MA332 LINEAR ALGEBRA

Linear Transformations

Anocther way to view Ax = bt

Matrix 4 is an object acting on x by multiplication to produce
a new vector .4x or b.

EXAMPLE: multiplication
7 -4 8 4 w2 b
2 . !
1 -6 |: 3 :| = —-12 0 multiplication
3 ° —
I = -4 L e ™0
* t t Iy v
A X b FIGURE1 Transforming vectors via matrix
multiplication.
2 0
2 The correspondence from xto Ax
3 =4 1| o is a function from one set of vectors
! T: N 0 to another.
A u 0

Suppose A is m = . Solving Ax = b amounts to finding all
in R which are transformed into vectar b in R™ through
multiplication by A.
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Matrix transformations

Examples

1. A multiple of the identity matrix, A=Cl |

A
A_|C O o
oc¢c, T =
stretching
2. A rotation matrix turns the whole space around the origin.
e.g. Aturns all vectors through 90°
0 _1 -E \\\\\
1 0 | R
90" rotation
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3. A reflection matrix transforms every vector into its image on
the opposite side of a mirror.

[o 1
110

reflection

4. A projection matrix takes the whole space onto a lower
dimensional subspace.

e.d.
J 1 0
A=

projection
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A transformation 7'from R” to R" is a rule that assigns to each
vector x in R" a vector T{x) in R™.

Terminology:

. , , ; : Weer"" 2l
R": domain of 7 R": codomain of 7 xe
T(x) in R" is the image of x under the transformation 7 g,}
Set of all images T(x) is the range of T Domain Codomain
FIGUREZ Domain, codomain, and range of
T R — R™,

T(x)is computed as Ax (multiply x by A to transform x2>A

The range of Tis the set of all linear combinations of the columns of A,
because each image of 7(x)is of the form Ax.
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1 0O
EXAMPLE: Let 4 = 21 . Define a transformation

0|
T:R* — R'by Tx) = 4Ax.

2
Then if x .=|: | :|
1 0
fiXx) = 4% = | |:
01

(E]
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-2 3
EXAMPLE: Let 4 = |: : :| u =
-5 10 =13

I

— L

2 3
b =|: » i| and ¢ ==|: } :| Then define a transformation
~110 {

T:RY = R* by T(x) = Ax.

a. Find an x in R* whose image under T'is b.

b. Is there more than one x under 7 whose image is b.
(unigueness problem)

¢. Determine if ¢ is in the range of the transformation T.
(existence problem)

Solution: (a) Solve = for x.

l.e., solve = or

Xy
1 =2 3 2
X2 =
|: =5 ) =15 :| |: ~ 10 :|
X3
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Augmented matrix:
| -2 3 2 1 =2 3 2
-5 10 =15 -10 0 0 00

X1 = 2y —=3x3 4+ 2
va is free
x; is free

Let x; = and x; = . Thenx, =

Sox =
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(b) Is there more than one x whose image under T is b ?
~ Is there an x for which 7(x)=b?

A uniqueness problem for a system of
Free variables exist linear equations, translated here into the

U language of matrix transformations
There is more than one x for which T{x) = b . Isgb thge image of a unique x in R

(c) |Is there an x for which T{x) = ¢7 This is another way of

askingifAx =cis

Augmented matrix:
I -2 3 3 | =2 3 0
-5 10 =15 0 0 0 0 1

c is notin the of T.

An existence problem:
Does there exist an x whose image is ¢?
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Linear transformations

If 4is m = n, then the transformation T{x) = 4x has the following
properties:

T(U+V} = AU +V) = +

and
Tlcu) = Afcu) = Au = T(u)

for all u,v in R" and all scalars ¢.

DEFINITION
A transformation 7 is linear if:

i. fu+v) = Tiu) +I{v) for all u,v in the domain of T.

il. T{eu)y=cT{u) for all u in the domain of ¥ and all scalars
[

Linear transformations preserve the operations of
vector addition and scalar multiplication
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Every matrix transformation is a linear transformation.

Useful fact If T'is a linear transformation, then
7M0)=0 and

Tleu +av)=cT(u) +dTiv).

Praof:
70y = Tou) = Iu) =

T(eu +dv) = T{ y+1( )

If a transformation satisfies (U +dvi=cT(u) +dT(v).

for all u, vand ¢, d it must be linear.

T(cV,+CV, +....... C,V,)=CT (V) +..tC,T(V,)
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Example

Given a scalar r, define 7° R2=» R? by 7(x)=rx. T'is called a contraction when 0<r<1 and a
dilation when 1. Let =3, and show that T 1s a linear transformation.

Solution Let u, v be in R? and let ¢, d be scalars. Then

T(cu+dv) = 3(cu+dv) Definition of T
= 3cu+ 3dv , . .
e Vector arithmenc
= c(Bu)+d3v) |

= cT(a)+dT(v)
Thus T is a linear transformation because it satisfies (4). See Fig. 5.

A I2 @

2 T
e, y
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B EXAMPLE5 Define a linear transformation 7' : R?> — R? by
o (2 321- [

Find the images under 7' of u = I:T]_V: [?,-,J'and“*V: [ﬂ

R N I R
reen=[2 3)[8] =[]

Notethat 7' (u + v) is obviously equal to T (u) + T (v). Itappears from Fig. 6 that T rotates
u, v, and u + v counterclockwise about the origin through 90°. In fact, T transforms the
entire parallelogram determined by u and v into the one determined by T'(u) and T (v).
(See Exercise 28.) &

i ]i' _ * T rotates u, v, ut+v anticlockwise about
| "“\7\\ usy the origin through 90 degree.
; : ':.’ ; _:“ - * T transforms the entire parallelogram

determined by u and v into the one
determined by T(u) and T(v)

FIGURES A rotation transformation.

Dr. Julaluk Carmai




MA332 LINEAR ALGEBRA
1 () :
EXAMPLE: Lete, =|: . J.e: [ : :|r',r| 0 and
2

0
¥-=| 1 |- SupposeT:R‘ - R'isa linear transformaticn

l
which maps_e_, intoy, and e; into y.. Find the images of

Hig k4
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Solution: First, note that

Tiey) = and Mexj=__
Also
_ By _ By = "
Then

[

(2]

_ Ney)+__ MNezx)=

x1
T 2 3

T(3e, +2e:) = 3Tie: )+ 2T(ez2)

_ Tiey+__ T(e:) =
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EXAMPLE: Define 7: R - R® such that
Txi,x2.x3) = (lx1 +x3].2 + 5v2). Show that T'is a not a linear
transformation.

Solution:  Another way to write the transformation: Another counterexample: Letc = -landu = | 1 |. Then
X1 )
15 I. H
| x =|:il A.l :| - E P 2
2 rew =1 | [ ' J[ : ]

Provide a counterexample - example where 7(0) = 0,
Treuy=cT(u) or Tiu + v) = T(u) + Tiv) is violated. and

1
A counterexample: cTiu) = =17 1 = ..||: ] = |: }
0 1
) =T 0 = [ J *
()

which means that 7 is not linear. Therefore T{cu) = _ 7{u) and therefore T'is

not
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The matrix of a linear transformation

Identity Matrix 7, is an # = n matrix with 1's on the main left to
right diagonal and 0's elsewhere. The ith column of [, is labeled

e
EXAMPLE:
00
h=[e. a;: e ]= o1 0
001
Mote that
O 0 ¥
X = 10 Xn
o0l X3
= = | =
In general, for x in R",
Jl.ln'x = —
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if 7: R" - R" is a linear transformation, then T{cu + dv)=cT(U) +dT(Vv).

Generalized Result:
T{{' 1Yy +--

sV Ee T (V) 4 e, TV,

EXAMPLE: The columns of [» = |: ; I :|are e = |: :|
{ {

and e; = Suppose T'is a linear transformation from R-
to R* where

2 5
3 |and Te:) = ]

Ne) =
4 |

Compute T(x) for any x = |: A :|
Xa
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Solution: A vector x in R? can be written as

X2

Then

_T{E|_] 4 _T[E_\J

T(X) = T(x @) +x283)

h

4]

MNote that
. X
T(x) = .

fix) = [ Te) T(e:) ]x = AX

To get 4, replace the identity matrix [ e e ] with

[ e e |-
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Theorem

Let 7 R* - R" be a linear transformation. Then there
exists a unigue matrix 4 such that

Tix) = Ax for all x in R".

In fact, 4 is the m x n matrix whose jth column is the vector
7(e,), where e, is the jth calumn of the identity matrix in R".

A=[Te) T - T(e)]

standard matrix for the linear transformation T
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27 X = 2X7
X
EXAMPLE: ? 9 [ ' J dx
¥ 9 4 3y + 22
Solution:
Y 7
7.9 = standard matrix of the linear transformation T
] Ly ]
n..'-r -}
12 | =| ne Tex |-
) oy
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