Simplify a system of linear equations

Elimination without changing any of the solutions.

Dr. Julaluk Carmai

é é Elementary Row Operations:
@ a 1. Replacement (multiply one row and subtract it from another row)
O = Echelon form Q 2. Interchange
< = Reduced echelon form < 3. Scaling (multiply all entries in a row by a nonzero constant)
o i At a2 S . .
< * The break down of elimination < Each of these operation is reversible and does not change the solution set.
L . L
zZ = Rectangular matrices P . N oo -
4 ] = Good matrices=>» elimination work =» get a solution in an efficient way
= Complete solutions to Ax=b
o N
™ V)
™ 9]
<§E <§£ When elimination fail to give solutions?
How the elimination decide whether a system is good or has problem?
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Echelon form (or row echelon form): Reduced echelon form: Add the following conditions to
1. All nonzero rows are above any rows of all zeros. conditions 1, 2, and 3 above:
2. Each leading entry (i.e. left most nonzero entry) of a row is
[a) it. m : . o
Ll o . L 5. Each leading 1 is the only nonzero entry in its column.
9 3. All entries in a column below a leading entry are zero. (3
< <
EXAMPLE: Echelon forms EXAMPLE (continued):
g . * Kk * ¥ . * * %
"é g | VRS gp | oW # "é Reduced echelon form : ~
i ¢ 0000 com The whole purpose of doing - O £0.0% 00 & %
0 0000 000 the elimination is to get an 00 0 ( (
S OB % % % % % % % % * upper triangular matrix (U) S ) 00010 %300 >»3x
2 0 00 M = % + % * % * (echelon form) g’:’ 00 001 % ¥« 00 % %
> ©f 000 0 M+« % 5 * = > 000001 0 % #
000 0 000M + 5 * 0000001 » =
0000000 0N+ « - : -
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Important terms ) .
‘ The first pivot
Pivot position: a position of a leading entry in an echelon form of the matrix. ] l |——— Pivot row
é Pivot: a nonzero number that either is used in a pivot position to create 0's or é 4 -6 0
E is changed into a leading 1, which in turn is used to create O’'s E ?2 7 0
9 Pivot column: a column that contains a pivot position. 9 Pivot column
< . . . . <
Pivot row: a row that contains a pivot position.
[a e o
< < 3 1 | 21 1 1
L . Ll Replacement
Z Example : 3 equations 3 unknowns Z
= - Replacement | () —2 0 [-8|-2
N N
& 2o X ]S & 0 8 3 0 o [
< <
S (coefficient matrix) 4 -6 0 Y\|=l— 2 s U
-2 7 2]z 9 By definition, pivots cannot be zero. ( need to divide them!)
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Example Row reduce to echelon form and locate the pivot columns. EXAMPLE: Row reduce to echelon form and then to reduced
pivot echelon form:
4 0 3 -6 64 -5
0 <3 = 4 19 1 4 5 -9 -7 1 4 5 -9 -7 31 -7 8-58 9
I I e ~ 12t 3 1 | |02 4 % =6 ) 12 9 6 15
é 2 -3 0 3 -1 2 -3 0 3 -l 0 5 10 -15 -15 é Solution:
m A T 0 -3 6 4 9 0 -3 -6 4 9 m 0 6 0 4 -5 3 -9 12.-9 6 IS
L : . L 37 & 58 ¢ |= 3 -7 B-58 9
1
% pivot column Possible Pivots: (ZE]D 3-912-9615 0 3 -6 64 -5
3 -9 12 96 15
~ 34 42 -6
g t & § 9.7 145 -9 -7 % :;aorwi
L ~ 02 4 -6 -6 024 -6 -6 L
=z a = =z Cover the top row and look at the remaining two rows for the
= 000 0 0 6o00-5 0 = left-most nonzero column.
000-5 0O 000 0 0 Note: There is no more
’ o 39 12 96 I8 31912 96 15
% G A than one pivot in any row. % o T.id Wi T
=J ] - - i) e - -
) R There is no more than one ™ g s e Reduced echelon form
<§E OREMARE | o 5 % %o pivot in any column. é
{ A ® 19 12 9 6 15 30 <690 =72 10 =23 0 =4
: ~| 0 1 =2 213 ~| 01 =220 -7 e 01220 -7
pivot columns: 12 4 0 0 0 01 4 00 001 4 00 001 4
Echelon form
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Under what circumstances could the elimination stop?

If this entry is changed to 0
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1 2
< 7 4 < If the algorithm produces 7 pivots (there are pivots in every column
% - Cﬂé i.e. a full set of pivots),
'-(bJ 2 6 8 ('-'_rJ) then there is only one solution to the equations (a unique solution)
zfl 2 8 10 Z:l example x, +x,=10 <::> Ax=b
o o -x,+x,=0 - =
5 How many pivot variables? 5
Z Z If a zero appears in a pivot position, elimination has to stop!
— — Stop temporarily=>» there is possibility to exchange with
~ ~ a Ipwer row for a proper pivot.
9 ¥ Stop permanently=>» there is no exchange of row that
<§E <§( examples can avoid zero.
X, —2x,=-3 X +x,=3 b
= AX=
2%, —4x, -8 (— Ax=b 2% —2x, =6 (—) ax=b
However, we do not know whether a zero will appear until we try.
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How could this 3x3 case fail to give a unique solution? EXAMPLE: Is this system consistent?
X] = 2% + Xy 0
£ £ 2¢2 -~ 8va 8
< -Fail to come up with 3 pivots. < A 4+ Sxp 4+ 9 -9
& EIE &
A ] 1 -2 1 |x| [0 1 -2 1]0
* % %
% (Z'D 0 2 -8|xl={8] & |o 2 -sls
-4 5 il -9 -4 5 9 |-9
o Example o
5 5 Perform row operation to obtain echelon form
% L2 1 L2 l ~ L2 l % In the last example, this system was reduced to the triangular
3 6 l ~ 0 _ 2 0 4 l form:
N © N
% 0 4 1 0 4 1 0O 0 (,_ b g Xl - 2xa + X3 =0 =2 10
<§E /\“’ <§E Y3 dxy = 4 0 | .44

Xy = 3 0 0 1|3

This is sufficient to see that the system is consistent and unique.
Why?
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EXAMPLE: Is this system consistent?

EXAMPLE: For what values of /i will the following system be
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vy~ Gx;= 8 0 3 6| 8 2
; ; 1 St consistent?
< Xi=2v24 3y =_ wl F |- < Ova —
o Sx; T2 493 = 0 5.7 9o o Ay = :
ﬂ E 2x) 4+ 6xy = h
9 Solution: Row operations produce: (—ID
< ’ P P ’ < Solution: Reduce to triangular form.
o 0 3 6] 8 [ 22 3| 22 3|4l @
< 2 3l 0 3 6|8 0 6| 8 < 3.914 | 1 313 || 13 %
p 5.7 9]0 0 3 6|5 0 0 0|3 P -2 6 h -2 6] h 0 0fh++
| —1
~ Equation notation of triangular form: o The second equation is Ox| + 0x2 = 4 + £, System is consistent
Q X1 = 26 o+ 3xy = I g only if & + L =0o0rh==2,
<§E 3y = Oy = 8 <§(
Oxy = 3 <+ Nevertiue
The original system is inconsistent!
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Homogeneous linear systems Nonhomogeneous linear systems
Ax=0 . Ax=b
< < & o
o Eg. 2 47 x] [o x (@ {2 4 xl]:[cl]
0 1 3]x| |0 W 13 |
< <
1 0 2 414 M2 4147
1

. 2 410 R_.ER, 2 410 %, =0 and x,=0 or E:{O} . :|R_.—1R.‘ Sx,=-1 and x, =4
< 1 310 0 110 < 1 311 210 1 |-1)
LU - LL
Z _ Z
— 2 4|«x 0 —

E.g. - ( ]
o R Z]LTJ L)] N 2 4 R-1R 2 44 No solution
™M ™ 1| ~(0 0l-1
< . R < =
> 2 4|0(p-1x|2 4]0 <X € -2 =

1 2o ~ 1o olo and or E:C{ , };CE R © 2 4 4} 2,1 [2 4 4} Infinitely many solutions
' 0 =2x, +4x, 1 212 <0 oo

Sx,e R and HH‘[— Z'J Cenr
x= Ce
x=2-2x, O T Lol
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As a vector the general solutions of Ax=b has the form
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Example
-1+ 4 X “ X
p 305 —4Tx] [7 p % 3= [~ 3%
o -3 -2 4 |x|=]|-1 o L=l 2 =240
E 6 ] —8 | x 2 E X X. 0 X
O] O]
- —
< 4 <
3 5 —-417 1 0 —— -1
o ~ 3 @
< -3 -2 4 |- 01 0 2 < xs can be any real number.
L L
= 6 1 -8 -4 00 0 0 =
4
S . N X, -1 5
g General solutions . § xn|=| 2 [+co| cer
S x =-1+ 3 X, = X 0 1
x,=2
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A b 3 equations 4 unknowns® Ax=0
X =
é —mxn = — é 2 2 2 Perform 1 2 2 2
a This matrix equation is equivalent to a system of linear equations of a A=12 4 6 8 |:> 0 2 4
O] i ki : O]
3:' /m equations 77 unknowns <_(| 36 8 10 row operation | 0 2 4
X, +2x,=2 l: 2 2 1 22
g X, +5x,=6 <::> 1 5 x 6 1 516 % Candidate for the 2" pivot has become zero and
%J 5 7‘ g ) 7 = g > 713 |_£ The entry below is also zero. “ go onto the next column”
x, +7x, = x;
S T 1% g 5
4x,+14x,=16 4 14 16 4 14116 1 2 2 2
o N
™ ™ < U ( Echelon form)
2 The solution of m equations 7 unknowns (m # n) 2’:’ 0 4
s s Row of zero 00 0 Ux=0
. . . . occurs becaus _
Elimination =» similar to square matrix of row 3 was
Back substitution=> some differences a combination Number of pivots =2 (rank of the matrix)
of row 1 and 2 Solution is not unique
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= Solution to Ux=0 is the same as solution to Ax=0
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X, —2x, +2x, 2 2
X, Xy | X, |10 fx
< -4 X, < gl | - 2x, 0 -2|x
o 00 @2 4 *|=0 5 v x 0 1
L X5 L 4 4
o 0O 0 0 0 ' o
= X, - =
< < X, -2 2
o = Number of inOt va.riables (any variables that corresponds to a pivot column) = r o X, - 1 0 i 1 C.C.eR
; * Number of free variables = n-r ; Xx 0o -2 s e
= X, +2x,+2x,+2x, =0 = L% o T
> 2x,+4x,=0 S i} i
2 ; (J(O X, -2 2
= = :‘ =( 0 +C, C[% ;C,C, e R General solutions as a vector
* Assign any numbers to X, and X, =—2x,—2x;, - 2x, Parametric description : -
X E> X, =-2x, of general solutions LY @ Sh
* Solve for X; and X, :
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4 equations 2 unknowns= Ax=0 .. .
q = Rectangular (coefficient) matrices A,,W
] 2 0 ] ) ]
< < M<n -> No unique solution exists. There may be
o 1 5] x 0 o _
@ 2 7% |0 m = infinitely many solutions
O 4 14 0 Q = no solution
< < (if the system in echelon form contains equations of
the form 0=b with b nonzero.)
I %
I-IZJ '-éJ e.g. 1 2 2 2|5 1 2 2 2 b,
- = 2 4 6 8)|b ~ 0 0 2 4 b-2h
o N 3 6 8 10| b, 0 0 2 4|b-3p
[92] [42]
2 2
s S 2 2 2 b,
~ oo 2 4 b, —2b,
0 0 0 0 |—b,+2b+b,—3b

Dr. Julaluk Carmai




M=>n ->There may be
= A unique solution could exist provided that
number of rank equal number of unknowns

Elimination upward=» Row Reduced Echelon Form
(zero above and below pivot)
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é and m-n row are linear combination of other rows. é
@ = infinitely many solutions a 1 2 2 2 m2o0 -2
Q = no solutions Q
< < 00 2 4/—>/0 0 2 |=R
Example )

o 1 22 1 22| 1212 Unique solutions @ 0O 0 0 0 0O 0 0 O
< 1 os|el (03|14 o o 3|4 <
L a) , 0 4 m-n=2 i
Z 2 7|8 ! 0 0] 0]«—— These 2 rows are linear pd . . L.
| 4 14|16 0 6|8] 0 00— combination of other rows = We have got the identity matrix in RREF
N 122 1 2] 2] 122 1 2]2] [\ ) —
S ® [rsjs| _ Jos|a| o fo3[a] ~ 03]+ osolutions % Pivot=1 Ax=0
< 2 7|8 0 3|4 0olo 0 0 |s/3] < Pivot row 1&2 &:0
b g Lo -5|-s] 00l o ofol = Pivot column 1&3 Rx=0

122 122

2 4|4 0

© 15 ¢|s ~ oolo Manysolutions
5 10110 0 0|0
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] 3 0 =3 Solve &=0
< 0 0 I 2 |=R+«—— Row reduced Echelon Form < Null space matrix (columns=special solutions)
o o
m 0O 0 0 O o F
w w -FK
O] Q RN=0 N=
- — — — ]
< In pivot column In free column < 1
a4 04
3 10 22 iR 3
prd 1 K Z X pivot
3 0 1 0 ,,,,,,, 2’ R= = [! E pivot | _
N 0O 0 0 0 0 0 ~ Eﬂ'cc
™ %)
2 Identit tl S(’)
entty part 1 Free partE
= - S —
lzpivot + Ezfree 0
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When a nonhomogeneous linear system has many solutions,

The general solution can be written in parametric vector form as one vector
plus an arbitrary linear combinations of vectors that satisfy the corresponding
homogeneous system.

Ax=Db solvable if a combination of rows of A gives zero row
then the same combination of the entries of b must give zero.
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< <
% Suppose the equations Ax=b is consistent for some given b and let X % )
"(bJ be a solution then the solutions set of Ax=Db is the set of all vectors of ("'5 mxn matrix of rank r % m rows
3:' the form X=X,+X, where X, is any solutions of the homogeneous system. ?El r pivots

Example r<m
o _ o
< 1 22 2|1 1 2 2 2|1 < r<n
Z Z
5 2 4 6 815 - 00 2 43 =4
~ 3 6 8 10) 6 0.0 0 0] 0] @ utions as avector ~ Full column rank & r = n (no free variables)
@ ™ . TV .
2 o1 2] [-2 27 %1 [-2 S:’ =>solution to Ax=b is X=Xparticular
S x| 0 ‘ 1 0 | | 0 L C.eR S > N(A): {0}

o | %o —2lc| O [%]|#% '
v o] lo 1] L ‘f.
X=X, + X,
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Example 1 3] 4 .
3 Complete solutionsto  AX = h
< a=|Z ] & b=l g
- X.=X +X
@ 6 1 o X=X, *+X,
9 5 1 6 9 |
< - E < 1. Xy : set free variables = 0
o o solve Ax=b for pivot variables
; RREF ;
z - s 4 FA - = 2.X.: Ax=0
- 1 34 1 3 4 1001 - = -
- r=n <m

% 2 113 0 -5| =5 011 i/ 1| (full column rank) %
S |6 1]7] |0 -17|-17 0 00 z Ax,=b and AXx, =0

5 1]{6] [0 -14/-14] |0 00

A(x, +x,)=b+0
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EXAMPLE: EXAMPLE:
160 30[0 X1 +6x2 #3x4 =0 W iy il s =8
001 -8 0|5 X3 =-8x4 =5 A =T By =Sxg +8i¢ 9
< 000 01]|7 X5 =17 < 3x; <9x; +12xvy -9xg +6vs = 15
[0 o
m [oa] .
T wl Perform sequences of row operation
O Pivot columns: Q
- —
< ) ) . < 3 -9 12 -9 6|15
Pivot variables: Free variables: 2 :
g:: 2:: 0 24 42|-6
< l:l < 0 0 0 0 1|4 (xs = 4)
=z X1 = =6x2 = 3xq X 0 -6 -3 P
1 . - ¥
Xy +6n: +3x, 0 V2 is free x| |0 1 0 No equation of the form 0 = ¢, where ¢ = 0, so the system is
N x3 -8y =5 3 =5+ 8y <:> x |=|5]+¢| 0 |+C,| 8 o consistent.
™ . ™
™ X =1 x4 Is free x| o|0 0 ! ©  Free variables: x; and x,
g Xs =T X 7 0 0 é
eneral solution 3
© ) C.CoeR Consistent system | __ ;. finitely many solutions.
with free variables
) ) o ) What is general solutions in a vector form?
The system is consistent and has infinite many solutions
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Summary
EXAMPLE:
< 3 44y = -3 3 4|-3 < Ax=Db
& 2 +5x2 = 5 | 2 5|5 o
| w
D) -2x; =32 = | -2 3|1 O . .
e 3 r=m=n R=1 => one solution exists (full rank)
< <
3 4|3
x v +4x; = =3 o
< ~| 0 1|3 - < | .
W x2=3 M r=n<m R=|" =>» 0 or 1 solution (full column rank)
> 000 = = 0
= 4
o Conmstem‘svslem. = unique solution. S r=m<n R :H E] = infinitely many solutions
2 no free variables p (no zero row) (full row rank)
= =3 = I F
3 r<mandr<n R=|- —| = nosolution
— 10 0 or infinite many solutions
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