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` The Three-Variable Model 
` Interpretation of Multiple regression 
` The Meaning of Partial Regression Coefficients 
` OLS Estimation of the Partial Regression Coefficients 
` The Multiple Coefficient of Determinant and the 

Multiple Coefficient of Correlation  
` R-Squared and the Adjusted R-Squared 
` Partial Correlation Coefficients 
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` Linear regression model, or linear in the 
parameters 

` Fixed X values or X values independent of the 
error term. We require zero covariance between          
and each X variables 

 
 

` Zero mean value of disturbance  
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Refer to Lecture note before

the midterm or Ch 3 in
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` Homoscedasticity or constant variance of 
 
 
 

` No autocorrelation, or serial correlation, between 
the disturbances 
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` The numbers of observations n must be greater than 
the number of parameters to be estimated 
 

` There must be variation in the values of the X 
variables 
 

` No exact collinearity between the X variables 
 

` There is no specification bias 

id X - income - Wgei = pit ezedntui
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"

No exact call inanity between
X variables

"

No exact linear relationship
between Xz and X3

If such an exact linear relationship
exists

,

then Xz and Xz are said to

be collinear or linearly independent
E.g . Xzi

= -4Xzi

or

Xzit 4Xzi
= O



Xzi X3i

I -4 Xzi = -4
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- 25

" perfect collinearity
"



The two variables are linearly
dependent, and if both are
included in a regression model,
we will have perfectedlinearity
or an exact linear relationship
between the two regressor

s

(we will discuss
onone detail

in
"The problem of

multiCollinearity
" Ch. I 0

in the Gujarati (2009) )
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2 3X and X
 The conditional mean or expected value of Y conditional 

upon the given or fixed values of 
                       



The coefficients        and         are called the partial 
regression coefficients 

 

The meaning of partial regression coefficient is as 
follows 

            measures the change in the mean value of, Y, 
E(Y), per unit change in        , holding the value of         
constant.  

2E 3E
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2X 3X
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 measures the change in the mean value of, Y, E(Y), 
per unit change in        , holding the value of          
constant.  
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The OLS procedure consists of choosing the values of 
the unknown parameters so that the residual sum of 
squares (RSS)             is as small as possible 

To obtain the estimators → To differentiate it
with respect to the unknowns , set the resulting
expressions to zero, and solve the simultaneously
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Refer to Appendix 7A, this procedure gives the following
normal equations

where

Uzi = Cxzi -Id
"si

= (Kei-Iz )

Yi -- CYi
-T )

A Three variable case is a natural extension
of the two -variable case !



In all these formulas variance          is the 
homoscedastic) variance of the population 
disturbances  

An unbiased estimator of          for the three variable 
model is given by  
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` The three-variable regression line passed through the 
means. Thus in the k-variable linear regression model 
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` The mean value of the estimated                 is equal to 
the mean value of the actual 

 
`   

 
` The residuals        are uncorrelated with        and      , 

that is  
 

` The residuals        are uncorrelated with     ; that is  
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See Appendix 7A . I for proof

(Hint : Multiply fi -- pnzxzitedsxzi on both sides
by Uni and sum over thesample values,



The mean value of theestimated Yi
( ti ) is equal to the mean
value of the actual Yi ,

which is

easy to prove
:

I i = §, teaXxi t Rabi
①

= -RI- I353) t BakitBBQ
= It Ezaki Iz) tecxsi
⇐ It {zkzi te Kasi ④

Summing both sides
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Dividing through by the sample
size n
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` From the variance equation, it is evident that as  
 , the correlation coefficient between      and         , 

increases towards 1, the variances of        and 
    increase for given values of         and            or 
 In the limit, when              (i.e., perfect collinearity), 

these variances become infinite 
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` For given values of        and          or             , the 
variances of the OLS estimators are directly 
proportional to       increases. Similarly, for given 
values of         and      , the variance of       is inversely 
proportional to               ; that is, the greater the 
variation in the sample values of       , the smaller the 
variance of       and therefore      can be estimated 
more precisely 
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` Given the assumptions of the classical linear regression 
model, one can prove that the OLS estimators on the 
partial regression coefficients not only are linear and 
unbiased but also have minimum variance in the  class 
of all linear unbiased estimators. (BLUE)  



` Measure the goodness of fit of the regression 
equation 

` We would like to know the proportion of the 
variation of Y explained by the variables jointly.  

` The quantity that gives this information is known as 
the multiple coefficient of determinant 
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` Measure of the degree of association between Y and all 
the explanatory variables jointly 
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îY
ˆ( )iY Y due to regression�  

iY Y total�  

ˆiu due to residual 

SRF 
1 2 2 3 3

ˆ ˆ ˆ
i iX XE E E� �

Eti
T



2 2( )i iy Y Y �¦ ¦

2 2ˆ ˆˆ ( )i iy Y Y �¦ ¦

2ˆiu¦
TSS ESS RSS �

Total variation of the actual Y values 
about their sample mean  

(Total Sum of Squares, TSS) 

Variation of the estimated Y values about their mean 
(Explained Sum of Squares, ESS) 

Residual or unexpected variation of the Y values about the 
regression line (Residual Sum of Squares, RSS) 
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` Lies between 0 and 1 
` Nondecreasing function of the number of explanatory 

variables 

T
X variables



 Relationship between R-Squared and the variance of a 
partial regression coefficient in the k variable multiple 
regression model 

 
 
 
Where       is the partial regression coefficient of regressor         

and         is the      in the regression of          on the remaining 
(k-2) regressors. 
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Y Child mortality CM
X per capita GNP PGNP
X Female literacy rate FLR

 

 

 

Yi = fitBaki tBXsi t Ui

(Mi -

- f, t Gz PGNPi t Ps
FLRi t Ui

we considered the behavior of child mortality in relation
to pGNP. We

found that PGNP has anegative impacton

CM
,
as one would expect .
We expect that FLR

will have a negative
impact on CM .





CM is the number of deaths of children under five per 
1000 live births 

 
PGNP is per capita GNP in 1980 
 
FLR is measured in percent  



 
 

୧ ଵ ଶ ୧+ ଷ ୧ ୧                

௜ ௜ ௜ 

 

ଶ  



 As PGNP increases by one thousand dollars, on 
average, the number of deaths of children under age 5 
goes down by about 5.6 per thousand live births.  

 
 Holding the influence of PGNP constant, on average, 

the number of deaths of children under age 5 goes 
down by about 2.23 per thousand live births as the 
female literacy rate increases by one percentage point 



 If the values of PGNP and FLR rate were fixed at zero, 
the mean child mortality rate would be about 263 
deaths per thousand live births 



Assume that equation   
 
 
is the “true” model explaining the behavior of child 
mortality in relation to per capita GNP and female 
literacy rate (FLR). But suppose we disregard FLR and 
estimate the following simple regression: 
  

୧ ଵ ଶ ୧+ ଷ ୧ ୧                

୧ ଵ ଶ ୧ ୧                

①
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Estimating  
 
 
would constitute a specification error; the error here 
consists in omitting the variable ୧ 
 
Will ଶ provide an unbiased estimate of the true impact 
of PGNP?  
Will ଶ)= ଶ ଶis the estimated value of ଶ? 
As you would suspect, in general ଶ will not be an 
unbiased estimator of the true ଶ 

୧ ଵ ଶ ୧ ୧                

①

②



୧ ୧ 
 

ଶ

Observe several things about this regression compared to 
the “true” multiple regression: 
1. In absolute terms, the PGNP coefficient has increased 

from 0.0056 to 0.0114, almost a two-fold increase 
2. The standard errors are different 
3. The intercept values are different 
4. The ଶ values are dramatically different 
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k = the number of parameters in the model 
including the intercept term 



2 2 ( 1)1 (1 )
( )
nR R
n k
�

 � �
�

` For k>1, Adjusted R-Squared < R-Squared implies that 
as the number of X variables increases, the adjusted R-
Squared increases less than the unadjusted R-Squared 

` Adjusted R-Squared can be negative 



` The Sample Size n must be the same 
` The dependent variable must be the same 
 ( Yi )
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` The Cobb-Douglas Production Function 
` Polynomial Regression Models 
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log

Y output
X labor input
X capital input
u stochastic disturbance term
e base of natural

 

 

 

 

 

We log- transform this model hifi -hp, t ezlnxzitfzlnksit Ui

foz is the partial
elasticity of output
with respect to the labor
input, it measures
thepercentage change
in output
t I percent change in
thelabor input , holding
the capital input constant.
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Returns to scale

p
Doubling the inputs

will doublethe

output

→ Doubling the inputs
will less

than double
theoutputs .

↳ Doubling the inputs will more
than

double the output.
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` The U.S. manufacturing sector for 2005, the output 
elasticities of labor and capital were 0.4683 and 
0.5213, respectively  
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The general kth degree polynomial regression  

The stochastic version may be written as 

which is called a second-degree polynomial regression  

Cost and Production Functions .
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Y -- fit Bzxitfgxih



'

law of diminishing returns .
The S shape of the total cost curve can be

captured by third-degreepolynomial .

Yi ' fo t fixi t fzxftfzk.itUi



Aren't the various X 's highly
correlated since they are all

powers of X ?

Yes , But remember
that the

terms like k, X3, X
4
,
etcs.

are all nonlinear functions
ofX

→ Do not violate the no

multicollinearity assumption .
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X = output 
Y= Total cost ($) 



 Elementary price theory shows that in the short run the 
MC and AC curves of production are typically U –
shaped  initially, as output increases both MC and AC 
decline, but after a certain level of output they both turn 
upward again the consequence of the law of 
diminishing return  



The parameters Yi -- foot @ixitfozxitfszxitai
must satisfy
thefollowing restrictions
if one is too observe

the typical V-shaped
SRMC and SRAC
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` The coefficient of correlation ( r ) as a measure of the 
degree of linear association between two variables 

` For the three variable regression model we can 
compute three correlation coefficients 

  correlation between Y and  
  correlation between Y and  
  correlation between       and  
         

12

13

23

r
r
r

2X

2X 3X
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Yi = Bit Xzitfsxsitui

I → Y
z → Xz
3 → Xz



        measure the degree of linear association between 
Y and         when a third variable      may be 
associated with both 

 

 
          Partial correlation coefficient between Y and        

holding         constant  
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Relationship between        , simple correlation 
coefficients and partial correlation coefficients 
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The proportion of the variation in Y explained by  
and            jointly is the sum of two parts: 
 
1. The part explained by         alone 
2. The part not explained by                       time 

proportion that is explained by       after holding 
the influence of      constant 
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