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The Modigliani-Miller Theorem

The dividend stream of a tree is

governed by a 2-state Markov process.

Dividend takes either o,>0 or ¢,=0.
Furthermore, once dividends have
assumed the value zero, they remain

zero forever. (The tree has died and the

firm has been bankrupted)
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The Modigliani-Miller Theorem

 Hence, the dividend stream {d} follows a two-state
Markov chain with transition matrix

1—
P:|:p(.;l ( lpll):|> O<p11<19

where p, = prob{a’t+1 =0o;|d, = O'l.}
Thus, p,, is the probability that a living tree will be alive next period.

* Suppose that a tree represents firm (high risk firm). This
firm issues bonds (i.e. asset with fixed but low return) and

equities (i.e. asset of which returns depended on the
performance of the firm).
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The Modigliani-Miller Theorem

* A firmissues b units of bonds.
e Each bond pays r per period if (i.e., ris
market risk free interest rate)
rb <d;,
and pays r = d,,;/b per period if
rb > d,; (since this firm can pay no more
than d,,;)
* Equity pays (d,,;—rb) per period if rb <d,,;
and pays 0if rb 2d,,;
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The return from all equity
per period.

The return from all
bond per period.
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The Modigliani-Miller Theorem

The total value of bonds is

Bt = i J‘ rbqj (xt+j’xt)dxt+j T i .[ deqj (xt+j’xf)dx’+f

J=lyb<d,, .=x' J=lyb>d, . .=x'

t+j t+j

The total value of equities is

J‘ (dtﬂ.—l”b)qj (xt+j’xt)dxt+j (7)

et
rb<d,, ;=x

The total value of the firm is

S =

[Ms

J

Il
—_

d.,.=x'

t+j

B, +St = i I dt+jqj (xt+j’xt)dxt+j (8)
0

J=1

 The value of the firm is independent of the number
of bonds b outstanding and the coupon rater.

(6)
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The value of the firm depends on d,, and q (xt+],x ) because;

(a) for each j; assumes that

prob(d,, <d'|d,=d)= | f(s,d)ds=F(d'd)

O'—a%

where the state of the economy is (d,)=x,, so that

jf (s.d) ds_jq X, 0%, )dx,,,

hence, the conditional expectation in (8), the objective function of the
firm, is well defined with respect to the above transition probability.

(b) we know the law of motion of an the price of firm, p,. (since
p—h(d,) and we know the above transition probability)
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Government Debt and the

Ricardian Proposition

e g,;is per capita government expenditures at 1.
* Let{g,}, where g;<d,for all {, be a nonnegative

stochastic process.
e 1,is a lump-sum per capita taxes.

e {1} is a stochastic process expressible as a
function of x; at time t.

 The government issues one-period debt that is

state contingent.
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The government's budget constrant is

g =7 +[q(x,x)b(x)dr, ~b(x)  (9)
where b(x ) is the amount of (t—l—l) goods that the

r+1

government promises at t to deliver at (t—l—l)when the

economy 1s in state x,,

If the debt is risk free then b(x,,,)=b,, for all x,,

b
jQ(xz+laxz) m)dx t+qu X, I)dx ];H

1¢

t+1

Hence, Eq.(9) then becomes

bt+1 _b (10)

t
1¢

thTt-F
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Assume that d,is given by a Maarkov process with transition density \

f(dt+1’ t)

Assume that g,, d, are jointly described by a Markov process
with transition density h(g,,,.d,, 1g,.d,), where

‘g’
prob{dHlSd',ngSgWgt g,d, —d = Jh(zsgd)dsdz

Il ot—=

0
The state of the economy is now (gt, t) X,.

If we write (9) in the form

b(xt): T, (xt)_gt (xt)+Jq(xt+l’ t)b(xt+l)d‘xt+l’
0

and iterate to eliminate b(xm)

b(x =1 _gt+2j|: t+J t+J gt+J( f+J):|qj(xf+J’xf)dxf+J (11)

If all government debt is perfectly safe, (1 1) simplifies to

X
-1 i
where R, = J-qf (xHj,xt)dxHj 4/3/2020
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The social planning problem is to
max Eo{Y{Zo B*U(ct)}

st. ¢ <d —g,

The solutionis c¢,=d,—g,.

The equilibrium state— contingent prices are

6(](a’tﬂ — &4 )/d(dt+1 _gt+1)'

q(xt+19xt):ﬁ 'h(dHl?ng |dt9gt)

8U(dt—gt)/d(a’t—gt)
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Ricardian Proposition

 The equilibrium consumption stream and

state-contingent prices depend only on the

stochastic process for output d, and
government expenditure g,. They are both

independent of the stochastic process r, for

taxes.

 The choices of the time paitern of taxes and

government bond issues have no effect on
any relevant equilibrium price or quantity.
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Homework

Let R]_tl — ﬁ] fxt+j€Q qj(xt+j’ xt)dxt+j ’ ﬁ =1 ) J=1 52535---
f = discount rate

Hence Riy = fxt+1eﬂ q" (1, Xe)dXp4q -
Then, please show that,
j q° (Xp42, X)) dXp 47

Xt+2€0

= Jrrirea )

1 1
X X X X+ )dXs1dXx
Xt+2€Q xt+1eﬂq (Ket2 Xe41)q” (Kegn, Xe)AX 410X
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