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4 Testing Hypotheses about a Single Linear Combination of the
Parameter

Consider

log(wage) = &0 + &1jc+ &2univ + &3 exp er + u

where jc = number of years attending a two-year college
univ = number of years at a four-year college
exp er = months in the workforce.
We want to test whether &1 = &2: → If the returns from 7 more year of education

at a junior college is the same as thatHo :B, = Bz → Ho :B , - Bz =D of the University .
against
Ha :p , # Bz → Ha:B, - Bz # O

z - tailed test
- f- (T ) , f- ( Z )

reject
tµyarea -

- significant
mill Kun
#Tg-2

t -- CB
,
- Ba ) - O

← we compute- this t - statistic and
5.e. CB , - Bz) compare with the critical value

.

-

where 5.e. Cfr - Bz) :/ wart- Bi

=/
"

varies .nvarTBz, - sootiest
not very significant forward to calculate
→ we use a variable transformation trick ( see notes)
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another possible hypothesis test (one-tailed alternative)

5 Computing p-Values for t-Tests

# What is the signiÖcance level given the computed t-statistics?

# p-value : P (jT j > jtj)

Ho :B , -_ Bz → Ho :B , - Bz =D

Ha :B , C Bz → Ha :B, - Bz C O

• It is assume that B, would not be more than Bz
(return to a z - year college would never be
more than returns to University education )

f- (T )

" '÷÷÷,
11111 *Then go to extra notes

#
area -- Sig . level

i - tailed fit)

IX. reject,n, shaded area in the rejection
W

,
region is the p- value .
#

t-
-Bj - Bj
-

z-tailed sie - Bj
f- ( T )

µ, total area from z sides
.

,
F- = computed f- Bj - Bj
-

5.e -Bj

T -- t - distributed random variable with d.f. = n - K - y

t -- computed t - statistic

→ p- value = probability that a random T value will be
greater ( in the l l term ) than our t in the
Ho test .



In - class exercise see notes ! !

consider the multiple regression model , assume MLR I - 6 are satisfied .

y=BotBnXitBzXztBzX3tU
you would like to test the Ho :B , -382=7

Ha : otherwise is true

1st ) write the t-statistic for testing Ho

t=CB,-3p
5.e. CB , -3/32 )

2nd ) define f , -- B, -362 → Ho :O , -- 7 , Ha : EFI

(÷÷.is: aeeiaiir.ieiesiiimonatit.in::: : imitation
.

give E. d.e. E,

- NOW
, B , -- E, -13/32
Bn -- f , -1392

sub in the main regression and get
y= Bot (E, -13821×7+82×2 -183×3 + U
= Bot fnXt3BzXlBzXztBzX3t U
= Bot fix , + BzCXzt3X, )tBzXztU

* Now
, the explanatory variables are going to be X , ,Xzt3X , , and Xz

• we can calculate t=E
s.e.fi
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Example 1: H0 : &j & 0; Ha : &j < 0; d.f.= 140:

suppose the calculated t/̂j = $2:75

# From the z-table, the value -2.75 corresponds to area = _ _ _ _ _ _ _ _ _ _ _
_.

# Thus, p-value = _ _ _ _ _ _ _ _ _ _.

# Would we reject H0 if we use the signiÖcance level = 5%?

Example 2: H0 : &j = aj; Ha : &j 6= aj; d.f.= 18:

suppose the calculated t/̂j = $2:18

# From the t-table, the value -2.18 corresponds to area = _ _ _ _ _ _ _ _ _ _ _
_.

# Thus, p-value = _ _ _ _ _ _ _ _ _ _.

# Would we reject H0 if we use the signiÖcance level = 5%?

6 ConÖdence Intervals (CI)

# ConÖdence Intervales for the POPULATION PARAMETER (&j)

# A 95% CI of &j is given by

→ z - table

reject FIT) ,fC2) → p - Value = what should be the
e- / significant level , given the critical
f- = - z .> s value of - 2.75 ? ? → find the shaded area

is:
g2

0.05

b. tf; =lBi-B
5.e. CB; )

D.003

D. 003

YES

* RULE ? we reject Ho if p - value c Sig . level

FIT) Fuse t - table
reject e- → reject

"

0.02+0.05

is between 0.02 - 0.05

yes , reject Ho because the area is less

than 0.05 OR p - value ( 0.05

-

↳ The range of values that would capture

the true Bj at a 1st. chance
.

if ( T)
CI →Bj I CXS . e. ( Bj )

Reject t
, ,

Reject cis the 97.5 percentile
| I

oetsa
iwniinhentiaistribution

t- t
,-15

-i. CI-



Inference → Hypothesis testing about
"

B
"

the true parameter .

wage = pot B, educ + Bz experience -1 . . . tu

we want to test hypothesis about the true impact (B ) of each x variables ( edu , experience ) on the dependent variable Cy )

But ! we don't know what the true B are . So , we use { cestimator , and sie - CB ) to test the hypothesis.
f- ( B )

rejected 71 Test if f- some number e. g. B- =D → Xj has no impact on y .

↳
' i rejected
i

, → Bj=1 → 2 Unit T in Xj correspond to 1 Unittiny .
I ,

Rejected
HT )

rejected
→T- tests?

How ??

I 1

#i \, tat

B -- a hypothesized value
ex - B -- o or a- 1. etc . significantlevel-tyejteafioanrearegi.INTass , d - f. 100 -

area = 2×(0.5-0.4803) 5. e - (Bj)
St. rejected ft ) ' 2×0.797

^
= 0.0394g

• suppose , we calculate a t - statistic = Bj - Bj

a

• suppose , we are testing Ioa;eHaa;Beis¥oi'
" '"

i. i op-value = total shaded area

ti. I .

-
p-value = significant level which we will reject the

- a.or o too ! 'I:H*o¥¥%bueYgitgn¥:an7ei"ie:eeIIIeie



70 6. Multiple Regression Analysis (Inference)

Example 1: 95% CI

Example 2: 99% CI

FCT ) d.f
.
= 25

,±¥÷¥¥yyyy
, ., g,,n ,.mn, , ,

in the tzs distribution

The 95 's. CI for Bj = [ Bj - 2.06 . s.ec Bj ) , Bj -12.06=5.e. ( Bj ) ]

FIT )
d. f . = 25

A

what percentile ? ? 99.5
or area = 7 - 0.005=0.995

" ' so.

The 991. CI for Bj = [Bj - 0.787 . 5. e Bj , Bj -10.787.5 .ec Bj ))



F - test motivation
• we want to test the significance of a group of hypothesis (multiple hypothesis)
Grade

zzg
= Bo + B , # times- front + Bz # times- back tpzhr-study -1Pa, past-OPA -1psgender tu

Ho : seat position doesn't have impact on OPA
B, =D and Bz =D → B , = Bz

-

- O

Ha : seat position matters

Bato and Bz ID

or B , # O and Bz=o ) at least one of
or B , =o and Bz to

the Big Bz to
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7 Testing Multiple Linear Restrictions: The F-test

Suppose the model is speciÖed by

y = &0 + &1x1 + &2x2 + &3x3 + u

H0 : &1 = 0 and &2 = 0

H1 : H0 is not true

We can use the F-test to test this type of "multiple hypotheses".

1. Our full model is called the "unrestricted" model (ur). Suppose it can be expressed
as:

y = &0 + &1x1 + &2x2 + &3x3 + :::+ &kxk + u

2. The model which takes out x (which we think its associated & = 0) is called the
restricted model (r):

[""
" "

" """""""" " "
"" " "" " """" ""

f. Big
model

[ " " """""""""" " """"""""

←small model

> y -- Bot Bix, tu is true → do not reject Ho

suppose there are
''

q
''

number of B that we would like to perform

a joint - test of =D

e. g. in this model of -- 2

Y'- Bo + By Xy + Bzxzt . . . + Pk- qXk-oft U

Ho : Pk-qty
= Bk-q -12 = Bk =D

( the last of ps
-

- o )

Ha : Ho is not true

Y=Bo+Bi×i+B2×zt . . - + Bk.gl/k-q+Bk.q.yXk-q.ytBk-q-zXk-q-2- ' ' ' + BKXK+ U-

-
ur

[This is always Ct ) b/c SSRURCSSRR every time you add
(SSRr - SS Rur ) 7 more X

, the model will be better explained .

T
F =-

SSRur
-

(n - K - d.f. of the
"

ur
' '

model .
• so

, if every time you add 1 more × variable , the SSRI and R't , why don't we just keep
the additional x in the model ??
→ Because every time we add 1 more x , var CBs ) will increase , making the prediction of B lessprecise . So, we only keep the addition is if itl they can improve the model enough .
-
cant 5512191221 enough .f- CF ) can significantly t SSR and TR?^

→ reject Ho :Bz=Bz= . . . -- O
Ha : Ho ! not true④ "

¥÷÷÷÷÷÷÷:::
" .ae.

XX
, if

O T
c. ( critical value )
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3. Some useful facts

4. Other ways to calculate the F-statistics:

Example: Suppose we are interested in understanding the determinant of a baseball
playerís salary.
salary = season salary
years = years in major leagues
gamesyr = games per year in the league
bavg = career batting average
hrunsyr = homeruns per year
rbisyr = runs batted in per year

# the unrestricted model (ur) is deÖned by

1) R' ur > per because any additional x would increase R' ( improve fit )
⇒ SSRURSSSRR

2) By including more x. the model is certainly better explained .

However
,
we would like to reject Ho if the inclusion of extra

variables does not improve the model enough.

→
RSS

From R' = 7 - SSRSST
↳TSS

we have F =CR2ur-R
#Of B that - G

are set to "O
' '

f- h - K - I → Intercept
# of Obs ↳ # of slope B

⇒ If we want to test the overall significant of the model
Ho :B, =Bz=Bz= . . . =Bk=O , Ha otherwise

F I R2
- R2 of the model TUR
K

the
"
r
' '

model has no x at all .

h - K - I

y If we want to test whether performance
has any impact on salary

r { Ho :BbaV9= Bhrunsyr = Brbisyr = 0
ur { Ha : otherwise is true
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# the restricted model (r) is deÖned by

Now, our H0 and Ha becomes

ur model
Y x

"

D
:
3

at :*
. Y

✓

when considering each of the
performance x one - by - one , none
of them has a significanceY x

impact at si

s:#

SST

• But when performing an F - test ,
Performance have joint impact .

F I SSRR - SS Rur
- HW

.

Cf
- F I RI

SS Rur of
T

#

h-K - 7
y - R2

I 798.377 - 783.786 ¥7

I-g.ss = ?
783.786
353 - S - y

FCF ) since F- = 9.55 > 2. 6. we reject Ho at Sr. Sig level
^

and conclude that performances have joint

effects on salary.

reject at si.¥:⇐÷
.

C = 2.6F- =3
,
as
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8 How the Hypothesis Testing is done in Practice

1. Check the values of t $ statistic reported by the statistical software (i.e. STATA,
SPSS, SAS)

) These t$ statistics are to test H0 : &i = 0

) If the d.f. > 30; then when t > 1.96, we can reject H0

)When t > 1.96, we can say that &i is statistically signiÖcant at 5% level.
(value of &i 6= 0)

) When t < 1.96 we can say that &i is not statistically signiÖcant at 5%
level.

) If t < 1.96 we can drop xi from the model

) After we drop xi; we estimate the new regression function and obtain a new set
of &̂:

2. We can also perform other hypothesis testings of interest.

e.g. H0 : &i = &j

or H0 : &i = 5 etc.

or perform an F-test for testing multiple linear restrictions

3. Usually, in economics, the estimation results are reported using this form

✓
2 - table

with Sr. Sig . level

sales-

other company
/

performance /
CEO characteristic {

like a simple

regression whx
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Multiple Regression Analysis : Further
Issues

1 Data scaling on OLS statistics

When we change the unit of measurment of a variable, the value of estimators would
chance accordingly. For example

\bweght = b&0 + b&1cigs+ b&2famin c;

where
bwght = child birth weight, in grams.
cigs = number of cigarettes smoked by the mother while pregnant, per day.
famin c = annual family income, in thousands of dollars.

-

g

• what if we use bweght in kilograms ??
7kg = 7000g
r n

n
n nb weghtkg = bweghtg = Boy + ByCigs + Bz famine7000 1000
-

7000 7000

=£o -1£
, Cigs + Izfamine

>> Io -

-Boy
,
I
,
= ,oB↳ ,

Iz = Bz
7000 -

7000

• what if we use famine in USD ( instead of 7000USD )

bweghtg = Bo -1ps , cigstpzfamincusp

⇒ Iz = piz
f
The value of this variable is going

- to be 1000 times1000 larger than famine
.

in other words Ez -- impact of 1 USD7 in income

§z= impact of 1000USD 9 in income

• what if we use bweght in kg & income in THB .

bweghtkg = Bo
+ B , cigs + (gtfo ) famine

-70001000 -
nooo tthis value is going to be

30,000 times more than famine
.
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2 More on functional forms

# Logarithmic Functional Form

log(y) = &0 + &1 log(x1) + &2x2 + u

# Models with Quadratics

Example : E§ects of Pullution on Housing Prices

log(price) = &0 + &1 log(nox) + &2 log(dist) + &3rooms+ &4room
2 + &5stratio+ u

qusually means natural log

by = Y, - Yz
DX, = Xyy - Xyz
-

•By = d log ( Y ) = f- dy = FOY
700 × FOY =

y y
-

- -

=- -

d 109 ( X ) I,dx, I,ox , 100×1,0×7 " ×[
with the logy & logx format , the coefficient is going to be the elasticity ! ! !
( X. elasticity of y )
t t

(price ) (demand )

•Bz=db = TDY = f- OY
-

-

dxz dXz DX z

s> If we want the upper term to be i. change , then

100132=700 f-Oy
-

DXz

10002=-1-040×2
i. 100132=-1. in Y given that Xz increase by z unit .

( squares )

> > capture increasing , decreasing marginal effects ( slope of the relationship
between X&Y is not constant ) Decreasing returns .

(OVID - 19 example profit (T) s> y= pot pyx , tpzx't U
^

dy
DI

= Bi + Zpzx
( t ) C - )

Yl # of cases ) → - - - - - - - ,

a s> y=BotB,×tBzx2tu

⑥ II. YI,
" ? - da's )!iunita,'

, Assume MC -
- 10

> X ( days ) IT = ( 100 - of - no ) of demand :p - 700 - of
f. B ,

is positive

F.D. C = It =D = go - 20,
28 [pzis negative
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where
price = housing price
nox = level of pollution
dist = distance from downtown
rooms = number of rooms
stratio = average student per teacher ratio
The estimation result is given by

Consider the e§ect of "room"

What wold be the % change in price when the number of room increases from 5 to 6?

{
In the Us or money other countries

,
students can apply

to school in the area w/o having to take any test
.

so, the lower St ratio
, the better school

.

log (price )→

log (no x )- Br
Bz
B3
B4
Bs
into

l
'

l
'

all 40.05It 177.96

>> all variables are significant

d log ( price )
= Bz -12ps↳ rooms = - 0.553
- +210.062 ) . rooms
d rooms

log (price ) * At how many rooms does 1 additional room has
^

a positive impact on log ( price ) ? ?

0=-0.553+210.062) rooms
rooms = 4.4

± :: :::::s:÷.
V > rooms
7=4.4

d log ( prices )
-

= -D.553+210.062) rooms
d rooms

• total -1.0in price when
-

#rooms I
'

from Sto > is
noo x 7-d price / ''

5-7+79.7=25.8 's.price
-

=700×0.067=6.77. increase

d rooms

⇒ what about ,. in price when # room, mcneagefrom.to#
i. O price = 700C - 0.553+210.062) 6) = 79.71

.
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3 Models with Interaction Terms

Consider

price = &0 + &1sqrft+ &2bdrms+ &3sqrft' bdrms+ &4bthrms+ u

where
price = housing price
sqrft = house size (square feet)
bdrms = number of bedrooms
bthrms = number of bathrooms

>> used when the impact of one variable

depends on the value ( level ) of another

variable .

+ 3

-

X, Xz X
,

a Xz Xz

price
a larger house

I
small house€

,,, ,,,,g,,

↳
ear. .mg

3 bdrms

s> if Bz > o then , an additional bedroom would increase price more for

a larger house ! !
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4 More on the Goodness-of-Fit and Selection of Regressors

# Adding more regressors ALWAYS improve Öt

Using adjusted R-squared to choose between non-nested models (one model is not a
subset of another).
Consider Model 1

\salary
=

830:63

(223:90)

+0:0163sales

(0:0089)

+19:63roe

(11:08)

n = 209; R2 = 0:029; 6R2 = 0:020

Consider Model 2

\log(salary)
=

4:36

(0:29)

+0:2751 log(sales)

(0:033)

+0:0179roe

(0:004)

n = 209; R2 = 0:282; 6R2 = 0:275

>> R2 always t

• But we lose the
"

degree of freedom
' '

(d. f. = free data point used to estimate the parameter )

>, a data point is sacrificed everytime we estimate a parameter
• using R2 would not punish " having too many regressors

' '

• we use adjusted - R2 or R
- Z
when we want to punish adding too many regressor

.

R2 = 7 - SSR = y - SSR
-
-

SST

55T

F

T - SSI
(h -K - 7 )

adj . R2 =-

Sst
(h - 7)

€,
we have more ,,a, . ..n . ,, . , , ,n¥¥ , ,aa, .pe ,

>> 27.5 -r. of variation in y

is explained .
So , model is better ! !
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Multiple Regression Analysis with
Qualitative Information:

1 Outline

# Describing qualitative information

# Using a single dummy independent variable

# Using dummy variables for multiple categories

# Interactions involving dummy variables

# A binary dependent variable (Y variable): The linear probability model

2 Describing Qualitative Information

# "Female" and "Married" are qualitative variable.

# We arbitarily assign a dummy variable to decribe them.

famale =

"
1 if female
0 otherwise (or if male)

married =

"
1 if married
0 otherwise (of if single)
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3 Models with a single dummy independent variable

Consider

wage = &0 + Y0female+ &1educ+ u:

where

famale =

"
1 if female
0 otherwise (or if male)

In this case, the Y0 notation is used to highlight the interpretation of the parameters
multiplying dummy variables. In other cases, we can use any notation that is the most
convenient.

1) C- (wage ) female .edu ) = C- ( pot Sofemaletpsyedutul female .edu )

= Bo + So female -1ps , edu + C- ( Ul female .edu )

'

- Bo -180 female +By edu 1=0 Cass MLRI - 4)

2) Thus

f iECwagelfemale-y.edu ) - pot 80 (7) + Breda =Bot8otByedU

J' '

- Ecwagel female =D , edu )=Bo -18010 ) -1ps, edu
-

- Botfgedu

So ECwagetfemale-1.edu ) - Ecwagel female =D .edu )

OR So -_ Ecwagel female .edu ) - C- ( wage lmale.edu )

* given that same value of educ same education level )
,

so is the difference in the expected wage of females

and males .

y= wage
Male ipso + Bredaa

÷ female : Boxset B , edu
-

Lrp
,

intercept- (assume 80<0 )p.gg#y,..eau
> > By the way we model this regression function

"
female

"

is going to give a constant impact on wage .

Regardless of the level of edu
.
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4 It is not possible to include all of the dummy alternatives in the same
model

# If we include all alternatives of a dummy variable in the same model, we will face
the "perfect collinearity" problem.

For example:

1 = female+male

female = male+ 1

or

1 = winter + spring + summer + fall

winter = 1$ spring $ summer $ fall

# At least one alternative has to be dropped. We treat the dropped alternative as
the "BASE GROUP" or "BASELINE" or "BENCHMARK GROUP".

(as long as there is an intercept in the model )

id . fern mate Xo
wage -- Boxotso female + B, edu -18 , mate tu#

I 7 D 7

f ( X , )
( × 2) ( ×3 )

z y O 7

intercept -- I 3 0 I 1xo=xi-x!/'

I 0 7

:
I

gg

If there are
' '
n
' '
categories , we omit

'
y
' category avoid

multi Collinearity

O Xu

-
-

id winter spring summer fall to
winter -

- f ; ifeng.inwi.es: i i o o o '

2 7 O O O 7

springy ; ::ne::i: : /: : : : : : )- O 7 O O g

etc
.

'

: O 7 O O 1

↳ In this case
,
male

Y O'
r if female a

oiemaiell
.
fl 's

' Yeatman e,←intercept↳t×

Female workers

are expected-

to have less wage

compared to

male workers .
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5 Using dummy variables for multiple categories

Case 1 We can use many dummy variables in the same model
Consider a model which includes 2 dummy variablesñ female and married:

log(wage) = &0 + Y0female+ Y1married+ &1educ+ &2 exp er + &3 exp er
2

+&4tenure+ &5tenure
2 + u:

Comments:

-
-

fiiitetmemaiaieryiiieiiiiii"
-

O

O

1) So measures the expected difference between female & male workers

given the same marital status and other factors .

010g ( wage )
= watgedwaoe = - 0.2g
-3female 2 female

= 700 . 1- d wage
way = 700C- 0.29 )

a female

=
'towage
-

= 29.02%

a female

• female workers are expected to earn less than male workers

by 29.02%
, holding other factors the same

8 , measure the impact of be married (marriage premium)

But since Itt Li .gs or p > 0.05 , we do not reject Ho of no impact .
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Consider a model which includes dummy variables for each gender/marital status
combinationñ marrmale; marrfem and singfem:

log(wage) = &0 + Y0marrmale+ Y1marrfem+ Y3singfem+ &1educ+ &2exper

+&3exper
2 + &4tenure+ &5tenure

2 + u: (8.1)

Comments:

0 a

+ O

marr

sing

base case

(or singmale c- used the basecase )

t
This regression is not the same as the previous one .

It uses
"

single male
"

as the base group . the previous

one use male & single as 2 base groups) .

• So measures the expected diff . in wage of married male as compare

with single males , holding other factors constant .

•8 , measures the expected diff . in wage of married female as

compared with single males , holding other
factors constant

.

• 82- some rationale intercept
married male → Go -10.2727=0.327-10.2727

single
male → Bo

wage
^- single female → Bo -182=0.327

- 0.770

married female → Bo -181=0-327-0.798-0.534-D. 327
÷:€

.
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Case 2 We can use dummy variables to represent multiple categories of a variable
Consider the relationship between law school rankings and starting salaries

log(salary) = &0 + Y0top10 + Y1r11_25 + Y3r26_40 + Y4r41_60 + &1LSAT

+&2GPA+ &3 log(libvol) + &4 log(cost) + u:

where top10; r11_25; r26_40; r41_60 would be equal to 1 when the variable rank falls
into the appropriate range.
** Rank below 60 would be the base case.

Comments:

In many case the
"

range of the

value" serve as

a better explanatory

variable than the

" value it self
' '

eg . age may explain

the model better

if split into

generations young o- is
✓

genz 76-29 etc .
v

v

f v

the baseline is

ranking Glth and
worse .

7) So measures the difference in expected

log (salary ) of a law - school graduate
/ I

from top 70 University compared to
rank top 70 rn - 25 r26 - 40

-

expected log ( salary ) of those who

7 O O
^ graduate from the school ranked

7 O O
2

o Gyth and worse .

3 1 0
:

i i o : 2) 8 , → use the same rationale .

I -

70 I 0 !Diff26 0 I O

'

.

O 7

- O y
'

- O 7
1

40 I


