization Problem.

max u(X) = x;X,X3
St.p1x1 + Paxy + p3x3 = L.

The Lagrange function is

L(X,A) = x1x,%3 — A(p1X1 + p2xy + p3xz — 1),

and FOSC
—(p1x] + p2x; + p3x3 — )
Vi L(x* 1) = 273 . =0
[i] ( ) X1X3 — PoA

X1X; — p3A”
The bordered Hessian is

0 —P1 —P2 D3

= —P1 0 X3 X5

H == * x |
—P2 X3 0 X1
-ps x3 x 0

The last n—1 =3 —1 =2 leading principal minors
are:

0 —b1 P2
—P1 0 x3 | = 2pip2x3 >0
—py X3 0
H| = <0

Thus |H| is negative definite under the constraint and the
critical point will be a maximum point.

Example  The bordered Hessian of the utility
maximization problem (Marshallian demand) is

H = [—Op VZLlE)T(*)]

For expenditure minimization, (Hicksian demand)

— 0 —Vu(x*)T
H= [—Vu(x*) —A*Vzu(x*)]'

HW [As a continuation of Baldani, #9.1 (a,b)] p. 242
#9.2
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8.5 Comparative Static Analysis: Sensitivity
Analysis

Suppose that the constrained optimization contains a
vector of parameters d, € RP. We write

max f(x;dy)
st.g(x;dy) =0,

where the parameters can be both in the objective
function and the constraints. The right-hand-side of the
constraints are now set to zero so that the parameters | &
here could also be the right-hand-side itself.

The Lagrange function is, for a given vector d,
Lx,Ad) =f(xd) —ATg(x; d).

The first-order condition is thus a set of implicit
functions:

V,L(x(d), A(d); d)

V,L(x(d), A(d); d)

- —g(x(d); d) _
Vof (x(d); d) — Vyg(x(d); )TA(d)

V[A]L(X(d): )L(d); d) =

0.

If (x*, A*) is the optimal solution for the parameter vector
d, , under the condition that

V[A] lV[A]L(X*:)t*J do)l = VfA]L(X*: A dy)
’ ’ = HE{X*, A5 dy)

is nonsingular, which is true if the second-order
sufficient condition holds, then there is a differentiable
A(d)

function x(d)

] such that for some € > 0

2) Vg £G(@), A(@); ) = 0, for ld = do | <z,

A(d *
0 [gap] = fchend
c) the gradient

A(do)

Va|x(d,)

] = —Hx" 25 dy) V4 lV[A]L(X*:)t*J do)l
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—Vag(x*; dy)

—ng(X*; dO) !
] [vd [fo(X*; dO) - vxg(X*; dO)T)‘*]

0
B [—ng(X*: do)" VIL(x*, A% dy)

l(do)] v, [A]

We may write interchangeably V4 x(d,) |-
0

X

Example Minimizing expenditure under the single
constraint of a given level of utility.

minp;x; + pax;
st.u(xy, x,) = ug

The Lagrange function is given by
L(x1, X2;p1) = p1x1 + Paxa — Ay, x2) — o).

First-order condition, with price of x; being exogeneous

and fixed at p;:
—u(xg,x;5) +ug
Via£(x1, x3,2%01) = [P1 — A"us (x5, x3) [ = 0.
2 P2 — Aup(xg, x3)

If the optimal is found by sufficient conditions, the
bordered Hessian is nonsingular and we can apply the
Implicit Function Theorem and have

[ 0A(P1) ]

on 0 (1, x3) —up (g x) o

%}71) = —|—u (x1,x3) Aup(x],x3)  Aug (g, x3) [1]
r —u, (x7,x5) Au,1 (x5, x5) Au,,(x7, x5 0

axZ(pl) 2( 1 2) 21( 1 2) 22( 1 2)

L dp,

By Cramer’s Rule and since sign|H| = (-1)* = -1
with k = 1, the number of constraint, we have

0 0 —u,(xi, x3)
—uy(x3,x3) 1 Augp(xg,x3)
ax1(ﬁ1)__ —uy (x1,x3) 0 A"up,(x7,x3)
o AL
:uz(xgxz) <0
[H]

HW Do the sensitivity analysis with respect to p; for the
case of

max u(xy, x,)
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st.p1x1 + paxy, = 1.

HW [As a continuation of Baldani, #9.1 (a,b)] p. 242
#9.3, 9.4. by using Implicit Function Theorem.

Appendix
Proof of Theorem 8.1

We can show two proofs of this theorem. The
first one uses the Implicit Function Theorem as also
shown in Section 19.6 of Simon and Blume [1994]. The
second uses the Fundamental Theorem of Linear
Algebra.

Theorem 8.1 (Simon and Blume [1994], Theorem 18.2,
p. 421). Consider the problem,

max (min) f(x)
g'(x)
) =9 W=

g".(X)

st. g(x

Let f and g be C* functions of n variables where n > k.
Suppose that x* is a local max or min of f in the feasible
region F = {x|x € R", g(x) = ¢} where Vg(x*) is full
rank (rank Vg(x*) = k). Then, there exists A* such that

V[)L]L(X*,)L*) — V)LL(X*I)‘*)] =0

V L(x", )

[ —(@Ex)-c ]
~vf(x?) - vg(x)™
| —(gx") —¢)

Vf(x*) — [Vgl(x*) Vg?(x*) - Vg*x")]A*

[ —g'(x) + ¢ |
_ _gk(x.*) + Ck

k
V) - ) 4V (x")

We have n + k equations and n + k unknown being the
critical point (x*,1%).

Proof (1) By Implicit Function Theorem Suppose x*
is a local max so that f(x*) > f(x) for any x € F such
that ||x — x*|| < €. We need to show only the existence
of A* that at the critical point (x*,A*), the gradient of f
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can be written as a linear combination of the k gradients
of the k constraints, i.e.,

Vf(x") = Vg(x")A'

=[Zgl(x’*) Vg*(x*) - VgkEHIX
= > A9g' ).

Vf(x")T
vg(x")
not exist A* such that V£ (x*) = Vg(x*)TA*. This means

*\T
rank [Vf (') ] = k + 1 thus is full rank.
Vg(x")

That means rank [ ] = k. Suppose there does

Suppose f(x*) = ¢, together with g(x*) = ¢ we have
k + 1 implicit functions.

x)] _ 1¢o
];(z*)] =[el

We can assume without loss of generality that the first
Vit 9N

k + 1 columns of[ .
vg(x’)

] form a nonsingular matrix

AXD) L&) fig XT)
gix) g (x) - g ()]

g ghx) g’k‘ﬂ.(X*)

Take x4, x5, ..., Xx4+1 as endogeneous variables (while
keeping X,z Xk43, -, Xy, constant) and ¢, as
exogeneous variable. By the Implicit Function Theorem,
we can say that there exist functions
x1(¢), x,(¢), ..., X 41(c), where |c — cy| < & for some
6 > 0 such that

f e (€), 2206, ey X111 (€), Xy 2) Xz wons x;)] _ [C]
8(x1(0), x2(€), vvv) Xk41(€), Xp 420 X435 +0e 5 X12) ¢

Choose ¢ = ¢y +d such that 0 < d < min (¢,6) and
thus x* is not a local max (why?). This is contradiction
so there exists A* such that Vf(x*) = Vg(x*)TA*.Q

Proof (2) By Fundamental Theorem of Linear
Algebra Suppose x* is a local max. That means for any
permissible direction d such that Vg(x*)d = 0 we must
also have V£ (x*)Td = 0. We have
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Null (Vg(x*)) = Null [va;(é *))T )

and it follows that

. OV VF(x)T
dim(Null (Vg(x*))) = dim(Null Va(x) ]).

By the Fundamental Theorem of Linear Algebra

Vf(x)T
rank Vg(x*) = rank [ L=k
& Vg(x’)
This means with additional row of Vf(x*)T does not
increase the number of independent rows. In other
words, V£ (x*)T can be written as a linear combination of
the rows of Vg(x*).4



