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4.5) System of simultaneous equations and Matrix approach to the
solution

A system of linear equations typically comprises of M equations and N
unknown. The N-unknown vector of “x” that satisfy all the M equations
simultaneously is called the solution of the system.

Our task is to solve for the N-unknown varaibles!
If exist, matrix procedure allows us to solve for the solution under any arbitrary

numbers of M and N. However, we would focus only the case when M =N. That
is, we concentrate on the just-identified system of equation.

Just-(exactly) identified system

System of linear equations: exact

identified system
N-Unknown variables
~

] T,

Equation1: A11X1 T Q12X + "+ QinXy = dl
Equationz. 121X1 + Ao2X2 + '+ AanXy = d2

EquatioaN: Apq1 X1 + QN2 Xy + '+ Ay Xy = dN

Solution to the N-unknown variables can be derived by two methods.
- An inverse matrix approach

- The Cramer’s rule
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4.5.1) Inverse matrix method

The system can be compactly written in the following matrix
representation

a1 a;2

an d .’ ;ﬁ
dz1 Q22 Tt Az 1 {n ! ?

: : E \tkw
Ayi1  An2z2 " AapnnN dpy ' mef S

A = matrix of coefficients that are associated with
unknown variables

d = matrix of coefficients that are independent of
unknown variables

x =vector of unknown variables
= enaogenous variables &ongmfd’
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To obtain the solution, pre-multiply A with an inverse of A.
A Y Ax = A4
By the definition of inverse matrix A, it must be the case that

A-IA@ = dumels fd.m')i‘f'b-

As a result, we yield that m-h' 1 ¢
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inding the inverse of A: T
e YA \cof can ]
L.,

~ det(A)

where adjoint of A, i.e. adj(A), is an n x n matrix transpose of the matrix whose

entries are each corresponding cofactor. ,
cok (A) D Gof(i5))

I*)
w d to understand bef hat minor is. - g
e need to understand before w aﬂls =.< l) . N|§

What is the cofactor matrix?
e L e

Minor

M;; is the subdeterminant from deleting the i-th row and j-th column.

1+3
R C"‘F{‘;(A)‘C_l) ‘ M[s

‘*{ffi . ] = (1) (icamely)

Example 4.F
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, 24T
GF,, (A) =(-1Y. (a,C3-asc,)
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Cofactor matrix is the matrix whose correspondingly value for the i-th row
and j-th column is obtained by,

Cij = (D)™ M;;

Example 4.G: Find the cofactor and the adjoint of

_2 -1 3— C° ( - i
Bels 0 'FA) JQ@(A)

2 1 1

: 12 3]
Mu (A) = \T f\--*s Maz (A) - \3_5—IE-I‘?
Miz (A = lz ;5‘;_\3 Msz(A),
Miz(p) . l ° |, 2

l e

| 3 =
Mo (A) . l L = =4 en 2(-10°8 o5
Mae (A * ‘:? "4 ¢z (-11:137-3

= | a Clz = 3
M) [ Tl Co =4 C3°
Mgl(é‘)s. -| 2 - 5Cz1_ z -4 Cg;'
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Determinant

For N = 2, determinant of any square matrix A can be calculated by:

Ai1 Gip
A=|gr o] P detlA) = Al = as1az; — azra,

Example 4.H

A= 7 dakcar <lAl < (3)(8) -(2).(1)
= 182 =13

A=[§ 264] dl.'l'(A)='A-‘ Tt LW -68=0

Definition: A is said ttrix if det(A) = 0

Hheorem: /—-—-—__\

If A is a singular matrix, the just-identified system contains infinite number of
solution.

Uniwﬂ- < Al * o,
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Lapace expansion

To find the determinant of any square matrix A of order N (N>2), selectany row
(or column) of A and multiply each entry in the row (column) by its cofactor. The
sum of these products is defined to be the determinant of A and is called a
determinant of order n.

Tip!: Pick any row or column whose entry contains the most of zero.

@i
Example 4.1: Find the determinant and inverse matrix 5 4 ‘7

2 -1 3 - ' -12 -4 19
Pels o -5 9?'-"_‘_".515): 3 -9 3

2 1 1 Al 32

IDI c Sum 6_[_ +Hhe 18 redwt lsohwgen

EM+Y‘3'QS in anj (‘elec-!-d chum}row

ok
S\\l&-ﬁ-& gssolated Cofechy,

\tZwm\

lA\ = Q,) 'C°{z\ (A + Qqy C°‘F'u (4) +a21‘0
24\ \“l 3

R A 5

+ 0| l+€'5)(-13

= (3)("‘\) \
= 3¢-1) (-9) + O +E5)(-1)(4)

o
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4.5.2) Cramer’s rule

The linear system Ax = d has a solution given by Cramer’s formulas:

det(Al)

e R TR e '21,2, ,...,N
%= geta) ! .

where (i) x; are the unknowns of the system or the i-th entries of x, and

(ii) the matrix A; is obtained from A by replacing the i-th column by
the vectord.

-
Example 4.J: Find the solution using the Cramer’s rule /) #1 C'ol -

G)-0) e
11 1))y ]=]1].
12 3/\: 0 dn;\'(A)“

:nr.l" 3 o
3"-'6';"“'3 A dﬂi\'(A.q

2
.‘.\\* C\\C\)(“)'\‘(Z)Cn(
/ ,_X; + (o)(-1)(2)

+ + + - coYha) - ()

(1)

q ~
k.
© Kittichai Saelee; Version: Aug, 12t 2017 - 5- + 4 - q

Comments are welcomed. Please alert if typos caught. Do not circulate without author’s permission.



b= (Y0P




Semester 1/2017
4.3 Application examples

Note: Mapping the linear economic model in a matrix form

Example 4.K: Using the form Ax = d, write the following market model in the
matrix form.

- s & ;P tF

Qd=a-bP+cY clas He MQL

Qs =e+fP+gW

when a, b, ¢, e, f, g are parameters. Y = income and W = weather condition.

Q =a-bP¥+CY 7 ay.y
v

a =e+;P/‘f$w
@__{.b,o = a.-!-C&.

@-__}"P =e+jW

X
"5 Q\_/%
WGE ( 2k

)/’ Yo
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