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1. Let

Solution: Practice Problems - Final Exam

a and b be real numbers with 0 < b < a < 1. Determine whether each of the following

inequalities is true or not. Explain your answer.

(b+1)° _ (at1)°
(a) la] < b
b a®—1
(b) & < »
Answer:
3 3
(a) <b—|j) < (CH;) is true.

From 0 < b < a < 1, by adding 1 throughout the inequalities, we have
O+1<b+1<a+1<1+1
andso, 0<b+1<a+1

0<(b+1)3<(a+1)3 (1)
Since a > 0, |a| = a. Since a,b > 0, then b < a implies ﬁb < %a or
1 1
0< —< = 2
al <% (2)
From and ,
(b+12  (a+1)3
<
|al b
b« @1 )
a 57 s false.
Since a,b > 0, b < a implies
b
- < 1.
a

From 0 < b < a < 1, we have 0 < b3 < @¢®> < 1 and by subtracting 1 throughout the
inequalities, we have

-1<b —1<a®-1<0.
Since b — 1 < 0, when we divide b — 1 throughout the equality b3 — 1 < a® — 1 we have

ad —1
— < 1.
b —1

ad—1 a3

5— < 1 and we cannot conclude that g < 51

b
A counterexample is when a = % and b = %. We noticed that 0 < % < % < 1 and so
0<b<ax<l,

That is, we only have g < 1 and

b 3/4 15
and 5 4/ )3
-1 (4/53 -1
= = 2063,/2444 ~ 0.8441
B 1= G 063/ 0.8
Since 0.9375 # 0.844, we can find a and b with 0 < b < a < 1 such that & # %=1 ]
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2. Let z and y be real numbers with y > « > 1. Show that
yly—2) > |z — 12— 1.
Answer: From y > x > 1, subtracting 1 throughout these inequalities gives
y—1>x—1>0,
and since both y — 1 and x — 1 are positive numbers, we can square both sidesof y —1 > x —1:
(y—1)2 > (@ —1)?
or equivalently,
P —2y+1>@x-172 o P-2y>@x-1% -1 o yy-2)>@-1>2-1
Since (x — 1)? = |z — 1]? Vo € R, then we have

yy —2) >z -1 — L.

3. Find the solution set for each of following inequalities.

(a)

2-1 x+1
<
x 2x

(b)

2
x®+ x|+ 1 <0
T +ad+a24+1 "~

|z + 3] — 2 1 <1
5 |z —1]+1 ~

— 1] = 22 —
|z — 1| —x 1>0
5—lz+3 —

Answer:

(a)
22 -1 rz+1
<
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Answer:
2?2 —1 x+1
T 2z
21 1
x 7904- < 0
x 2x
22 —2—x—1
v v < 0
T
222 —x —3
T rTTY
T
1(2x — 3
@+DEz-3) _
T

Notice that (z 4+ 1)(2z — 3) = when x = —1,3/2 and * = 0 when = = 0. To obtain the

subintervals, consider z = —1,0,3/2
xz € (—oo,—1) |z € (-1,0) | z€(-1,3/2) | z € (3/2,00)
z+1 — + + +
T - — + +
2z -3 — — — +
I E N

To have non-zero denominator, we must have x # 0. Since we consider < sign, the solution

set is (—oo,—1) U (—1,3/2).
(b)

2 <

T

r—1

<1

Answer: This is true when 2 < }mT_l| and ‘IT_I‘ <T7.

(i) Consider 2 < |2=1|. This is equivalent to

2

z—1
z

A (N A Vs
R

72

since 22 > 0

X
—1)2
4 < L 2) since
s
4o? < (x—1)%
472 < 22 -2 +1
322 +22—-1 < 0
(r+1)Bx—1) < 0.

By setting (z+1)(3z—1) = 0, we consider z = —1 and = 1/3 to construct 3 subintervales.

x € (—o0,—1) |z € (-1,1/3) | z € (1/3,00)

r+1 — + +

3z —1 — _ T+
[((z+1)(B3z—1) | + [—] + |
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So, in this case, since |z| is the denominator, z # 0 and the solution set is € [-1,1/3] — {0}
or [—1,0)U (0,1/3]

(ii) Consider ‘””7_1‘ < 7 This is equivalent to

2

z—1 < |7|2
x
—1)2 —1)? — 12 —1)2
M < 49 since x = = | = (@ )
z? x |z|? x?
(z—1)2 < 4922 since 22 > 0
4922 > 22 —2r+1
8z +2x -1 > 0
(6x+1)8x—1) > 0.
By setting (6x + 1)(8z — 1) = 0, we consider # = —1/6 and = = 1/8 to construct 3

subintervales.

x € (—00,—1/6) | x € (—-1/6,1/8) | x € (1/8,00)
(6x +1) — + +
(8x —1) — - +

| (6z+1)(8z—1) | \ — \ |

So, in this case, since |z| is the denominator, = # 0 and the solution set is (—oo, —1/6] U
[1/8,00).

From (i) and (ii), the solution set is
{[-1,0) U (0,1/3]} N{(—00,—1/6] U [1/8,00)} = [-1,—1/6] U [1/8,1/3]. |

22+ |z| +1 <0
o+ ad 2241 "

Answer:
First notice that

T+ 1=+ )+ @2+ 1) =@+ 1)+ 2%+ 1) = (2 + 1)(2? +1).

—z, <0 . .
’ , we will consider two cases for x.
z, >0

Since |z| = {
Case I: © < 0. Then |z| = —x and
24|z +1=2—z+1.

Notice that
2 —z+1>0forallz € R (b? —dac=1—4(1)(1) <0).
Case II: > 0. Then |z| = z and

|z +1=2+2+ 1.
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Notice that
2+ z+1>0forallz € R, (% —4ac=1-4(1)(1) <0).
From cases (I) and (II), we have that the numerator
2?4 |z|+1>0
for all € R. Not also that, since 22 >0 and 22 +1>1> 0,
?4+1>0, z€R,
so we have that
22+ |z + 1
<0
(2® + 1)(2 + 1)
only when
1
<0 P11<0
(x5 n 1) < orx” +1<
Note that 2° +1 = 0 when 2° = —1 or £ = v/—1 = —1. So we consider the intervals
(=00, —1) and (-1, 00).
x € (—o0,—1) | z € (—1,00)
Fril [ .

From above, the solution set is therefore (—oo, —1)

3| - 2 1
z+3i=2, <1
5 |z —1]+1

|z — 1] —2? -1

>0
5—lz+3 —
Answer:
f —(z-1), z—-1<0 &z<1 f —(x+3), 2+3<0 <=3
From [z—1] = 1 z-13>0 @g>1  mdletsl= t43, r4+3>0 ox>-3"

we will consider 3 cases:
Case I z € (—o00,—3), CaseIl:z € [-3,1), Caselll: z € [1,00).

CaseI: z € (—00,-3), |z —1|=—(x—1), |[x+ 3| =—(r+3) and

?4+1—lz—1 2*+1+z-1 2?42  z(@+1)
5—|z+3  5+z+3  x+8  x+8
So we will solve % < 0. To obtain the subintervals, consider x = —8, —1,0
x € (—00,-8) |z € (-8,—1) | z € (-1,0) | z € (0,00)
r+8 — + + +
x+1 — — + +
T — — — +
+1
ol
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To have non-zero denominator, we must have z # —8. Since we have “less than
or equal” sign, then the solution set is (—oo,—8) U [—1,0]. Le., the solution set is

(=00, =3) N {(—00,~8) U[-1,0]} = | (—00,-8) |

CaseIl: z € [-3,1), |z —1|=—(z—1), [z +3|=2+3 and

?+1—|z—1 2*4+14+z-1 2*+z  z(@+1)

5—|z+3 =~ 5-2z-3  —2z+2 -2
So we will solve —x(;j;) < 0 or % > 0. To obtain the subintervals, consider
r=-—1,0,2
x € (—o00,—1) |z € (-1,0) | z€(-1,2) | x € (2,00)
z+1 - + + +
T — — + +
T —2 — — — +

z(z+1)

E= I N e
To have non-zero denominator, we must have x # 2. Since we have “less than or equal”
sign, then z € [—1,0] U (2,00). Le., the solution set is

[-3,1) N {z € [-1,00U (2,00)} = [[-1,0]},

Case III: z € [1,00), |z —1|=2—1, |x+ 3] =2+ 3 and

?+1-]z—-1 2*+l-z+1 22—z+1  2*-az+1

5—|lz+3 ~ 5—-z-3 = —xz+2 )
So we want to solve )
x —x+1>0.
r—2 =
Fora=1,b=—1,c=1,b>—4ac=1—-4 < 0, so we cannot factor 2> — z + 1. Since
2
a >0, then 22 — 2+ 1 > 0 for all z € R. So, in order to have ’”;_33;1 > 0, we can

consider instead z — 2 > 0 or z € (2,00). That is, the solution set for this case is
[1,00) N (2,00) = [(2,00) |

From cases I, II, III, the solution set is (—oo, —8) U [—1,0] U (2, c0). |
4. Let X ={1,2,3} and Y = {a, b, ¢,d}. Define relations
J: X —=>Ybyf= {(lva)a (2,&), (370)}a

g: X =Y byg={(1,a),(3,0)}, and

h:X —Y byh= {(1,(1), (27(1)7 (3>b)7 (370)}
(a) Draw the arrow diagrams of f, g, and h.
(b

)

) Show that f is a function, but g and h are not functions.
(¢) Find the domain of f, co-domain of f,and range of f.
)

)

(d) What is the inverse image of a for the function f?7
(e) What is f(3)7

Answer:
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X f Y X g Y X h Y
7N N N

1 1 1 [

2 2 2

3 3 3

Figure 1: Problem 1(a)

(a) Draw the arrow diagrams of f, g, and h.

(b) Show that f is a function, but g and h are not functions.
f is a function because(i) every element in the domain is used and (ii) each x € X gets
mapped exactly once( for each x € X, there is a unique y € Y so that (x,y) € f, or if

(zvyl)a ('IayQ) € f then Y1 =192 )

(¢) Find the domain of f, co-domain of f,and range of f.
The domain is X = {1,2,3}
The co-domain is Y = {a, b, ¢, d}.

The range is {a, c}.

(d) What is the inverse image of a for the function f?7
The inverse image of a are the elements in X that get mapped to a:

Inverse Image of a = {1, 2}.

(e) What is f(3)?
Since (3,¢) € f, then f(3) =c.

5. Let A =1{-1,1,2,4} and B = {1,2} and define relations R and S from A to B as follows: For
all (z,y) € Ax B,
Ry fo =yl

and
xSy & x—yiseven.

State explicitly the sets A x B, R, S, RUS, and RN S.

Answer:

e Ax B={(x,y)lxe Aye B} ={(=1,1),(1,1),(2,1), (4,1),(=1,2), (1,2), (2,2), (4, 2)}
* R= {(Qf,y) € Ax BH33| = |y’} = {(_17 1)7 (17 1)? (2a2)}
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e R={(z,y) € Ax Blz —yiseven} = {(—1,1),(1,1),(2,2),(4,2)}
e RUS={(—-1,1),(1,1),(2,2),(4,2)}
e RNS = {(_17 1)’ (17 1)’ (272)}

6. Let A ={1,2,3} and Z be the set of all integers. Let P(A) be the set of all subsets of the set

A, and
X ={zeP(A)| xn{l} #£0}.

Define a relation r from X to Z as

r={(z,y) € X x Z| y = the number of elements in x}.

(a) List all elements in X.
(b) Draw an arrow diagram of r .

(¢) Is r a function? If so, find the domain, co-domain, and range of r.

Answer:

(a) List all elements in X.

Since P(A) = {@, (1}, {2}, {3}, {1, 2}, {1,3}, {2, 3}, {1,2,3}},
X ={zeP(A)| zn {1} £0} = {{1},{1,2}.{1,3},{1,2,3}}.

(b) Draw an arrow diagram of r .

[

N

{1}

1.2} 5
{1,3) .
{1,2,3} 0
1
2

Figure 2: Problem 3(b)
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()

Is r a function? If so, find the domain, co-domain, and range of r.

Yes, r is a function because(i) every element in the domain is used and (ii) for each z € X,
there is a unique y € Z so that (x,y) € r, or if (z,y1), (x,y2) € r then y; = y2 (i.e. each
x € X gets mapped exactly once).

The domain is X = {{1},{1,2},{1,3},{1,2,3}}

The co-domain is Z = { ., —3,-2,-1,0,1,2,3,... }

The range is {1,2,3}.

7. Define H : R x R — R x R as follows:

(a)
(b)
()

H(z,y) = (x+ 1,2y — 3) for all (z,y) € R x R.

Is H one-to-one? Prove or give a counterexample.
Is H onto? Prove or give a counterexample.
Is H bijective? If so, find H~!, the inverse function of H.

Answer:

(a)

Yes, H is one-to-one. To prove this, we will show that for (z1,y1) and (z2,y2) in the
domain, if H(x1,y1) = H(72,y2), then (21,y1) = (22,92). Suppose H(z1,y1) = H(72,y2),
Then
H(z1,51) = H(z2,y2)
($1+172y1—3) - (1‘1—1-1,291—3)
and this is equivalent to 1 +1 =29+ 1 and 2y1 —3 =2ys — 3, or
T1+l=204+1 <& x1=1a9
2y1—3:2y2—3 = 2y1:2y2 = Y1 = Y2

ie., (z1,91) = (v2,y2). That is, H(x1,y1) = H(x2,y2) implies (z1,y1) = (z2,92)- .
Yes, H is onto. To prove this, we will show that for any (u,v) in the co-domain R x R,

there exists (z,y) from the domain R x R such that H(z,y) = (u,v).
Suppose, temporarily that, there is (z,y) such that H(z,y) = (u,v). Then,

H(z,y) = (u,0)
(x+1,2y—3) = (u,v)

ie,wemust havex +1=u <& and2y—3:v & y:”T#’.

Since u,v € R, then x =u — 1,y = ”T‘"g € R.
That is, for any given (u, v) in the co-domain RxR, we can find (z,y) = (u -1, ”‘53) € RxR
in the domain, such that

H(:U,y)zH(u—l,v;_?)) :H<u—1—|—1,2(v;3)—3> — (u,0 43— 3) = (u,0),

and hence H is onto. [ |
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(¢) From (a) and (b), since H is both one-to-one and onto, then H bijective.
To find the inverse function, H~!, of H, we recall from the definition

H_l(uv U) = (:Evy) < H(x7y) = (u7y)'

Since we have from (b) that

H(u—l,v—;g) = (u,v),

and hence the inverse function H=! : R x R — R x R is given by

H Y (u,v) = <u1,v—;3>.

10
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8. Define functions fi : [0,2) — R as
fi(x) = 2?

and define f5 : [2,00) — R as
fo(x) =3z — 2.

Let F : [0,00) — [0,00) be a function defined by using f1 and fo:
F(z)= fi(x), for z€]0,2),and F(z)= fa(x), for =z € [2,00). That is,

[ 2 x €[0,2)
F(z) = { 3r—2, x€[200).

(a) Find the domain, co-domain, and range for each of the functions fi, fo, and F.

(b) Construct the composite functions fi o fo, fo o f1, and f; o F' (if possible). Determine the

domains and ranges for these composite functions.
(¢) Are fi and fo injective? Explain.

(d) Is the function F' bijective? If so, find the inverse function of F.
Answer

(a) The domain, co-domain, and range for each of the functions fi, fo, and F.
The domain of fi is Dy, = [0,2), and the range is Ry, = [0,4), which comes from:

0<x<?2 = 0<a2?<4 = 0< fi(z) < 4.
The domain of f is Dy, = [2,00), and the range is Ry, = [4,00), which comes from:

2<zx = 3r—2>4 = flxe) > 4.

The domain of F' is D = (00,2) U (2,00) = [0,00), and the range is Rr = [0, 00), which

comes from:
For =€ [0,2),0<z<2 = 0<z2°<4 = F(z)el0,4).

Forx =€ [2,00) = 2<z = 3r-2>4 = F(x) € [4,00).

(b) Construct the composite functions f1 o fa, fo o f1, and f; o F' (if possible). Determine the

domains and ranges for these composite functions.

f1 0 fa can be defined only when D N Ry,.

From the previous part, we have Dy N Ry, = [0,2) N [4,00) = (), so we cannot construct

fio fa.

f2 0 f1 can be defined only when Dy, N Ry,.

From the previous part, we have Dy, N Ry, = [2,00)N[0,4) # (), so we can construct fao fi:

for x € Dy,
(fao f1)(x) = fo(fi(2)) = fo(2?) = 32” — 2.
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For the domain Dy,.f, of f2 o fi, we must have Dy,.r, C Dy, and also for x € Dy, to have
fa(fi(x)) well-defined, we must have fi(z) € Dy,:

fi(x) > 2 = ) = r>V2orz < —V2.

So the domain Dy, f, is {(—00, —v/2] U [v/2,00) } N Dy, = {(—00, —v2] U [V'2,00)} N[0, 2] =
[v2,2]. From (fa 0 f1)(x) = 322 — 2, for z € [V/2,2],

V2<2<2 = 32-2<32°-2<34-2 = 4<32°-2<10 = (fyofi)(z) € [4,10]

and the range of f2 o fi is [4,10]. |
f1 o F can be defined only when Dy N Rp.
we have Dy N Rp = [0,2) N [0,00) # (), so we can construct f; o F: for € Dp,

(fro F)(z) = fi(F(x))

and we have to choose the formula for F(z) such that

F(z) € Dy, & 0< F(z) <2 & F(z) =22
Note that if we use F'(z) = 3z — 2, we will have F'(x) > 4 because x > 2. Hence,
(fi 0 F)(2) = fi(2?) = 2.
The domain can be obtained from x € Dp,
F(z)eDy & 0<2?2<2 & 22-2<0 & @—V2)@+V2)<0 & —V2<z<V?2

which implies that the domain Dy, o is [0, 00]N(—v/2,v/2) = [0,v/2). From (fi0F)(z) = x*,
for z € [0,1/2),
0<z<v2 = 0<a'<4

and the range of fi o Fis Ry op = [0,4).
Are f1 and f5 injective? Explain.

Yes, both fi and fo are injective. It can be shown that fi is injective as follows.
Let x1,22 € Dy, = [0,2). We want to show that

fi(x1) = fi(ze) implies 1 = xo.
Suppose f1(z1) = fi(z2). Then, for z1,z9 € [0, 2),

filz1) = fi(ze)

2 = o
r1T = X9.
Note that we cannot have x1 = —x9 since x1,x2 > 0 . Hence, fi is injective. |

It can be shown that fs5 is injective as follows.
Let x1,22 € Dy, = [2,00). We want to show that

fo(z1) = fa(we) implies x1 = w9.

12
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Suppose fQ(xl) = f?(xQ)' Then7 for x1,22 2 07

fo(z1) = fa(z2)
3xr1—2 = 3x90—2

Ty = X2,

by adding 2 and dividing by 3 throughout the second equality. Hence, fs is injective. W

Is the function F' bijective? If so, find the inverse function of F.
Yes, F' is bijective. This can be verified by showing that F' is one-to-one and onto.

F' is one-to-one.
This can be shown as follows.
By definition, for x1, 22 € Dp = [0,00), F' is one-to-one if

F(z1) = F(x2) 1implies 1 = mo.

Since there are two formulas for F' depending on the value of x, we will consider 3 cases for
the values of 1 and z9: (i) 21,22 € [0,2), (i) 21,22 € [2,00), (iii) 21 € [0,2) 22 € [2,00).

(i) For z1,z2 € [0,2), we will use F(x) = 22 and, just like fi, we have

F(z))=F(z) = 2?2=23 = 1z, =u.

(ii) For z1, 29 € [2,00), we will use F'(z) = 3x — 2 and, just like f2, we have
F(z1)=F(z2) = 321—-2=322—-2 = 11 =uo.
(iii) For z1 € [0,2) and z2 € [2,00), we will use the contrapositive of the definition:
r1#xy = F(11)# F(22).
In this case, since x1 and x2 are from a disjoint intervals, then x; # x5. We see that,
x1€1[0,2) = F(z)=2?c][0,4)
as also shown in part (a) for range of F. and
9 € [2,00) = F(w2) =3x2—2¢€ [4,00).

That is, F'(x1) # F(x2) because they are in two disjoint intervals [0,4) and [4, c0).

From cases (i)-(iii), we can conclude that F' is injective.

F' is onto.

Since F' has two formulas and they give function values in two different disjoint intervals:
[0,4) and [4,00), as shown above and as also shown in (a), we will verify that F' is onto
using two cases.

Let y € [0, 00), which is the co-domain of F'.

13
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e If y €[0,4), we can find x € Dp = [0, 00) as follows.
Set y =22 = xr = ,/y. So,

Since 0 <y <4, then 0 < /y <2,and z = \/y € [0,2) C Dy.
o If y € [4,00), we can find z € Dp = [0,00) as follows.
Set y=3r—2 = x= y-gz. So

F@=F<ﬁf>:(?;§_2:

Since y € [4,00) or y > 4, thenyTHZ%:Z andx:yTHE[Zoo)CDF.

The above two cases cover all possible values of y in the co-domain [0,00) of F. That is,
for any given y € [0, 00), we can find 2 € Dp such that F(z) =y and hence, F' is onto.

Since F' is one-to-one and onto, then it is bijective. |
We now will find the inverse, F~!, of F, which satisfies

Fl)=y & Fl'(y=u

When we showed that F' is onto, we have

e For y € [0,4), there is = \/y € [0,2) such that

F(Vy) =y.

e For y € [4,00), there is z = ¥I2 € [2, 00) such that

3
y+2
FZ22) =
SUN

That is, we can defined =1 : [0, 00) — [0, 00) as

9. Let f and g be functions from R to R. Find fog, go f, and determine whether or not fog = go f
for the given formulas for f and g. Compute (f o ¢)(2) and (g o f)(2).

() fl@) = 2=, glo)=a®+1.

(b) f(z) = x°, g(z) = 21/5.

Answer: First notice that all domains and ranges of f and ¢ for both (a) and (b) are the set of
real numbers R and therefore it is possible to define f o g and g o f.

14
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(a) f(x) =+~ g(z) = 2% + 1. The function fog:R — R is defined by

3+ 1

(fog)(z) = f(g9(x)) = (x34+1)2 41

and function go f : R — R is defined by

(90 1)) = g () = (%) i

22
3
So we have (fog)(2) = \/ﬁ = \/% and (go f)(2) = (ﬁ) +1= %. Notice
that since (f 0 g)(2) # (go f)(2), then fog#go f. [ |

(b) f(x)=2° g(x) = 2'/5. The function fog:R — R is defined by

(o 9)(@) = Flgw) = (1°) =
and function go f : R — R is defined by

(9o f)(@) = g(f(2)) = ()

Notice that since (f o g)(z) = (g o f)(x) for all x € R, then fog = go f. So we have
(fog)(2)= (g0 )(2) =2 u

10. Let f:R—{1} — R —{—2} be a function defined by f(z) = 2L

T

1/5
5_

(a) Compute f o f and determine its domain.

(b) Determine whether f is bijective. If so, find the inverse function f~! and fo f~1.
Answer:

a) The composite function f o f can be defined when Df N R (). The domain of f is
) !
Dy =R—{1}. To find the range of f, we have to find all possible values of y = f(z), which

can be found by first set y = f(z) = 21%21 and then solve y in term of x:
2 1 —1
Yy = v & y—yr=2z+1 & yr4+2z=y—1 & x:L
1—2 y+2

which implies that y can be any real number except —2 and the range is Ry = R — {-2}.
Since Dy N Ry = (R —{1}) N (R — {—2}) # 0, we can define f o f as:

- 1— 212:ij - l—mliQIz—l T 31 r

(fOf)(ac):f<2x+1> B 22195_4;1 +1 4w+12_+x1_z 3243 :_x+1

1—z

The domain of Dy.¢ can be obtained from x € Dy = R — {1} and using the fact that: we
can evaluate f(f(z)), only when

2 1
f(x)e Dy = f(x)#1 or 1a:+ #-1 & l-z=224+1 & 32x#0 <&
-z

That is, the domain of fo fis Dy N (R —{0}) =R —{0,1} |

15
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(b) The function f is bijective.
[ is one-to-one. Let 1,29 € Dy =R — {1}. We want to show that

f(z1) = f(xo) implies 1 = 2.

Suppose f(x1) = f(z2). Then, for z1,z9 € R — {1},

flz1) = f(z2)

2x1 + 1 210 + 1
1-— I - 1-— xI9
(21)1 + 1)(1 - .%'2) = (21‘2 + 1)(1 — $1)
201+ 1 —2x129 — 220 = 2190+ 1— 21971 — 71

21’1 — T2 = 2172 — I
31‘1 = 3332
1 = 9.

That is, f is one-to-one. |

f is onto. For a given y € R — {—2}, which is the co-domain, we can show that f is onto
by first setting y = f(z):
_ 2z 41 y—1

& y—yr=2z+1 & yr+2xz=y—-1 & zr="—7.
y+2

y 1—=x

Since y € R — {2}, then y # —2 and z is well-defined real number in R. To show that
feR—{1}, we will try to set 1 =z = z—;; and we will see that

y—1l=y+2 = -—-1=2,
which is impossible and so x = Z% # 1. That is, given y € R — {2}, we can find

x:z—;;EDf:R—{l} such that

y—1 2y—2+y+2 By
fla) = f y—1Y\ 2 <y+2 +1 _ ( y+2 ) _ (y+2> _ (3)
T \y+2) L (@) B (y+2—y+1) B <i) -7
y+2 y+2 y+2
and, hence, f is onto. |
To find the inverse, we can set y = f(z) = % as we did earlier and
20 +1 -1
Yy = v & y—yr=2z+1 & yr+2x=y—-1 & x:L,
1—=x y+2

which implies that the inverse function f~!: R — {2} — R — {1} is given by

N

) )
or, equivalently, f~1(x) = % (by changing the notation of the variable from y to x). Note
that we can use the definition by using : f (Zy’%) =y < fly= z—;; [

16
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fof™!
Note that Dy = Ry-1 = R—{1} and Ry = Dy-1 = R—{-2}. So DyNRy1 =R —{1} # 0
and we can define fo f~1: R — {1} = R — {1} by

-1 2r—2 2 3
o = (221 2(5h)+1 (22) ()
O = = = = = .
v T+ 2 1— <ﬂ> <x+2fx+l> (L) v
r+2 r+2 r+2
That is, | (f o f~')(z) = 2| is an identity matrix on R — {1}. Note that the above process
is similar to (3]). [ |

11. Consider the relation f defined from X to Y, X, Y C R,

f:{(x,y)GXxY x3+y1:2—y:0}.

Note: It might be useful to write y as a function of z, i.e. y = f(x), before answering some
questions.

(a
(b
(c
(d
(
(

[§]

)
)
)
)
)
f)

(2)
(h)

Answer: Notice that we can rearrange as y =

(a)
(b)

Find the domain of f.

Find z-intercepts and y-intercepts (if any).

Determine the symmetry of f.

Find the horizontal and vertical asymptotes for f (if any).

Show that y = —x is a slant asymptote of f.

Find the critical number of f. Determine the intervals on which f is increasing and de-
creasing. Determine the extrema (maximum and minimum) of f.

Determine the intervals on which f is concave up and concave down. Find the points of
inflection (if any).

Sketch the curve of f.

23

7= So we can write this as

3

122

f(z)

Since 1 — 22 is the denominator,so we must have 1 — 2 # 0. The domain of f (which

consists of possible values of z ) is R — {1, —1}. [
z-intercepts: setting y = 0 gives 0 = %, which occurs if and only if

So z-intercepts is (0,0).
To find y-intercepts, set = 0, which implies y = 0. So (0,0) is also a y-intercept of f. W

17



TU152 [© Saifon C.]

(¢) Determine the symmetry of f.
Notice that f is a function and can be written as f(x) = % Hence, it is not symmetric

about the z-axis. We will look at the symmetry by using f(—x).

—.’IJ3 (133
f(=z) = IE(—)$)2 :_1—.%2'

Since f(—xz) = —f(z), f is an odd function and it is symmetric about the origin.
Note that f(—z) # f(x), it is not symmetric about the y-axis. [

(d) Find the horizontal and vertical asymptotes for f (if any).
Horizontal asymptotes:

. : a?
Jm flz) = Jim 5 =0
lim f(z) = lim v —00
T—00 a—o0 1 — 22
So, there is no horizontal asymptote. |

Vertical asymptotes: Notice that the function is not defined at z = £1.

z3 z3
lim f(x)= lim —— = lim f(zr)= lim —— = —
a—1- /(@) a—1- 1 — 2?2 a1+ /(@) a1t 1 — 22
z3 z3
lim r)= lim ——=— lim z)= lim —— =
z——1- /(@) a—s—1- 1 — 22 z——1+ /() a1+ 1 — 22
So, the vertical asymptotes are x = —1 and = = 1. |
(e) To show that y = —x is a slant asymptote, we must have lim (f(z) — (—x)) =0":
T—00
3 3 3
. . x . xt+r—x
B e T T
That is, y = —x is a slant asymptote by the limit definition. |

Alternative answer: Suppose the slant asymptote is in the form of y = max + b. We will
determine this asymptote by finding the values of m and b such that

lim (f(z) — [mz +b]) = 0.

T—00
From f(r) = %3z,
. . 3 . 23— (mx+b)(1—2?)
mlbmgo(j‘"(:n)— [mz 4+ b]) = xlgqgo(l_w2 — [mx + b)) —gch_>1rro1O T2
. 28— (mx —ma?®) — (b— ba?)
- xll{lgo 1 — g2
_ g (14+m)z® — bx? —mz — b
B xg{olo 1 — 22 ’

18
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which will become zero only when the degree of x in the numerator is smaller than the
degree of z in the denominator. Hence the coefficients of 23 and 22 in the numerator have
to be zero:

1+4+m=0 and b=0

or ‘ m=—1and b=0 ‘ By substituting m = —1,b = 0 in y = mz + b, we have that y = —z
is a slant asymptote of the curve y = f(x). |

Find the critical number of f.

by 31 —aa? — (—22)2®  32? — 324227 32t —a? 2?3 -—2?)
fle)= 1— 22y ST -2 (122 (-2

The critical number z occurs when f/(z) =0 or f’(z) does not exist.

fllz)=0 o 3-22=0,22=0 & z=-V3,0,V3

Note that f’(x) does not exist when x = +1, which is not in the domain, so +1 is not a
critical number. Hence, the critical numbers are = —v/3,0, v/3. |
¢ Determine the intervals on which f is increasing and decreasing. Determine the relative
extrema (maximum and minimum) of f.

From
2(3-2%)  2*(V3+a)(V3-a)

f/(x) = (1 — x2)2 - (1 _ $2)2

e Decreasing: f'(z) < 0 when % <0

e Increasing: f/(z) > 0 when % -0

We will consider 6 intervals from z = —/3,—1,0,1,v/3

(v/3, 00)

(—OO,—\/g) (_\/37_1) (_170) (071) (17\/§)
Sign of f/(z) = —x2(\/(§1+_xx)§;§§—x) - + + + +

(H(=) () () () () HOEE) | BEE | B
—(z+V3)(z — V3) ED) (€] €] €3] €3]

H(H)(=)
()

Le., f/(z) < 0 when z < —/3 and = > /3. Also, f'(z) > 0 for z € (—v/3,V/3) or
r € (—3,-1)U(—1,1) U (1,v3)(note: = +1 are not in the domain)

e Decreasing interval: (—oo, —v/3) and (v/3, 00)
e Increasing interval: (—v/3,—1) U (—1,1) U (1,/3).
|
Therefore, from the First Derivative Test,
- relative maximum occurs at z = /3 (the sign of f/(x) changes from “+” to
T = \/3)
and f(V/3) = —32£ is the relative maximum

- relative minimum occurs at x = —+/3 (the sign of f’(z) changes from “—” to “+” at
T = —\/3) and

f(=V3) = % is the relative minimum.

“_»

at
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(g) Determine the intervals on which f is concave up and concave down. Find the points of

inflection (if any).

From f/(z) = ?fj;f;,

(1 — 22)2(6x — 423) — 2(1 — 22)(—22)(32% — 2*)

1) = oy
_ 2x(1 —z%)(3 — 22%) + 622 — 22*
N (1—22)3
_ 2z(3+2?)
(1 —22)3

So f”(0) = 0 when 2z = 0. We will check if z = 0 is a inflection point, we have to see if the
the sign of f”(z) is changed at = = 0 or not.

To determine the curvature, we have to solve the inequalities f”(z) < 0 and f”(z) > 0,
which can be done by considering the zeros of the numerator 2z(3 + 22) and (1 — 22)3 or
at x = 0, £1. That is, we consider the intervals (—oo,—1),(—1,0),(0, 1),(1, c0).

Interval of x (—o0,—1) | (=1,0) | (0,1) | (1,00)
R 2
Sign of f"(z) = Q(Ji(f’;zz)s) + - + -
20(3+22) () OW | Bw | G
G223 (&) (GD) GD) (&)

e Concave up: f” >0 when x € (—o0,—1) U (0, 1).
e Concave down: f” < 0 when z € (—1,0) U (1, 00).

From above, we have that the sign of f”(z) changes at © = 0, so the point (0,0) is the
inflection point. Note that x = —1,1 don’t give inflection points because they are not in
the domain (even though the sign of f”(x) changes at these points). [

(h) Sketch the curve of f.

12. Find all solution(s) of the following systems of linear equations by using Gaussian elimination

method.
1 + a2 + 23 + x4 = 6 .
(@) G T 2w Bws A dug= 160, N
2¢1 + 3x3 + brs + 6xy = 25 7$+2y_32:1
1 + x99 + 223 + 3zy = 11 y -
Answer:
I 1
T2 o 2
(a) x3 - 1
Ty 2
1 111 6
. 1 2 3 4| 16
The augmented form is given by 9 3 5 6| 25
11 2 3| 11
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F{x)=x"3/{1-x"2)
gix)=—x

-8 -6 -4 -2

-2

-4

+-6

-8

Figure 3: f={(z,y)|z® +yz? —y =0}

Step 1: Ry is the “pivot row” and a1 = 1 is the “pivot element”.

Letm21:%:%:1,mglz%:%:landm@:%:%:l.
Ry 1 1 11 6
Ro+— Ry — mo1 Ry : 01 2 3 10
Rg = R3 — m31R1 : 01 3 4 13
f%4 — f%4 — 7714],f31 : 00 1 2 5
Step 2: Ry is the “pivot row” and age = 1 is the “pivot element”.
Letmggzﬁz%:landm42:%:%:0.
Ry 1 1 11 6
Ry : 01 2 3| 10
Rg — R3 — m32R2 : 00 11 3
f%4 — f%4 — 77142<f32 : 00 1 2 5
Step 3: Rg3 is the “pivot row” and agz = 1 is the “pivot element”.
Letm43:%:%:1.
Ry: 1 1 11 6
Ry : 01 2 3 10
Rs: 00 11 3
R4 — R4 — m43R3 : 00 01 2
This gives the following equivalent system.
1 + w2 + w3 + x4 = 6
ro + 2x3 + 3z4 = 10
I3 + Ty = 3
T4 = 2

21
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By applying back substitution, we have
R4: Ty = 2

Rs: z34+2=3 = z3=1

Ry: x9 + 2(1) + 3(2) =10 = 1x9=2
Ri:z1+2+14+2=6 = z1=1

|
r + 2y + 3z =1 1 2 1
(b) From 3z + 2y + =z = 1,theaugmented formis | 3 2 1| 1
x4+ 2y — 3z =1 7T 2 =3|1
Step 1: Ry is the “pivot row” and a1qp =1 is the “pivot element’.
Letm21:%:%:3andm31:%:%:7.
Ry : 1 2 3 1
RQ — RQ — m21R1 : 0 —4 —8 -2
R3 — R3 — TTL31R1 : 0 —-12 -24 —6
Step 2: Ry is the “pivot row” and asy = —4 is the “pivot element”.
_az _ —12 _
Letm32—%—j—3.
Ry : 1 2 3 1
Ry : 0 -4 -8 | -2
R3 — R3 — 77”L32R2 : 0 0 0 0
By applying back substitution, we have
R3: z can be any real number, say, z = t,t € R.
Ryt —dy—8z=-2 = y=1-2tteR
Riiz+2y+32=1 = z=1-2(3-2t)-3t=t.
T t
Hence there are infinitely many solutions and can be given by To | = % — 2t teR
I3 t

13. Consider the system of 3 equations and 3 unknowns x, y, z:

z + 2y + 3z = 1
r + 3y + 4z =
r + 4y + kz = m,

where m and k are some constants.

(a) Suppose k& = 5. Find the value of m that makes the above system of equations have
infinitely many solutions.
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(b) Suppose m = 4. Find the value of m that makes the above system of equations have no
solution.

Answer: By performing Gaussian elimination method, we have:

(a) m=5.
(b) k=5.

14. Write out the appropriate form of the partial fraction decomposition of the given expressions
Do not evaluate the coefficients.

(a)
z+1

202 — 11z + 15

Answer:
z+1 B r+1 A N B
222 — 11z +15 (2 —-3)2x—-5) x-3 22-5

where A, B are constants.

(b)
1

otz — 1) (22 +4)3(x2 + x + 1)2
Answer: Note that, 22 + 4 and 22 + x + 1 are irreducible polynomial ( this can be

checked by using b? — 4ac < 0 for az? + bz + ¢). So the partial fraction decomposition
of L > is in the form

z4(z—1)(z2+4)3 (22 +2+1)

_é é As é B Cix+Dy Coxr+Dy Csx+D3 FEiz+ I Esx + Fy

s 2B A 1 24 (22 +4)2 * (22 +4)3 224z+1 (22+2+1)%
where Al, AQ, Ag, A4, B, Cl, 02, 03, Dl, DQ, Dg, El, EQ, Fl, F2 are constants.
15. Determine the partial fraction decomposition of

x4+ 72% + 822 — 3
23 + 622

Answer: Note that the given expression is not in the form of proper fraction. Using the long
division, we have

ot 4+ 723 4+ 8272 -3 1 222 — 3
= —_—
a3 + 62 z%(z + 6)
So we will apply partial fraction decomposition on % which will be in the form:

2*-3 A B C

2%(z +6) :L“+x2+93+6'

23



TU152 [© Saifon C.]

We can solve for A, B, C as follows.

222 — 3 A B C Ax(xz +6) + B(x + 6) + Cx?
z%(z + 6) E+?+x+6: z%(z + 6)
202 —3 = Axz(x +6)+ Bz + 6) + Cz?
= [A+C)2* + [6A+ Blx + 6B,
— —_——— ~~

=2 =0 =-3

which gives 3 equations
A4+C=2 6A+B =0 6B = —3

and so A =1/12,B = —1/2,C = 23/12. So, the partial fraction decomposition is

zt 4+ 72 4+ 822 -3 1 1 (23) 1

- 14— — = i ‘
3 + 622 T +123} 212 12/ z+6
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