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Linear Transformations

A        x            b

The correspondence from x to AxAxAxAx
is a function from one set of vectors 

Dr.  Julaluk Carmai

A        u            0

is a function from one set of vectors 
to another.
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Examples

1. A multiple of the identity matrix,              ,cIA =

Matrix transformations
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2. A rotation matrixA rotation matrixA rotation matrixA rotation matrix turns the whole space around the origin.
e.g. AAAA turns all vectors through 90°
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3. A reflection matrixA reflection matrixA reflection matrixA reflection matrix transforms every vector into its image on 
the opposite side of a mirror.                  

4. AAAA projection matrix projection matrix projection matrix projection matrix takes the whole space onto a lower 
dimensional subspace....
e.g.


=

01
A







=
01

A

Dr.  Julaluk Carmai









=

00

01
A

MA332    LINEAR    ALGEBRA

Dr.  Julaluk Carmai

The range of T is the set of all linear combinations of the columns of AAAA, 
because each image of T(x)T(x)T(x)T(x) is of the form Ax.

T(x)T(x)T(x)T(x) is computed as Ax (multiply x by A to transform x�A
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(b) Is there more than one xxxx whose image under T is bbbb ?
~ Is there an xxxx for which T(xxxx)=bbbb?

A uniqueness problem for a system of 
linear equations, translated here into the 
language of matrix transformations
: Is bbbb the image of a unique xxxx in Rn: Is bbbb the image of a unique xxxx in Rn
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An existence problem: 
Does there exist an xxxx whose image is c?c?c?c?
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Linear transformations
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Linear transformations preserve the operations of 
vector addition and scalar multiplication
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Useful fact
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If a transformation satisfies                                
for all u, v and c, d  it must be linear.
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Example

Given a scalar r, define T: R2� R2  by T(xxxx)=rxxxx. T is called a contraction when               and a 
dilation when r>1. Let r=3, and show that T is a linear transformation.

10 ≤≤ r
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• TTTT rotates u, v, u+v  anticlockwise about
the origin through 90 degree.
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the origin through 90 degree.

• TTTT transforms the entire parallelogram 
determined by u and v into the one 
determined by T(u) and T(v)
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The matrix of a linear transformation
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TheoremTheoremTheoremTheorem
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