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G. REGRESSION:THE PROBLEM OF ESTIMATION

As mentioned in the previous chapter, our main objective is to estimate the population regression
function (PRF) based on the basis of the sample regression function (SRF) as accurately as possible.

In this chapter, we are going to discuss the method of estimation:Ordinary Least Squares (OLS)
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From the SRF: -

Vi B Bt

Now, we obtain the least-squares estimators:

LY LY -LXEXY,
nLX?— (LX)
7Gx
(3.1)
f — "EXX-LXILVi
CnLX - (LX)
(3.2)
If we define X and ¥ to be the sample means of X and Y. Then:
o= (X-X)
i = (%-¥)
(3.3)

We can have the alternative expressions for ;’.;3:
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Table 3.1: A Random Sample From the POPU}’%I‘GOI‘J

N RNt - E )

X Y
500 390
600 425
700 560
800 575
900 630
1000 679
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Table 3.2: Raw Data Based on the Sample Data on Table 3.1
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3.1 The Method of Ordinary Least Squares (OLS)

Figure 3.2: Sample Regression Line Based on the Data of Table 3.2
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3.1.2 The numerical and statistical properties of OLS estimators

1. The OLS estimators g| and ﬁ; are expressed solely in terms of the observable (Sample size) and

quantities (i.e X and Y).

Y

b - LX' LY - LXEXY
L aExT—(Ex)?
= V- pX
(3.5)
6" _ nEXY, -YXipvYi
- “EXf—()_‘Xi]E
(3.6)

2. They are point estimators.
—_—

3. The regression line has the following properties.

3.1 The sample regression function (SRF) passes through the sample means of Y and X (¥ and X).
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3.3. The mean value of the residuals i; is zero.

54

Chapter 3. REGRESSION:THE PROBLEM OF ESTIMATION
Figure 3.3: The Sample regression Line Passes through the Sample Mean Values of Y and X
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3.1 The Method of Ordinary Least Squares (OLS) 55

3.4 The residuals ; are uncorrelated with the predicted ¥;.
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3.5 The residuals i; are uncorrelated with X;.
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56 Chapter 3, REGRESSION:THE PROBLEM OF ESTIMATION

3.1.3 The Assumptions Undellyin@hod of Least Squar

e(
Assumption 1: Linear regression model
1
Y; = B+ X +u; m/l\/j
J—

Assumption 2: X values are fixed in repeated sampling

X is assumed to be nonstochastic.

Assumption 3: Zero mean value of disturbance ;

E(;|Xi) =0

Figure 3.4: Conditional Distribution of the Disturbances ; -
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3.1 The Method of Ordinary Least Squares (OLS) 57

Assumption 4: Homoscedasticity or Equal Variance of «;
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Figure 3.5: Homoscedasticity
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58 Chapter 3. REGRESSION:THE PROBLEM OF ESTIMATION

Figure 3.6: Heteroscedasticity
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Assumption 6: Zero Covariance Between «; and X;

Cov(Cu;,x;)= o
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Assumption 6: Zero Covariance Between «; and X;

Cov C u; ,X;j)= ©
VARATUY T x; W NeT RECATEY wilH

VARMrIov TV U

Figure 3.7: Patterns of Correlation Among the disturbances
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Assumption 7: The number of observations n must be greater than the number of parame-
ters_to be estimated.
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3.1 The Method of Ordinary Least Squares (OLS)

3.1.4 Standard Errors of Least-Squares Estimates

The standard errors of the OLS estimates can be obtained as f(:l]i)ws

We know that P ﬁ
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3.1 The Method of Ordinary Least Squares (OLS)

3.1.5 The Least-Square Estimator of ¢*
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64 Chapter 3. REGRESSION:THE PROBLEM OF ESTIMATION

In sum, the standard errors of the OLS estimators can be obtained as follow:

var(fy) = %
5 [
se(f) =
or
(3.7
s, LXP
var(fy) = n}:x‘;c
LX;
. _ o
se(Br) el
(3.8)
We can estimate the ¢ from the data where the formula for the estimated & is following :
o Yt
o= n—2
where R
Yal=Yyi-p L+
The alternative expression for computing ¥ ;> is
o w2 (Exw)?
Z“f’ - E)i o ):J"g
The covariance between ,(i':l and 52 is:
cov(Bi.fa) = —Xvar(Br)
_ [ o’
- —Xx|=
():x?)
(3.9)
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3.1 The Method of Ordinary Least Squares (OLS) 65

Properties of Least-Squares Estimators: The Gauss-Markov Theorem

Given the assumptions of the classical linear regression model, the least-square estimators are satisfied
the optimum properties which is known as “The Gauss- Markov Theorem." To understand this
theorem, we need to know the small-sample properties of an estimator first.

The Small-Sample Properties of An Estimator
1. Unbiasedness

An estimator 6 is said to be an unbiased estimator of 8 if the expected value of 8 is equal to the
true 6

E(6)=0

Therefore, if the expected value of 8 is not equal to the true 8, then the estimator is said to be
biased. We can calculate the biased as:

bias(6) = E(8)— @

Figure: Biased and Unbiased Estimators
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66 Chapter 3. REGRESSION:THE PROBLEM OF ESTIMATION

2. Minimum Variance
6 is said to be a minimum variance estimator of @ if the variance of 8; is smaller that or at most equal
to the variance of 6, which is any other estimator of 8

Figure: Minimum Variance

3.Best Unbiased or Efficient Estimator = property 1+ property 2

If 6; and 6 are two unbiased estimators of @ and the variance of 8 is smaller that or at most
equal to the variance of 6;, then 8, is a minimum-variance unbiased estimator or best unbiased
estimator.

4. Linearity

An estimator  is said to be a linear estimator of @ if it is a linear function of the sample observations.
For example:

_o 1 1
X= ;):x,— ;[X1+X3—__.—X,,)

Thus, X is a linear estimator because it is a linear function of the X values.
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3.1 The Method of Crdinary Least Squares (OLS) 67

Best Linear Unbiased Estimators : BLUE

The estimator @ is called as the Best Linear Unbiased Estimator BLUE if it is satisfied the proper-
ties 1.2,4 that is  is linear, is unbiased, and has the minimum variance in the class of all linear unbiased
estimators of 6,

Minimum Mean-Square-Error (MSE) Estimator

The MSE measures dispersion around the true value of the parameter. It is defined as:

MSE(6) =E(8 —6)°

However, the variance of @ measures the dispersion of the distribution of the distribution of é
around its mean or expected value.

var() = E(6 — E£(6))?

The relationship between the MSFJ(Q) and the vur[é) is as follows:
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68 Chapter 3. REGRESSION:THE PROBLEM OF ESTIMATION

An estimator Bg is said to be a best linear unbiased estimator (BLUE) of 31 if the following hold:

& It is linear. It is the linear function of a random variable.

& It is unbiased. That is £(f}) is equal to the true value,

& It has the minimum variance in the class of all such linear unbiased estimators.
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Gauss-Markov Theorem: Given the assumptions of the classical linear regression model, the
least-squares estimators, in the class of unbiased linear estimators, have minimum variance, that is

, they are BLUE.

A measure of goodness of fit: /~

In this section, we are going to study the goodness of fit of the fitted regression line to a set of data. Let

us consider the following example:

Suppose we were Lo estimate the family expenditure (Y) based on our information from a random

sample (as in Table 3.2).

What will happen if we set the estimated Y to be ¥?

Table 3.3: Estimating the expenditure of the household

Family Number (i) Actual Estimate Error in Estimation

Errors Squared

Y; V=¥ Y,-¥ (¥, —¥)?
1 390 543 -153 23460.03
2 425 543 -118 13963.36

3 560 543 17 283.36
4 575 543 32 1013.36
5 630 543 87 7540.03
6 679 543 136 18450.69
Sum 3259 3259 ] 64710.83

We can see all this graphically:
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70 Chapter 3. REGRESSION:THE PROBLEM OF ESTIMATION

Figure 3.8: Graphic Representation
Conditional Distribution of Expenditure for Various Levels of Income
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Question: Can we determine the total estimation error for this sample data?

Answer: Yes, we can calculate the total (combined) amount of estimation error for all observations
in the sample when using the mean as the estimate as following:

TSS=Y (¥~ ¥)?

It is called the total sum of squares (TSS) which is the total variation of the actual Y values about
their sample mean.

Since our objective in estimation is to minimize error (maximize precision), we need to cut down
the amount of the estimation error (TSS).

We can achieve this by using information about other variables suspected to be strong predictors
(strongly related to) the expenditure of the families.

We now can attempt to estimate the expenditure from the information on the income level of the
family, rather than from its own mean.
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Table 3.4: Estimating the expenditure of the household with income

Family (i) Actual Income

¥i X; X-X Y —¥ (X —X)(y-7) X -X)?

1 390 500 =250 -153.17 38291.67 62500

2 425 600 -150 -118.17 17725.00 22500

3 560 700 -50 16.83 -841.67 2500

4 575 800 50 31.83 1591.67 2500

5 630 900 150 86.83 13025.00 22500

6 679 1000 250 135.83 33958.33 62500
Sum 3259 4500 0 0 103750 175000

From the table 8, we can calculate the simple regression as following:
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72 Chapter 3. REGRESSION:THE PROBLEM OF ESTIMATION

Figure 3.9: Breakdown of the variation of ¥; into two components
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Table 3.5: Estimating the expenditure of the household with income

Family (i) Actual Income Regression Estimate Residual Residual squared

Y X; y ) G ¢ r-7)
1 390 500 394.95 -4.95 24.53
2 425 600 454.24 29.24 854.87
3 560 700 513.52 46.48 2160.04
4 575 800 572.81 2.19 4.80
5 630 900 632.10 2,10 4.39
6 679 1000 691.38 -12.38 153.29
Sum 3259 4500 0 0 3201.90

From the table 9, we can calculate the estimation error we have committed by using the regression

line as:
RSS=Y (i~ £)? = Y

where RSS stands for the residual sum of squares. which is the unexplained variation of the Y
values about the regression line.
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3.1 The Method of Crdinary Least Squares (OLS) 73

Total Baseline Error using the mean (SS Total) =
New or Remaining Error (SS Error or S8 Residual) =

QUESTION: How much of the original estimation error have we explained away (eliminated) by
using the regression model (instead of the mean)?

ANS

QUESTION: What % of estimation error have we explained (eliminated by using the regression

model?

ANS

QUESTION: What does the remaining% represent?

ANS
Percent of variation (differences) in expenditures that can be accounted for by: (a) all other

potential predictors not included in the model, beyond income levels, and (b) unexplainable

random/chance variations.
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74 Chapter 3. REGRESSION:THE PROBLEM OF ESTIMATION

& +~ is a measure of our success regarding accuracy of our estimation effort.

& ¥ = % of estimation error that we have been able to explain away by using the regression
model, instead of using the mean.

& + indicates how much better we can predict Y from information about Xs, rather than from
using its own mean.

& r* = % of differences (variations) in Y values that is explained by (attributable to) differences
in X values.
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