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Nature of Heteroscedasticity Homoscedasticity

One of the important assumptions of CLRM is that the variance of each
disturbance ui term, conditional on the chosen values of the explanatory
variables, is some constant number being equal to σ2 (Homoscedasticity)

E (u2
i ) = σ2

where i = 1, 2, . . ., n
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Nature of Heteroscedasticity Heteroscedasticity

The conditional variance of Yi increases as X increases. The variances of
Yi are then not the same. Here, there is heteroscedasticity.

E (u2
i ) = σ2

i

where i = 1, 2, . . ., n
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Nature of Heteroscedasticity Heteroscedasticity
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Nature of Heteroscedasticity Several Sources of Heteroscedasticity

Error learning
As incomes grow, people have more discretionary income and more
scope for choice about the disposition of their income. Hence, σ2

i is
likely to increase with income
As data collecting techniques improve, σ2

i is likely to decrease
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Nature of Heteroscedasticity Several Sources of Heteroscedasticity

Heteroscedasticity can also arise as a result of the presence of outliers
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Nature of Heteroscedasticity Several Sources of Heteroscedasticity

Specification error – some important variables are omitted from the
model.
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Nature of Heteroscedasticity Several Sources of Heteroscedasticity

Incorrect data transformation
Incorrect functional form
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Nature of Heteroscedasticity Heteroscedasticity tends to ...

Prevail in cross-sectional data than in times series one because
Cross-sectional data compose of various samples of different entities
Time series cover same entity over time
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Consequence of Heteroscedasticity Estimation in the presence of Homoscedasticity

Normal OLS estimation with Homoscedasticity:

Yi = β1 + β2Xi + ui

β̂2 =

∑
(Xi − X̄ )(Yi − Ȳ )∑

(Xi − X̄ )2
=

∑
xiyi∑
x2
i

var(β̂2) =

∑
x2
i σ

2
i

(
∑

x2
i )2

Since σ2
i is the same for all i : σ2

i = σ2
j ,∀i 6= j

var(β̂2) =
σ2∑
x2
i

β̂2 is best linear unbiased estimator (BLUE)
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Consequence of Heteroscedasticity Estimation in the presence of Heteroscedasticity

Normal OLS estimation with Heteroscedasticity:

var(β̂2) =

∑
x2
i σ

2
i

(
∑

x2
i )2

β̂2 is no longer best linear unbiased estimator (BLUE)

Wattanakoon (Thammasat University) EE325 Chapter 7 1/2013 15 / 65



Detection of Heteroscedasticity

Detection of Heteroscedasticity
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Detection of Heteroscedasticity

Informal method
graphical method

Formal methods
Park test
Breusch-Pagan Test
White’s General Heteroscedasticity Test
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Detection of Heteroscedasticity Graphical method
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Detection of Heteroscedasticity Graphical method
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Detection of Heteroscedasticity Park test

Park formalizes the graphical method by suggesting that σ2
i is a function of

the explanatory variable (Xi ). The functional form is:

σ2
i = σ2X β

i eνi

or

lnσ2
i = lnσ2 + β lnXi + νi

where νi is the stochastic disturbance term.
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Detection of Heteroscedasticity Park test

Since σ2
i is generally not known. Park advises using û2

i as a proxy and
running the following regression:

ln û2
i = lnσ2 + β lnXi + νi = α + β lnXi + νi

If β turns out to be statistically significant, it would suggest that
heteroscedasticity is present in the data.
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Detection of Heteroscedasticity Park test

Example:
Table 11 Relationship between compensation and productivity

Yi = β1 + β2Xi + ui

where
Yi = average compensation in thousands of dollars
Xi = average productivity in thousands of dollars
i = i th employment size of the establishment
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Detection of Heteroscedasticity Park test

Step 1:
Run the OLS regression disregarding the heteroscedasticity question

Ŷi = 1992.3452 + 0.2329Xi
se (936.4791) (0.0998)
t (2.1275) (2.333)

R2 = 0.4375

and then obtain û2
i from this equation
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Detection of Heteroscedasticity Park test

Step 2:
Once we obtain û2

i , we run the regression

ln û2
i = lnσ2 + β lnXi + νi

ln û2
i = α + β lnXi + νi

̂ln û2
i = 35.817 − 2.8099 lnXi

se = (38.319) (4.216)
t = (0.934) (−0.667)

R2 = 0.0595

Step 3:
Examine the significance of β
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Detection of Heteroscedasticity Breusch-Pagan Test (LM Test)

Consider the k-variables linear regression model

Yi = β1 + β2X2i + β3X3i + · · ·+ βkXki + ui

We assume that

E (u|X1,X2, . . . ,Xk) = 0

So OLS estimators are unbiased and consistent
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Detection of Heteroscedasticity Breusch-Pagan Test (LM Test)

Step 1:
Estimate the equation, using OLS

Yi = β1 + β2X2i + β3X3i + · · ·+ βkXki + ui

Obtain the squared OLS residuals, û2
i

Step 2:
Run the regression

û2
i = α1 + α2X2i + α3X3i + · · ·+ αkXki + ui

Keep the R-squared, R2
û2
i
, from this regression
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Detection of Heteroscedasticity Breusch-Pagan Test (LM Test)

Step 3:
Form either the F statistics:

F =
R2

û2
i
/k

(1− R2
û2
i
)/(n − k − 1)

or the LM statistics for heteroscedasticity:

LM = nR2
û2
i

under the null hypothesis, LM is distributed asymptotically as χ2
k
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Detection of Heteroscedasticity Breusch-Pagan Test (LM Test)

The Breusch-Pagan test is an asymptotic, or large sample, test and in the
present example 30 observations may not constitute a large sample. It
should also be pointed out that in small samples, the test is sensitive to the
assumption that the disturbances, ui , are normally distributed.
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Detection of Heteroscedasticity White’s General Heteroscedasticity Test

Consider the following three-variable regression model

Yi = β1 + β2X2i + β3X3i + ui

The White’s test proceeds as following:

Step 1:
Given the data, we estimate the equation above and obtain the residuals, û2

i
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Detection of Heteroscedasticity White’s General Heteroscedasticity Test

Step 2:
We then run the following (auxiliary) regression:

û2
i = α1 + α2X2i + α3X3i + α4X 2

2i + α5X 2
3i + α6X2iX3i + νi

Get the R-squared from this (auxiliary) regression
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Detection of Heteroscedasticity White’s General Heteroscedasticity Test

Step 3:
Under the null hypothesis that there is no heteroscedasticity, it can be
shown that sample size (n) times the R-squared obtained from the auxiliary
regression asymptotically follows the chi-square distribution with df equal
to the number of regressors (excluding the constant term) in the auxiliary
regression. That is:

nR2 ∼ χ2
df
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Detection of Heteroscedasticity White’s General Heteroscedasticity Test

Step 4:
If the chi-square value obtained in step 3 exceeds the critical chi-square
value at the chosen level of significance, the conclusion is that there is
heteroscedasticity. If not, there is no heteroscedasticity, which is to say
that in the auxiliary regression

û2
i = α1 + α2X2i + α3X3i + α4X 2

2i + α5X 2
3i + α6X2iX3i + νi

α1 = α2 = α3 = α4 = α5 = α6 = 0
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Detection of Heteroscedasticity White’s General Heteroscedasticity Test

Example from page 387-388

From cross-sectional data on 41 countries,

lnYi = β1 + β2 lnX2i + β3 lnX3i + ui

where
Yi = Ratio of trade taxes to total government revenue
X2 = Ratio of the sum of exports and imports to GNP
X3 = GNP per capita
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Detection of Heteroscedasticity White’s General Heteroscedasticity Test

By applying White’s heteroscedasticity test to the residuals obtained from
regression, the following results were obtained:

̂̂u2
i = −5.8417 + 2.5629 lnX2i + 0.6918 lnX3i − 0.4081(lnX2i )

2

−0.0491(lnX3i )
2 + 0.0015 lnX2i lnX3i

R2 = 0.1148

nR2 = 41(0.1148) = 4.7068

The 5 percent critical chi-square value for 5 df is 11.0705
Since the calculated χ2 is less than the critical value, there is no
heteroscedasticity.
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Remedial Measures

Remedial Measures
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Remedial Measures

1. When σ2
i is known: The method of weighted least squares

2. When σ2
i is unknown
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Remedial Measures Known σ2
i

If σ2
i is known, the most straightforward method of correcting

heteroscedasticity is by means of weighted least squares, for the estimators
thus obtained are BLUE
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Remedial Measures The method of generalized least squares (GLS)

Yi = β1 + β2Xi + ui
Yi = β1X0i + β2Xi + ui
where X0i = 1 for each i

Now assume that the heteroscedastic variance, σ2
i , are known and we

divide the equation above with such variance for each i:

Yi
σi

= β1
X0i
σi

+ β2
Xi
σi

+ ui
σi

Y ∗i = β1X ∗0i + β2X ∗i + u∗i
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Remedial Measures The method of generalized least squares (GLS)

var(u∗i ) = E (u∗i ) = E [( ui
σi

)2]

= 1
σ2

i
E (u2

i ); since σ2
i is known

= 1
σ2

i
σ2

i ; since E (u2
i ) = σ2

i

= 1
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Remedial Measures The method of generalized least squares (GLS)

Since we are still retaining the other assumptions of the classical model,
the finding that u∗i is homoscedastic suggests that if we apply OLS to the
transformed model:

Yi

σi
= β1

X0i

σi
+ β2

Xi

σi
+

ui

σi

If will produce estimators that are BLUE. In short, the estimated β∗1 and β∗2
are now BLUE and not the OLS estimators β̂1 and β̂2.
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Remedial Measures The method of generalized least squares (GLS)

GLS is OLS on the transformed variables that satisfy the standard
least-squared assumptions.
The estimators thus obtained are known as GLS estimators, and these
estimators are BLUE
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Remedial Measures The method of generalized least squares (GLS)

Yi
σi

= β̂∗1
X0i
σi

+ β̂∗2
Xi
σi

+ ui
σi

Y ∗i = β̂∗1X ∗0i + β̂∗2X ∗i + u∗i∑
û∗2i =

∑
(Y ∗i − β̂∗1X ∗0i − β̂∗2X ∗i )2

∑ ûi
σi

2
=

∑
(Yi
σi
− β̂∗1

X0i
σi
− β̂∗2

Xi
σi

)2

The GLS estimator of β∗2 is

β̂∗2 = (
∑

wi )(
∑

wiXiYi )−(
∑

wiXi )(
∑

wiYi )
(
∑

wi )(
∑

wiX 2
i )−(

∑
wiXi )2

var(β̂∗2) =
∑

wi
(
∑

wi )(
∑

wiX 2
i )−(

∑
wiXi )2

where wi = 1
σ2

i
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Remedial Measures The method of generalized least squares (GLS)

Difference between GLS and OLS is:

OLS minimizes ∑
û2
i =

∑
(Yi − β̂1 − β̂2Xi )

2

GLS minimizes ∑
wi û2

i =
∑

wi (Yi − β̂∗1 − β̂∗2Xi )
2

where wi = 1
σ2

i
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Remedial Measures The method of generalized least squares (GLS)
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Remedial Measures The method of generalized least squares (GLS)

Example:
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Remedial Measures The method of generalized least squares (GLS)

Ŷi = 3, 417.833 + 148.767Xi
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Remedial Measures The method of generalized least squares (GLS)

̂̂Yi
σi

= 3, 406.277 1
σi

+ 154.212Xi
σi
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Remedial Measures Unknown σ2
i

White’s heteroscedaticity-consistent standard errors
Several assumptions about the pattern of heteroscedaticity are
required.
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Remedial Measures Unknown σ2
i

Assumption 1: the error variance is proportional to X 2
i

E (u2
i ) = σ2X 2

i

Yi = β1 + β2Xi + ui
Yi
Xi

= β1
Xi

+ β2 + ui
Xi

= β1
1
Xi

+ β2 + νi

E (ν2
i ) = E ( ui

Xi
)2 = 1

X 2
i
E (u2

i )

= σ2
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Remedial Measures Unknown σ2
i
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Remedial Measures Unknown σ2
i

Assumption 2: the error variance is proportional to the square root
transformation of Xi

E (u2
i ) = σ2Xi

Yi = β1 + β2Xi + ui
Yi√
Xi

= β1√
Xi

+ β2
√

Xi + ui√
Xi

= β1
1√
Xi

+ β2
√

Xi + νi

E (ν2
i ) = E ( ui√

Xi
)2 = 1

Xi
E (u2

i )

= σ2
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Remedial Measures Unknown σ2
i
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Remedial Measures Unknown σ2
i

Assumption 3: the error variance is proportional to the square of the mean
of Y

E (u2
i ) = σ2[E (Yi )]2

Yi = β1 + β2Xi + ui
E (Yi ) = β1 + β2Xi

Yi
E(Yi )

= β1
E(Yi )

+ β2
Xi

E(Yi )
+ ui

E(Yi )

= β1
1

E(Yi )
+ β2

Xi
E(Yi )

+ νi

Since E (Yi ) is unknown, we then use Ŷ instead.

E (ν2
i ) = E ( ui

Ŷi
)2 = 1

Ŷi
2 E (u2

i )

= σ2
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Remedial Measures Unknown σ2
i

Assumption 4: a log transformation such as

lnYi = β1 + β2lnXi + ui

very often reduces heteroscedasticity when compare with the regression

Yi = β1 + β2Xi + ui
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Example

Example
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Example

R&D expenditure, sales and profits in 14 industry groupings in the US are
presented in 2005 (all figures in millions of dollars) and since the
cross-sectional data presented in this table are quite heterogeneous, in
regression of R&D on sales, heteroscedasticity is likely
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Example

R̂&D i = 1337.874 + 0.0437Salei
se (5015) (0.0277)
t (0.27) (1.58)

R2 = 0.1715

There is a positive relationship between R&D and sales, although it is not
statistically significant at the traditional levels
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Example White’s test

̂̂u2
i = −46, 746, 325 + 578Salei + 0.000846Sale2

i
se (112, 224, 348) (1, 308) (0.003171)
t (−0.42) (0.44) (0.27)

R2 = 0.435
Using R2 value and n=14, we get nR2 = 6.090. Under the null hypothesis
of no heteroscedasticity, this should follow χ2

2 (two regressors): 0.0476.The
White test then suggests there is heteroscedasticity.
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Example White’s heteroscedasticity-consistent standard errors

For remedial measures,
the true error variance is unknown, we cannot use the method of
weighted least squares to obtain heteroscedasticity-corrected standard
errors and t-values.
Therefore, we would have to make some educated guesses about the
nature of error variance
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Example White’s heteroscedasticity-consistent standard errors

R̂&D i = 1337.874 + 0.0437Salei
se (4892.447) (0.0411)
t (0.27) (1.06)

R2 = 0.172
We see that the parameter estimates have not changed, the standard error
of the intercept coefficient has decreased slightly, and the standard error of
the slope coefficient has increased slightly. But remember that White
procedure is strictly a large-sample one, where we have only 14
observations for this case.
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Example White’s heteroscedasticity-consistent standard errors
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Example White’s heteroscedasticity-consistent standard errors

Ho : Homoscedasticity
Ha : Otherwise

White’s general test statistics is 6.0842.

With degree of freedom = 2, then critical value of χ2
2 at 5 percent

significant level is 5.9915.

The calculated χ2 > χ2
2. We reject null hypothesis: the White’s test

suggests that there is heteroscedasticity
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Example Breusch-Pagan Test
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Example Breusch-Pagan Test

Ho : Homoscedasticity
Ha : Otherwise

Breusch-Pagan’s general test statistics is 8.83.

With degree of freedom = 1, then critical value of χ2
2 at 5 percent

significant level is 3.8414.

The calculated χ2 > χ2
2. We reject null hypothesis: the Breusch-Pagan’s

test suggests that there is heteroscedasticity
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Source

Gujarati, D.N. (2009) Basic Econometrics. 5th ed. Singapore,
McGraw-Hill.
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