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A Recursive Problem

 Hence, one can continue recursively in
this way, solving for a collection of
feedback rules of the form

¢, =h(x), t=TT-1,7T-2,...,0.

where both ¢, = h(x,) and X, = f(x)
solve these equations

N

t()(t,Ct) n agt (X'[’Ct){aut+1 + agt+1 [aUHZ + agt+2 {8Ut+3 + agt+3 {4— agT_l |:8UT :|}}:|} = O

oc, oC, 0% 1| OX;

aX’[+3 aX’[+3
for t=0,1...,T.

aX’[+1 aX’[+1 aX’(+2 aX’[+2

Arayah Preechametta 1/22/2013




N

A Recur
and
X +1 ~ gs(xs’cs)
given that:

Cs+1 = hs+1(xs+1)
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fors=tt+1,...

fors =t,t+1,...

1T'1

-1,

1/22/2013




Raollman’ec E
il -

n
Illall I 1V

Cc
19

ni
L1

e Define the value function for a one-
period problem

Wl(XT): mCTaX{UT(XT’CT )} (1.6)

Subject to

X0 =0 (%.Cr),
with  x.  given
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 Form the Lagrangian, find 1st-order
conditions,

aUT(XT’CT)>O (1.7)
o,

Which is the same as equation (1.5c¢).
Equation (1.7) and X+,,= 0 =g+(Xy,Cy) are

jointly determined ¢, = h(X;) and

X1~ 0

=g(Xr,h{(X7)). Then, put this

outcome into (1.6), one has
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 Differentiating (1.8), w.r.t. Xx;, gives
aW1(XT)_W'(X ) = U, +ahT oU,
ox. 7 e ) ox | oh

 Then, together with (1.7), one has

" W (x ):aUT(XT’hT(XT))+ahT {8UT (°)} (1.9)
T OX. ox. | éc

Arayah Preechametta 1/22/2013

N




PRPallman c =
cil -

pan | I n
111CALI 11U

Cc
119

Ml
\1

* Next, repeat the process with the value
function for the two-period problem,

o Wz(XT 1) maX{U (XT—l’CT—1)+W1(XT)} (110)

* where W, (% )= max{U; (% ,¢c; )}

e subjectto

Xp = gT—l(XT—l’C’I'—l)’
with  x;_, given
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Again, by repeatin
Uy (% hy s (%

ellman’s Equatio

g the same procedure, we have

—1))+8UT—1(XT—1’hI'—1(XT—1)> ahr_l(xr_l)

Wzl(xr—l) = o

9%t (%))

hy(xa) Oy (1.11)

Xy
Applying (1.9) into

aUT—l(XT—l’ hT—l(

W, ( gT_l(er_l' hr—l(x’r—l)))

-1

(1.11), one has

XT—l)) n aUT—l(XT—l’ hT—l(XT—l)) ahT—l(XT—l)

W)= ) o,
N 6gT—1(XT—1’hT—1(XT— )) 5hT oU; (1 12)
OX; ax oc, |
where Xr = gT—l(XT—l’hT—l(XT—l))
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Bellman’s Equations

 Note that, for | =1, equation (1.12) becomes

N

W 1()(T_j ) _ 8UT_j (XT—j’hT—j (XT_j )) N 8UT_j (XT—j7hT—j (XT—j ))ahT—J (XT—j)

g X _; ahT—j(XT—j) OXr_|
+6gT J(XT o J(XT— )) ahT oYU,
OXp_; 6x ax OC;
(1.13)
where Xroju = Yr- J( T- J’hT—J(XT—J))
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e By iteration, one has the Bellman’s equation as
C W (%) =max{Ur (6 e )W () (114

e subjectto

T j+1 gT j( CT—j)’
with  x;_; given
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The idea Is to proceed recursively and to
work backward.

First solve the 1-period problem with
J+1=1, deducing W,(x+).(or eq.(1.6))
Then solve the 2-period problem with
J+1=2, deducing W,(x+,). (or eq.(1.10)
The process is repeated until we have
the (T+1)-period value function, W+, (X,),

and along the way we have the optimal
feedback rules cr=hq(x1;.) =0,1,...,T.
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Bellman’s Equations

® The (T+1)-period value tunction is;

W, ., (%)= max{uo(xo,co)dr max[Ul(xl,cl)Jr....nl?x[UT (%,C; )]ﬂ

— mC?-X[Uo(Xo’CO)—I_WT (Xl):|

Subject to X, =0o(X,,C,), X, given.
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Bellman’s Equations

® The first-order condition of the above problem

w.r.t. U, 18,

OU,(X%,C)  09o(%0:Co),,
W. =0 1.15
oc, T oc, (%) (2.15)

® Rewrite equation(1.14) for j =T-1, and put into

eq.(1.15), we have

N

aut(xt’ct)_i_agt(xt’ct) aUt+1 +agt+1 aUt+2 +agt+2 aUt+3 agt+3{ . agT 1|:8U :|} -0
aC’[ aCt aX’[+1 6X’[+1 aX’[+2 aX’[+2 aX’[+3 aX’[+3 OX OX

for t=01...T.
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* This backward recursion generates the same
marginal conditions as the problem (1.5a)

 The derivation of the value functions obeys
the recursion (see ed.(13) & eq. (1.9), for |=1)

W _aUT—j[XT—j’hT—j(XT—j)] aUT—j(XT—J"II]T—J'(XT—J')) ahT—j(XT—J')
(%)= % " o (%) G
9y _;
T aiT,W’ gT—i[XT j hT—i(XT—i)])

o Comparing this equation with (1.4bbb) and
(1.4ccc), we find that:
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Bellman’s Equations
° W ’j<XT+1-j) - 7\‘T—j>

®and W ,]’—H(XT-J') - 7\‘T-j-1,

® Hence,

aUT-j |:XT—j ’ hT—j (XT—j )] N aUT—J’ (XT—J' : hT—J (XT—j ))_8hT—J' (XT—i) n 09

_ i
A Gy = R Ar_j
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* Define the (T+1)-period value function

Wm(xo):cznax |Up(%,G) +Uy(%,6) +..+Ur (.6 ) | (1.16)
Subjectto %, =0,(%.¢), forall t=01...; X given.

Problem (1.16) is the same as

W, (%)= max{uo(xo,co) + mc?x[ul(&,cl) +....rr1?x[UT (%.¢ )]ﬂ (1.17)

Co
= mex{Uy (0. 6,) + W ()]
subject to X =0,(%,C), X, given.
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Summary

Starting to solve problem (1.16) from t =T,

(1) Solving for c¢;=h(x) to optimize W (x);

(2) Solving for ¢ ;=h ,(x,) to optimize W ,(x,);
(3) Continue to repeat this process until t=0.
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