5 Exponential and Logatithmic Functions

g4 Expoﬁential Functions (Revision)

Exponential functions are used extensively in modelling : and solving a while variety of

real-world problems, including growth of money “in compound interest; growth of

;a_pﬂgtl,ons_oipeople~anlmalsﬁ.and\bgcterla radioactive decay; and, learning assoclated

5.1.1 General form:

p= fx)=bt b>0,b#1

Domain is R and range is K

b is positive to avoid complex (imaginary) number.

s Domain = (o, =) Range = (0, 7) i

‘M Po‘ Yot featines @sf;i‘_@ih ol fmekion”
All graphs will pass throug 1 the point (0, 1). I

All graphs are continuous.

Fyptc
e The x axis is a horizontal asymptote. et - 4/ w‘f;"\ '5““-[1(

e Ifbh>1,then b* increases as x increases. ( The <hg
e If0<b<1l,then b"decreases as x decreases. e dﬂfleqcf\\ o

5.1.2 Base e Exponential Function

e=2.718 281 828459 ...
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If n and m are positive integers,k b=¢ > '
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5.1.3 Exponential Properties Oun e oler Ward = Q"')(
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where /b denotes the positive mth root

bt =
b"

pl=1
b*=b" ifandonly if x=y

b"b" = b™"
(bﬂr :bm"
(ab)" =a"b"
(5)'" _a
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n = a = H=In
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5.2 Logarithmic Functions (Revision \ .
& ( ) nverse =) m finchow e-4.
€% ifas
Logarithmic function is inversed of exponential function. 2 C b ) 1)
whaen
5.2.1 General form: 'ﬂm; MEAMI _er

y=log, x where x=b"b>0,b#1 L"MQ’V\

y Not Hiak 3 of
Domain is R and range is R ; (0 H«Wl d} X
¢ =
% Nole uk Dowain <F loj R of @xpornenhial J 00?
Note that log, 1 =0 If the base b is 10, iR?‘r‘\?}mlalYl‘y omitted. The natural logarithmic of C?fo M"#
A e A “(

M(x). (l’\ﬂ,hu“q,\ [Uf) i rflfml M ead I Fe W’\ﬂl
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L—) note the ape Y ::‘(5'?_!1 s S\j_'w\\ﬂ/@?\‘(m)\ waHA Y= p 7%
52.2 Logarithmic Properties (b >0and b#1,u and v are also positive numbers) W "H/\
log,1=0 and log,b=1 3 “l'l’lﬂ— “MJP:X
log, u=log,v ifandonlyifu=v AS axdc of

[chrv\ Az “ J’ymw_&—n‘(ak

log, (uv) =log, u+log,v

Uu

logh(—)zlogbu—logbv

v
X log,u" =rlog,u

#  log,b" =u

#  log,x= lnx
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5.3 Differentiation of Logarithmic and Exponential Functions

J'N qive Hure in exam 6"¢ij4
heve. -
® %(ex)zex @%(eu):eu% learn how b wre Hese

danocl o Ll
@ E(lnx)_x ®dx(lnu)—udx

Ex. 1: Find the derivative of the following functions. (© Solwhon 1 B wake ‘(‘n s >

(a) y=2¢ Ans: y'=2e”

(b) y=2¢” Ans: y'=6e™

(c) y=ae™ Ans: y'=—abe™

(d) y=5e"+ Ans: y'=5(4x" + T il

(&) = e;”‘ Ans: y'= e‘”l:w]
5 (x +1)2

Ex.2: Show that the derivative of £(x)=xe? is f'(x)=(2x +1)e**. In addition, find the

largest and the smallest values of the function f(x)= xe™* on the interval -1< x <1,
Ans: Minimum f(— %) ~—0.184 and maximum f(1)~7.389 ( Soluheun in S'G‘)Ma\t A LL)

Ex. 3: Find the derivative of the following functions. C.,S'OIL&HO\A N g«:f'(.uﬂ,kc -ﬁm_)

(a) y=S5inx Ans: y'=%
N
(b) y =In(5x) Ans: y'=—
b

{c] p=xlnx Ans: y'=1+Inx
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i an_ e y,=3[1—451nx}
3 X
(&) y=3In(" - 5%) Ans: y'= 22X
x°—5x
3 3 1 1
(f) y=(x+Inx)’ Ans: y'=5(x+lnx)2(l+—)
X
(g) y=log,x Ans: =
. i s (Inb)x
(h) y=log,u (uis a function of x) Ans: '-—1—-@
e £ (Inb)u dx

Generalised Derivative of Logarithmic Functions

2 o e F d (,C k) = f_f_ [l Bl il _‘J_{HH
M 2gam £ (1og, #)= au -‘:9
e ot (b dx ::_1__,._[,6_1_5!_

}hb 7

You an denve 1t | l
Ex. 4: Show that the derivative of f(x)= x—In+/x is fx)= 1—2—. In addition, show
x

. This Q?s(’wss\on R wefid but Y Yo clou\ rememb exs

that an equation for the tangent line to the graph of f(x)=x- Inv/x at the point where
x=11is y=0.5x+0.35.

Derivative of Exponential Functions to the Base ‘a’ (a is a real number
P

We can use the formula for the derivatives of " to differentiate a more general

Ina Ina

exponential functiona". Replacing a with its equivalent frome

) - 2fey)

dx dx

.[f1=e
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This epomple WL Telp you wndersteamd how dy diff a power

Ex. 4: Determine the derivative of the following functions. ’FUM chow tl(j subeh hke

(@) y=a'. Ans: y'=a"Ina

(b) y=20" Ans: y'=20%1n20 Q= 6[%&

(c) y=x2 Ans: y'=2"(1+3xIn2) where o s wﬂsbmf

d) y=al0™+B10™ Ans: y'= —lnlO(alO"‘ + 2&10"“)
¢ Com‘ole,}‘c soluhon v Sepwrake file)
5.4 Logarithmic Differentiatio woe

e "r@-d/\w(tw(. ob Swbstilvle &= €
This_technique is often useful to simplify the differentiation of y = f(x) when f(x)

involves products, quotients or powers.

Ex. 5: Show that the derivative of y =2" is y'=(In2)2".

Ex. 6: Show that the derivative of y = (x + 1)2(x + 2) is y'=(x+1(Bx+5).

Ex. 7: Show that the derivative of y=x>"" is y'= x“”[Zlnx + otz 1] :
%

'Tv:j Ex $%,7, \\10%‘\\ e Pk subshibule oo = VA Y et weful  ahen

: CurfveSketcbing] VO aS sueh a8 x ih ByS amd 1X+) n Ex.y

C>Ne>+ n exaws  buk give Ex.® a8 o homeWorle 1) Cqipen

(.

—_— e A ———

Ex. 8: f(x)=x>—8Inx intercepts the x axis at x~1.2 and x~2.9. Sketch the graph of f‘ﬂi‘“ﬂ’fﬁ)

f(x)=x*-8lnx.

I? Ans: Domain is positive real number.
1

: : 2x* -8
. f'(x)=

107} f(x) is decreasing between (0,2) and is increasing

between (2,00). The minimum point is (2,-1.5). The

. : function is always concave up and there is no inflection
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point. x =0 is the vertical asymptote and there is no horizontal asymptote.

Ex. 9: Determine where the function

f(x)=

1
N2 T

is increasing and decreasing, and where its graph is concave up and concave down. Find

the relative extrema and inflection points and draw the graph.

=0 is the horizontal asymptote.

2

Ans: f'(x)= Jziﬁerz :

f"(x):Jzi(xl—l)e'? (0, 0.4) is the relative
/A

maximum. (1, 0.24) and (-1, 0.24) are inflection
points. The function is increasing for negative x
and decreasing for positive x. The function is
concave up where x <—1 and x>1; and concave

down where —1< x <1. There is no x intercept. y



