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CHAPTER 4

Basic Matrix Algebra and Applications

Topics: Economic Applications of Matrix Algebra

Outline:

i How to use matrix to solve system of simultaneous equations
& Partial market equilibrium

i The effect of specific tax on market equilibrium

i Simple Macroeconomic Model
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“How to use matrix to-solve \s‘ystem of simultaneous equations {

When we have the system of simultaneous equations:

1.) Identify endogenous variables, exogenous variables, parameters:

This is a system of m linear equations with n endogenous variables:

s

n Ve

q
a11®+a12x2+"'+aln ) =4,
Ay X, +anX, +-+a,,x, =d, [wm
a,x,+a x,+-+a, x =d,

-

Q,c“.s
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2.) Reduce the system of equations to have number of equations equal to number of
endogenous variables and to have only necessary information

That is, we need to have:

number of equations = number of endogenous variables

3.) Rearrange every equations in the system so that all endogenous variables are on

one side and all other exogenous variables on the other side

From:
ax, =k — bx,
dx, = h—cx;
To:
ax, +bx, =k
cxy+dx, =h

4.) Rewrite the system into matrix form:

ax; +bx, =k

cxy+dx, =h
[ax1 + bxz] _ k]
cx; +dx,| — Lh

[Ccl Z 2%2 [iﬂzm B ;{l]le
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Anxnxnxl - dnxl

A is matrix of parameters that are in front of endogenous variables.

x is column vector of endogenous variables to solve for its final values as a
function of exogenous variables and parameters

d is column vector of parameters that don’t multiply with endogenous
variables and exogenous variables

5.) Check that det A must not equal to 0, so that A~ exists.

|A] # 0
,where det A can be computed by:

e [Ifasquare matrix 4 is a 2 by 2 matrix, then det A is equal to:

a, a
11 12
|A| = =011032 — A21013

a, dy

e [fasquare matrix A is a 3 by 3 matrix, then det A is equal to:
Al
A1 Q12 Qg3

a1 Ay diz
a31 dzp; AQ4szsz

= Q41032033 T A12073031 T 01303207,
—031022093 — A33033011 — Q33021013

e n™order determinant by Laplace Expansion

Let A be a matrix in R™*™. The determinant of A or det A is given by |A|.

> a,C, i=1,2,...,n (expansion by i"row)
4=

Z%Cy j=1,2,...,n (expansion by j"column)
i=1

We call C;;, Cofactor of element a;;.



Ch 4 Econ Application of Matrix Algebra sem2/23020 Page|4

Cyj = (=DM,

The minor of element a;j, M;;, is the determinant of the matrix resulting from

ij»
deleting row i and column j of matrix A,y, . In other words, a "minor" is the
determinant of the square matrix formed by deleting one row and one column from

some larger square matrix.

Note: If determinant is found by using Cofactor for elements from the WRONG row

41 2

12 4 2 4 1
521 |C21|=—0 573 |sz|=1 5710 |cz3|=—0 Iz
103

|4]=4(-3)+1(10)+2(1)=0
6.) Use inverse matrix or Cramer’s rule to find the solution of the system of
simultaneous equations:
6.1) Inverse matrix:
Ax =d
A'Ax = A7'd
Ix =A"1d

x=A"1d
,where we can find A™1 by
A1t ! djA
=—-q
4]

ad]A = [CU]T

6.2) Cramer’s rule:
A
4

| Ay | is the determinant of matrix A when replacing column k of matrix A by vector d.
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é¥Partial market equilibrium

Demand: QP =a-—bP
Supply: Q5 =—-c+dP P
Equilibrium: QP =0Q°

Q
N
=€)
1) ddentify-endogenous variables, exogenous variables, parameters: =

Endogenous variables:........%.. Deenens

29)Reduce thesystem-of equations-to have number of equations equal to number of
endogenous variables

3

How many equations will we be working with? .............57 ...,

3.) Rearrange every equations in the system so that all endogenous variables are on
onesideand.all other exogenous variables on the other side

L+ - @

Demand: QP =a—-bP = 3

4+ 0@+EP =
Supply: Q5 =—-c+dP N g
Equilibrium: QP = Q%
Demand: A QP +0 @S +b p=

Supply: 0 QP+1L @S —d p

Equilibrium: 1 Q°P=-1@5 £0CP

y O
4.) Rewrite the sy\s7ém into matrix form: A

/%—7 1&° + o0& £ Lp

coettl tn Dererd £ vovy —5 (4o boy@ o AL = oQ,
oot fn Seppy € reve — O 1 “H @ :P
gM\co.\ oy =11 -t o P o

[ |

celLy Glz |
*x = A
coetl; of Coefhlck @ _

e’ GBS ol 1x = A
CoefM ot -
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iF 1Al 9, A s a ensingle
has f\—_l .
6.) Use inverse matrix or Cramer’s rule to find the solution of the system of
simultaneous equations:

6.1) Inverse matrix:

1
-adjA

A= —
A

ad]A = [Cl]]T

- 1 0 b 1 0 b 1 0 b
D0 1 —=d| DY 0 1 —d|l DYoo 1 -d
1 -1 0 1 =1 0 1 -1 0
1 0 b 1 0 b 1 0 b
C = (_1)2+1 0 1 —d (_1)2+2 0 1 —d (_1)2+3 0 1 —d
1 =1 0 1 -1 0 1 -1 0
1 0 b 1 0 b 1 0 b
—1D3*0 1 —=d| (-1D3*2f0 1 -d| -1D3*3l0 1 -d
! 1 =1 0 1 -1 0 1 -1 oM
[_ay+1| 1 —d _qyi+2]0 —d 143|017
GV I G Dl b IR G DSl P
_ _1y2+1] 0 b _1y2+2 1 b _1)2+3 1 0
=D -1 0 ) |1 0 =1 |1 —1|
_1y3+1|0 b _1y3+2|1 b _1y3+3|1 O
NGO ias M I G Vi) N I G Vst b
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(—1)1+1(—d) (_1)1+2d (_1)1+3(_1)
C=| D**'  (D*(-b) (—D*"(-1
(=1 (=b) (=1)**2(=d) (=1)*"3(1)

—-d —-d -1
C = [—b -b 1 ‘
b

— d 1
-d —-b -b
adjA=C"=|-d —-b d
-1 1 1
1 1 [—d —b —b]
1= adjA = —-d —-b d
detA —-b—d 1 1 1
Therefore,
x=A"1d
QS|=—F—|-d b d [—Cl
P b—d -1 1 1110
rad — bc
D b+d
QS _lad — bc
% b+d
a+c
b+d
6.2) Use Cramer’s rule:x; = %
_@_
|l
os| <[ 122!
17l
14
LA |
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0 b
‘ 2
QD_lAlI —1 0
“Al T -b-d
1 b
—d
0’ 421 11 0
“1Al T —bh—-d
1 0
a
P_|A3|_ 1 -1

© If we assume QP = Q% = Q,

From the model:;

Demand: b=q—-bpP
Supply: Q5 =—-c+dP
Equilibrium: QP =0Q°

If we assume QP = Q5 = Q, then we can reduce the system of simultaneous
equations down to:

Demand: Q =a-bP
Supply: Q=-c+dP

Rearrange & Rewrite into matrix form:

Demand: Q+bP=a
Supply: Q—dP =—c

[T I=1 ]

Page|8
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_| a b|_
—c d
E]=|Ib:ﬁ
1 —c

[ _p—d

© If we collect specific tax from supplier t baht per unit

From the model:

Demand: QP =a—bPP

Supply: Q5 =—c+dP*

Equilibrium: QP =Q°
PS=pPP —¢

If we assume QP = Q5 = Q and PP = P, then we can reduce the system of
simultaneous equations down to:

Demand: Q =a-—bP
Supply: Q=-c+dP

Rearrange & Rewrite into matrix form:

Demand: Q+bP=a
Supply: Q—dP =—c
IR RN
N
9=|, -4
P 1 a
1 —c |
-b—d

Page|9
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Exercise:
1.)
O =24—-4P
0’ =13P-27 (P"=3,0 =12)
QD — QS
2.) Consider a simple model in which two commodities are related to each other
Good 1 Good 2
0, =0, 0, =0,
O, =a,+ahb +a,F, O, =¢+ah+c,P
0, = bo +b1P1 +b2P2 0, = do + lel + dzpz

Find the equilibrium prices and quantities in good 1 and good 2

& Simple Macroeconomic Model

Consider simple Keynesian crossing model:

Reduce the system of equations to have number of equations equal to number of
endogenous variables

How many equations will we be working with? .....................c .

Y=C+10+GO
C=a+bY?
Y¢=Y-T
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Rearrange every equations in the system so that all endogenous variables are on one

side and all other exogenous variables on the other side

Y C ye =
Y C yd =
Y C ye =

Rewrite the system into matrix form:

LA

-1 0
| -
0 1
Y*= —_—
1-b
1 0
0 —-b
«_ =1 1
¢ = 1-b
1 _1 10+G0
0 1 a
* -1 0 T
YD
1-b

Note: We can also work with the system with two equations:

From
Y=C+1,+ G,
C=a+bY?
Yé=Y-T

To
Y=C+1,+ G,
C=a+bY —bT
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i IS—LM

The Good Market:
Y=C+I1+G
C=Cy+b(1—-10)
[ =1,—er

GZGO

The Money Market:

Md=fY—,8T
MS=M0
MdzMs

Identify endogenous variables, exogenous variables, parameters:

Endogenous variables: Y, C, 1, .....................

Reduce the system of equations to have number of equations equal to number of
endogenous variables

How many equations will we be working with? .....................cn.

Y=C+1+Gq
C=Co+b(1-1t)Y
[ =1,—er
My = fY — pBr
Rearrange

Y-C—1+0r =g,
—b(1—-t)Y+C+0I+0r =C,
0Y+0C+I+er =1,
fY +0oC+ 01 —pr =M,

Rewrite the system into matrix form:
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1 1 -1 071[r] [Gy
ba-t 1 o ollc| |c
0 o 1 el|l1lT|1
f 0 0 =Bllr M,

Tips: In this case, it will be easier if you use Cramer’s rule for the solution and you

will need to use Laplace’s expansion to compute the determinants

Alternatively, we can use matrix algebra to solve the system of two equations: IS-LM
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