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Chapter 8 Eigenvalues and Eigenvectors

The eigenvalues and eigenvectors are essential in
illuminating certain characteristics of a matrix in the
analysis of linear dynamic systems, control theory and
numerical analysis and computation. They can show if a
square matrix is full rank, or if a dynamic system will
converge to an equilibrium. In control theory, they
determined if a state can be attained within a finite number
of steps.

Definition 8.1 Let A be a square matrix in R™". An
eigenvector of A is a nonzero vector e where,

Ae = le. (8.1)

That is, the multiplication of A by e results in the same
vector e multiplied by a scalar 4, called eigenvalue.

8.1 Characteristic Polynomial and Characteristic Roots
From equation (8.1), we can write,

Ae—le=0
(A—2De =0,

where I is an n X n identity matrix.

The eigenvector e is just a nonzero solution to the
homogeneous system of linear equations with the
coefficient matrix A — AI, which is the matrix A with its
diagonal elements subtracted by some scalar 4. By
Corollary 4.4, for the nonzero solution e to exist, the matrix
A — I has to be singular. Thus, the eigenvalue A has to be
some constant such that,

|A — Il = 0. (8.2)

For an n X n matrix A, the determinant |A — AI| is
a polynomial function of order n of the unknown A. A root
of the polynomial function is the value of A which makes
the polynomial function vanish to zero. There will be n
possible roots, not necessarily distinct or real. This
polynomial function is called characteristic polynomial
function, and its roots characteristic roots.

Example Let A be a 2 X 2 matrix, where

A= [an a12]_

a1 QA
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The characteristic polynomial is

IA—2lI| = a;; — 4 a2
az, ayy — A
= (a;; —MD(azg — 1) —azia;;
=% — (a1 + az)A + (a11a2,—0a31043).

There are two possible roots of the polynomial,
which are the values of A that satisfy the equation

%= (a1 + azx)A + (a11a2—az1a43) = 0.

Example The characteristic polynomial of the matrix

[é ;] is given by

A2—-31-4=0
1A-4H2+1)=0
A=-14.
The two eigenvalues of the matrix are 4; = —1and 1, =

4.

Problem Find a matrix whose characteristic roots
are not distinct. Can you find a matrix whose
characteristic roots are complex numbers?

Once the -eigenvalues are determined, the
eigenvector associated with each of the eigenvalues can be
found by subtracting that eigenvalue from the diagonal
elements of A and solve the resulting homogeneous system
of linear equations.

Example Continuing with the previous example, for 4; =
—1 the homogeneous system of linear equations are given
by,

S l=6 e = G

One of the nonzero solutions is e; =1 and e, =
—1. The eigenvector associated with this eigenvalue 4; =

—1isthuse; = [_11]

For A, = 4, the homogeneous system of linear
equations are,
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: _3/12 2 —2,12] [Zﬂ - [_33 —22] [2] - [8]
and similarly, the eigenvector is e, = [ 1?5].

Observe that, the columns of the matrix A — Al are
necessarily linearly dependent, because the eigenvalues A
are obtained from specifying that |A — AI| = 0. Thus the
columns of A — Al are linearly dependent and there are
nontrivial solutions to the system (A — Al)e = 0.

Note also that if e is an eigenvector, then so is any
multiple of the vector e. Thatis, if Ae = le,soisd,ifd =
ce, for any nonzero scalar c. Thus, associated with each
eigenvalue, there are infinite number of eigenvectors each
being a multiple of others.

Problem Let A4,4;,...,4, be eigenvalues and
e;, e,, ..., e, be eigenvectors of a matrix A. If B =

0.5A, what are the eigenvalues and eigenvectors of
B?

Theorem 8.1 A matrix A € R™" is singular if, and only
if, A = 0 is one of its eigenvalues.

Proof If 1 = 0is a root to the polynomial |A — AI| = 0,
then

IA— A1 =|A—0I| = |A| = 0.0

We can thus state a summarizing corollary as
follows.

Corollary 8.1 Let A be a matrix in R™*". The following
statements are equivalent.

All the eigenvalues of A are nonzero.
Row(A) = Col(A) = R"

dim(Row(A)) = dim(Col(A)) =n

The columns of A are a basis of R".

The rows of A are a basis of R".

The columns of A are linearly independent.
The rows of A are linearly independent.
A1 exists.

9. |A| # 0, i.e., A is nonsingular.

10. rank A = rank AT = n.

11. Ax = b has a unique solution for any given
vector b € R".

PN R D=
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Proof Exercise.ld

Problem State a summarizing corollary similar to
Corollary 8.1 when A has at least one zero
eigenvalue.

Problem Leon [1994], page 290, #2,4, 6-9,16, 25.

2. Show that the eigenvalues of a triangular matrix
are the diagonal elements of the matrix.

4. Let A be a nonsingular matrix and let A be an
eigenvalue of A. Show that% is an eigenvalue
of A1,

6. An n X n matrix A is said to be idempotent if
A? = A. Show that the eigenvalues of the matrix
A must be either O or 1.

8. Let A be an n X n matrix and let B = A — al for
some scalar «. How do the eigenvalues of A and
B compare? Explain.

9. Show that A and AT have the same eigenvalues.
Do they necessarily have the same eigenvectors?
Explain.

16. Let A be an n X n matrix. Show that a vector x
in R™ is an eigenvector of A if and only if the
subspace § of R"™ spanned by x and Ax has
dimension 1.

25. Let A and B be n X n matrices. Show that:

a. If A is a nonzero eigenvalue of AB, then
it is also an eigenvalue of BA.

b. If A = 0 is an eigenvalue of AB, then 1 =
0 is also an eigenvalue of BA.

Problem Fraleigh & Beauregard [1995], page

301, #23, 25, 35.

23. Mark each of the following True or False and
justify your answer.

a) There can be only one eigenvalue
associated with an eigenvector.

b) There can be only one eigenvector
associated with an eigenvalue.

¢) If v is an eigenvector of a matrix A, then
v is an eigenvector of A + cI for all scalars c.

d) If A is an eigenvalue of a matrix A, then 4
is an eigenvalue of for all scalars c.

e) If v is an eigenvector of an invertible
matrix A, then cv is an eigenvector of A~ for all
nonzero scalars c.

25. Prove that if A is a square matrix, then AAT and
ATA have the same eigenvalues.
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35. (Principle of biorthogonality) Let A be an
n X n real matrix. Let v be an eigenvector of A
with corresponding eigenvalue A, and let w be
an eigenvector of AT with corresponding
eigenvalue a. Prove that if A # «, then v and
w are perpendicular, i.e., wlv = 0. (Hint:
Compute wTAv in two ways, using
associativity of matrix multiplication).

Problem Show that an eigenvector of a square
matrix cannot be associated to two distinct
eigenvalues.

Problem LetV be a supspace of R", and 1 be an
eigenvalue of a matrix A in R™"™. Show that the
eigenspace, given by {X|x € V,Ax = Ax}, is a
subspace of V.

Problem Show thatif A is an eigenvalue of a matrix
A in R™™ with associated eigenvector e, then A* is
an eigenvalue of A¥ and has the same eigenvector
e.

8.2 Cayley-Hamilton Theorem

Theorem 8.2 (Cayley-Hamilton Theorem) Every square
matrix A in R™" satisfies its characteristic equation. That

is, if

p(A) = [A = A| = pp A" + pp_ A"+ -+ P A+ pg

then

=0

p(A) = ppA™ +pp_ A" + -+ p; A+ pol = 0.

Proof For any square matrix C, we can show the property
of the adjoint that |C|I = C- adj(C). For any scalar, not
necessarily such that p(1) = 0,

p(DI=|A — Al = (A—AD) - adj (A — AD)

The matrix adj (A — AI) is also a square matrix in R™",
and it can be shown inductively that each is a polynomial
function of A of order n — 1. That is, we can write

adj (A—AI) =B,_ A" 1+ B,,_,A" %2 + -+ B;1+ B,,

where B; is a matrix of coefficients of A%, and
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(A—AD adj (A—AD)
= (A= ADB A" T+ By A" 2+ -
+ B;1 + By)
= AB,_ A" 1+ AB, A" % + ...
+ AB;1 + ABo
—(Bp_1 A" 4+ B A+
+ B;A% + ByA)

= —Bp 14"
+ (ABn—l_Bn—Z)/ln_1 + -
+ (ABI - Bo)ﬂ.

+AB,
= P + pp IV + -+ 1A + Py L

Since the last equality holds for any value of the scalar 4,
we have that all the matrices B,_;,AB,_; —
B,,_,, ...,AB; — B,, AB, must be diagonal (Why?), and

pnl = —B;_4 pnA" = —A"B,_4
Pn-1l = AB.n—l —Bu () pp AV = An_l.Bn—1 —A"'B,_,
p.l= A:B1 — By p1A = AZ:Bl — AB,
pol = AB,
Thus,

P(A) = ppA™ + pp_1 A" + -+ p1A + pol
= _Aan_1 + (An_an_l - An_an_Z) + .-
+ (A2B1 - ABo) + ABO
=0

This completes the proof.4d

Definition 8.2 Let A and B be matrices in| =~ |. The
matrices A and B are similar if B =S 'AS, for some
nonsingular matrix S.

Theorem 8.3 If matrices A and B are similar, then they

have the same characteristic polynomial, and thus have the
same eigenvalues.

Proof Exercise.ld

Problem If matrices A and B are similar, do they
have the same eigenvectors?

Problem Leon [1994], page 292, #18, 19.
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18. Let x4,X,,...X, be eigenvectors of an n X n
matrix A and let S be the subspace of spanned
by X4, X5, ...X,~. Show that § is invariant under
A (i.e., show that Ax € § whenever x € §).

19. Let B = S71AS and let x be an eigenvector of

B belonging to an eigenvalue 4. Show that Sx is
an eigenvector of A belonging to A.

Problem Johnson, Riess & Arnold [1998], page
286, #27. Suppose that B is similar to A. Show
each of the following.
a. B + al is similar to A + «al.
b. BT is similar to AT,
c. If A is nonsingular, then B is nonsingular
and, moreover, B~ is similar to A™?.

8.3 Distinct Eigenvalues and Linear Independence of
Eigenvectors

The next theorem states that the eigenvectors
corresponding to distinct eigenvalues are linearly
independent.

Theorem 8.4 Let A4, 1,, ..., 4, be distinct eigenvalues of
an nXn matrix A. The eigenvectors ey, e,,...,ex
corresponding to these distinct eigenvalues are linearly
independent.

Proof Suppose that the eigenvectors e;, e, ..., e, are
linearly dependent. Then, there exists a minimum number
h vectors out of k vectors ey, e,, ..., e, that are linearly
dependent. (Why?) We can assume without loss of
generality that these h vectors are eq, e,, ..., €y, and write

C161 + Czez + -+ Ch eh_ = 0,

for some nonzero constants c4, ¢, ..., ¢y. By multiplying
this equality by the matrix A,

A(c,e; +ce5+ -+ ¢ €p)
= c,Ae; + c,Ae;, + -+ ¢p, Aey,
=c e +cA,e, + -0
+ ¢, Apen, = 0.

However, if we multiply c;e; + c,e, + -+ ¢, e, = 0, by
A4 and subtract it from the last equality we have,

cz(Az—A1)e; + -+ cp (A—21)e, =0
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Thus, the h — 1 eigenvectors are linearly dependent since
all eigenvalues A;,4,, ..., 4, are assumed to be distinct.
This is a contradiction and we can conclude that
e, e,, ..., e, are linearly independent.Ud

Problem Redo the proof of the previous theorem
by induction.

Solution For any given square matrix A in R™*", if
we consider only one eigenvector, it must be
linearly independent because eigenvectors are
nonzero. We can now assume the induction
hypothesis for the case of k that the eigenvectors
e, e,, ..., e, corresponding to distinct eigenvalues
A, Ay, .., A are linearly independent. Then we
have to show for the case of k + 1. We have to
show that for any linear combination,

c1€; + € + -+ Cppq €441 =0,
(8.3)

implies that ¢c; = ¢, =+ =¢,y;1 =0. We can
assume without loss of generality that A,,; # 0.
(Why?) Multiplying the linear combination (8.3) by
the eigenvalue A;,, and the matrix A respectively,
we have

CiAk1€1 + CoAgy1€n + o+ Cpp1dps1 €441 = 0,
(8.4)

and

A(cie; + € + -+ Cyq €py1)
= ey + A€y + o+ Crpadpss €41 0.
(8.5)

Subtracting (8.4) from (8.5), we obtain a linear
combination of just the first k& eigenvectors
e, e, .., e,as

c1(A—Ags1)e; + ca(A—Api1)e; + -
+ ¢k (A—Ag+1)€, =0

Since all the eigenvalues are distinct and by the
induction hypothesis, we can conclude that the
coefficients ¢; = ¢, = - = ¢, =0, and then the
only possibility that the linear combination c;e; +
Cy€y + 4+ Cryq1 €41 = 0, 1s that ¢ ; = 0 as the
eigenvector ey, is by definition nonzero.d
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Problem Would Theorem 8.4 still hold true if one
of the eigenvalues is zero?

Problem If the eigenvectors eq, e,,..., e, are
linearly independent, is it true that their
corresponding eigenvalues A4,4,, ..., 4, must be
distinct?

If the eigenvalues are distinct and nonzero, we also
have additional result as stated in the following problem.

Problem Let A;,4,,...,4; be nonzero distinct
eigenvalues of an n X n matrix A. Show that
Ae,, Ae,, ..., Ae, are linearly independent, where
e, e,, ..., e, are the corresponding eigenvectors of
A, gy ey A

By Theorem 8.4, we can decompose a square matrix
into a product of matrices if the eigenvalues 44, 1,, ..., 4,
are distinct. This immensely facilitates matrix
computations and has many theoretical implications. The
decomposition when A4, 4,, ..., 4, are not distinct is also
possible but is more complicated and will not be discussed
here.  See Strang [1976], Linear Algebra and Its
Applications, for the decomposition when eigenvalues are
repeated, and Noble & Daniel [1977], Applied Linear
Algebra, for many other kinds of decompositions.

8.4 Matrix Diagonalization and Decomposition
Theorem 8.5 Let A be a matrix in R™™ with distinct

eigenvalues A4,4,,...,4,, and eigenvectors e, e,,..., e, .
Then,

a) AP =PA, where P=[e; e, - €] and
A is a diagonal matrix whose diagonal elements
are A4,4,, ..., 4,.
b) PTIAP =A
c) A=PAP L.
Proof (a)
AP =Ale; e - €]
= [Ae; Ae, - Ae,]
= [he; A6y - Aneq]
= PA.

b. Since A4, 4, ..., 4, are distinct, the vectors e;, e,, ..., e,
are linearly independent and P! exists.
Premultiplying AP = PA by P~1, we have P"1AP =
A.
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(¢) Postmultiplying AP = PA by P71, we have A =
PAP~1.00

Note that the matrices A and A are similar.

Example The matrix A = [é ;] has A, = —1and 1, =
4 as eigenvalues with associated eigenvectors e; = [_11]

and e, = [ 115], respectively. Then,

1

3/5 -2/5
-~ 12/5 2/5
have as expected

3/5 —2/5
] [z§5 2//5] ][11 15]
= PAPL.

and P71 = ] According to Theorem 8.5, we

Corollary 8.2 With the same assumptions as in Theorem
8.5 above, |A| = |A].

Proof By the property of the determinant of product of
matrices stated in Theorem 4.4,

|A| = [PAP~*| = [P||A|[P7Y| = |A]

Problem Define the trace of matrix A as trA =
*,a;. Show that trAB = trBA, and use it to
show that trA = trA = Y-, 4;

Problem Show that A¥ = PAKP~1,

Problem Let A4,4;,...,4, be eigenvalues and
e, €e,, ..., e, be cigenvectors of a matrix A € R™*™,
What are the eigenvalues and eigenvectors of A% +
3A-T7I?

Problem If a matrix A can be diagonalized by a
matrix P, how can A~ be diagonalized? How

about AT?

Problem Leon [1994], page 318, #6, 10, 17, 18.
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6. Let A be a diagonalizable matrix whose
eigenvalues are all either 1 or —1. Show that
Al=A

10. Let A be an n X n matrix with positive real
eigenvalues 4; > 4, > - > 4, > 0. Let x; be
an eigenvector belonging to 4; for each i and let
X = a1X1 + AXy + 0+ Xy,

a. Show that A™x = Y\, a;A"X;.
b. If 4, =1, show that lim A™x =
m—oo
X .

17. Let A be a diagonalizable n X n matrix. Prove
that if B is any matrix that is similar to A, then
B is diagonalizable.

18. Show that if A and B are two n X n matrices
that both have the same diagonalizing matrix X,
then .

Problem Fraleigh & Beauregard [1995], page
315, #13, 16, 22.
13. Mark each of the following True or False.
a) Every matrix is diagonalizable.
b) If an n X n matrix has n distinct real
eigenvalues, it is diagonalizable.
d) Ann X n matrix is diagonalizable if and
only if it has n distinct eigenvalues.
f) Every invertible matrix is diagonalizable.
g) Every triangular matrix is diagonalizable.
i) If an n X n matrix A is diagonalizable,
there is a unique diagonal matrix D that is similar to

A.
j) If A and B are similar square matrices,
then |A| = |B].

16. Let P, Q, and R be n X n matrices. Recall that
P is similar to Q if there exists and invertible
n X n matrix C such that C"'PC = Q. This
exercise shows that similarity is an equivalence
relation.

a. (Reflexive) Show that P is similar to
itself.

b. (Symmetric) Show that, if P is similar to
Q, then Q is similar to P.

c. (Transitive) Show that, if P is similar to
Q and Q is similar to R, then P is similar
to R.

22. Let A and C be n X n matrices, and let C be

invertible. Prove that, if v is an eigenvector of
A with corresponding eigenvalue A, then C™1v
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is an eigenvector of C !AC with the
corresponding eigenvalue A.

8.5 Applications of Eigenvalues and Eigenvectors in
Dynamic Systems

The following examples show the applications
eigenvalues and eigenvectors in dynamic systems when
eigenvalues are distinct, and so the above diagonalization is
possible.

8.5.1 Application 1: Homogeneous System of Linear
Difference Equations.

Let the state of a system at time k be represented by
a vector X(k). The state of the system at time x(k + 1) is
given by,

x(k + 1) = Ax(k)

where A is a n X n matrix of coefficients. This is a
homogeneous system of linear difference equations where
the state at time k + 1 is determined by the state at time k.

If the state at time 0 is x(0), the state at time k is
just x(k) = A*x(0). This is the solution of the difference
equation X(k + 1) = Ax(k) as can now be written only as
a function of k and the starting state x(0), and not a
function of state vector at any other time.

Problem If the system happens to start at x(0)
being one of the eigenvectors, what will the state
vector X(k) be at any other time k after that? What
if the eigenvalue associated to the eigenvector that
is the starting x(0) equals to one?

If the matrix A can be diagonalized by A = PAP ™1,
where columns of P are eigenvectors eq,e,,...,e,
associated with distinct eigenvalues A4,4,,...,4, , the
computation of the matrix A* can be simplified to, Ak =
PA*P~1. When k is large, this simplification of the matrix
A is much easier to compute as the matrix A* is still
diagonal with each diagonal element being an eigenvalue to
the power k.

The dynamic system can be simplified by the
defining another state variable z(k), where

z(k) = P~ 1x(k),
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and then

x(k) = A*x(0)
P~1x(k) = P"1A¥x(0)
— P-1(PAKP-1)x(0)
= A*P~1x(0)
z(k) = A*z(0).

Thus we can compute z(k) easily as a collection of n
independent first-order homogeneous difference equations
Z(k + 1) = Az(k), and once we have z(k), we can convert
it back to x(k) by the linear relation, x(k) = Pz(k). We
can then write , x(k) as a linear combination of
eigenvectors as follows:

x(k) =Pz(k) =[e1 e - en]A*z(0)
/1’1621(0)
— [e1 ez ves en] /1’2(Z2(0)
22,,(0)

= /1’1(Z1(0)el + AIZCZZ (0)62 + oo+ ﬂ’flzn(O)en.

Definition 8.3 The cigenvalue A is dominant if |A| =
1max{|/1i |}. The eigenvector corresponding to the dominant
sSisn

eigenvalue is called the dominant eigenvector.

We can now make the following conclusions about
the behavior of the system
x(k + 1) = Ax(k) when k approaches infinity. This is the
question whether the system possesses an equilibrium
point.

Definition 8.4 An equilibrium point X of a difference
equation is a point that once x(k) = X, then for all i > k,
x(i) =X.

Example Every homogeneous system of linear difference
equations has X = 0 as an equilibrium point.

Theorem 8.6 For the homogeneous difference equation
x(k +1) = Ax(k) , the dominant eigenvalue and its
eigenvector of the matrix A determine the behavior of the
state vector as time k approaches infinity as follows:

a. The system x(k + 1) = Ax(k) diverges if, and
only if, the absolute value of the dominant
eigenvalue is greater than one. That is, there is
no equilibrium point.
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b. The system x(k + 1) = Ax(k) converges to
zero vector if, and only if, the absolute value of
the dominant eigenvalue is less than one. That
is, the equilibrium point is X = 0.

c. The system x(k + 1) = Ax(k) converges to a
nonzero vector for any X if, and only if, the
value of the dominant eigenvalue is equal to
one. This nonzero vector X is just the dominant
eigenvector.

d. If the dominant eigenvalue is positive, the state
vector X(k) will converge assymptotically to a
multiple of the dominant eigenvector.

e. If the dominant eigenvalue is negative, X(k)
will oscillate between the positive and negative
of a multiple of the dominant eigenvector.

Proof Part (a) and (b) follow directly from
X(k) = /1’1(Z1(0)el + AIZCZZ (0)62 + oo+ ﬂ’flzn(O)en.

Assume that A, is dominant and divide both sides of this
equation by A¥, we have

W= (2) w0e+(3) m0e +-
¢ (1) nae
= 7,(0)e; + (ﬁ—) 2(0)e; + -+ (j—) Za(0)es,

and part (c), (d) and (e) follow.Ud

Problem Show that if the initial state x(0) = x is
an eigenvector corresponding with an eigenvalue 4,
the state of the system will always be X, multiplied
by a constant. What is this constant? What if
eigenvalue of this eigenvector is 1?

Problem Fraleigh & Beauregard [1995], page
318, Fibonacci Sequence, page 325, #1-5.
1. Let the sequence a,, a;, a,, ... be given by ay =

Ap—1+ag—
0,a, =1, and q; =%,fork22.

a. Find the matrix A that can be used to
generate this sequence as x(k + 1) =
Ax(k) to generate the Fibonacci
sequence.

b. Classify this generation process as stable,
neutrally stable, or unstable.
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c. Compute the expression A¥x, as a linear

combination of eigenvectors of A for

a
Xy = [a(l)] of this process. Check

computations with the first few terms of
the sequence.

d. Use the answer to part (c) to estimate a;
for large k.

2. Repeat Exercise 1 if a, = ai_4 —13—6ak_2 for
k=2

3. Repeat Exercise 1 but change the initial data to
ap=1,a, =0.

4. Repeat Exercise 1 if g, = %ak_l +%ak_2 for
k>=2.

5. Repeat Exercise 1 if ap = a;_4 +%ak_2 for
k=2

Problem Leon [1994], page 319, #19.

19. The city of Mawtookit maintains a constant
population of 300,000 people from year to year.
A political science study estimated that there
were 150,000 independents, 90,000 Democrats,
and 60,000 Republicans in the town. It was also
estimated that each year 20 percent of the
independents become Democrats and 10
percent become Republicans. Similarly 20
percent of the democrats become independents
and 10 percent become Republicans, while 10
percent of the Republicans defect to the
Democrats and 10 percent become
independents each year. Let

150,000
Xo = [90,000]

60,000

and let x(1) be a vector representing the number of
people in each group after 1 year.
a. Find a matrix A such that Ax, = x(1).
b. Show that 4, =1, 4, = 0.5, and 43 =
0.7 are the eigenvalues of A and factor A
into a product PAP™! = A, where A is
diagonal.
c. Which group will dominate in the long
run? Justify your answer by computing
lim Akx,.

k—co

86



Thanet Makjamroen Chapter 8
31/7/2021 Eigenvalues and
Eigenvectors

8.5.2 Application 2: Nonhomogeneous System of Linear
Difference Equations

The state of the system at time k + 1 is now given
by

x(k+1)=x(k)+b

where A is a square matrix and b is a nonzero vector. Then
the solution of the difference equation is given by

x(k) = A*x(0) + (A*"1 + A¥"2 + ...+ A+ Db

That is, the solution of the nonhomogeneous system
also contains the solution of the homogeneous one.

Theorem 8.7 If the system x(k + 1) = x(k) + b has an
equilibrium point X for a given b € R™, then b is in the
column space of the matrix I — A.

Proof By the definition of the equilibrium point, X = AX +
b and thus (I - A)X=b. 4

That is, if the vector b is not in the column space of
I — A, the system x(k + 1) = x(k) + b has no equilibrium
point.

Corollary 8.3 The difference equation x(k + 1) = x(k) +
b has an equilibrium point for any b € R™ if, and only if]
no eigenvalue of the matrix A is equal to 1.

Proof Left as an exercise.ld

Even when the equilibrium point exists, there is no
guarantee that starting from any x(0) we will eventually
attain the state X. This is the stability question of the
equilibrium.

Definition 8.5 The equilibrium point X is stable if x(k)
approaches X as time k approaches infinity, for any given
starting point x(0).

Theorem 8.8 Let X be the equilibrium point of
x(k + 1) = x(k) + b. The equilibrium point X is stable if,
and only if, the absolute value of the dominant eigenvalue
is less than one.

Proof Let y(k) = x(k) — X, the difference of the state
vector to its equilibrium. Then,
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ytk+1) =x(k+1)—X
= Ax(k) + b — (AX+Db)
= Ax(k) — %)
= Ay (k).

That is, y(k) is the state vector of a homogeneous
difference equation with the same coefficient matrix A.
Thus, x(k) — X if, and only if, y(k) = 0. From Theorem
8.6 (b), the homogeneous difference equation y(k + 1) =
Ay (k) vanishes to 0 as k — oo if, and only if, the absolute
value of the dominant eigenvalue is less than one.U

To illustrate more clearly that x(k) — X for any
starting point x(0) when the absolute value of eigenvalue is
less than one, recall that since

x(k) = A*x(0) + (A*"t + A*¥2 + ...+ A + )b,

as k — oo, A¥ vanishes and x(k) - (...+ A* + A+ Db. It
can be shown that

(.tA2+A+Db=10-A)"p
and is left as an exercise.

Problem Ify(k) = x(k) — X, show that A¥y(0) +
X is a solution of the difference equation x(k +
1) =x(k) +b. That is, the solution of the
nonhomogeneous system can be written as a sum of
the solution of the homogeneous system y(k +
1) = Ay(k) and the equilibrium point X.

8.5.3 Application 3 Dynamics of Left and Right
Eigenvectors

Definition 8.6 Let A be a matrix in R™" with eigenvalues
A, Ay, ., A, and eigenvectors eq, e,, ..., €, . These
eigenvectors are called right eigenvectors of A because
Ae; = A;e; and e; is on the right of matrix A. A row vector

f; is called left eigenvectors associated with eigenvalue A;
of A lfflA = /11' fi'

Theorem 8.9 Let e; be the right eigenvector associated
with eigenvalue 4; and f; be the left eigenvector associated
with eigenvalue 4; of a given matrix A. If A; # 4;, then f;
and e; are orthogonal.
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Proof Since e; and f; are right and left eigenvectors of A,
Ae; = Aje; and f;A = A; f; . Premultiplying the first
equality by f; and postmultiplying the second equality by
e;, we have f;Ae; = f;A;e; = f;A;e;. Because 4; # 4;,
(/11- — Aj)fiej = 0 implies that f;e; = 0 as required.U

Let A be a matrix in R™" with distinct eigenvalues
A, Ay, .., A, and eigenvectors eq, e,, ...,e,. Then, P =
[e1 e -+ e,]is nonsingular and exists and PA =

151
AP~! . That is, the rows of P71 = lle are the left
fn

eigenvectors of A.

From the diagonalization of the difference equation
in Section 8.5.1 , we have

x(k) = A¥x(0)
= PA*P~1x(0)
= PA*z(0)
= A*P~1x(0)
= A*z,(0)e; + 1%z,(0)e, + -+ Ak z, (0)e,,.

That is, the state variable x(k) is a linear combination of
the right eigenvectors. Also, since we define z(k) =
P~1x(k), we have

>
f, o
z(k) = P~ 1x(k) = fz x(k) = Zlfzjxj(k)
f, "
> Fu
nio]
_ |z
2a ()

Therefore, each variable z;(k) that is governed by
independent first-order difference equations z(k) =
A¥z(0) can be viewed as a linear combination of the state
variables x, (k), x5 (k), ..., x, (k).
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This dynamics of the right and left eigenvectors can
be demonstrated by the following simple homogeneous
difference equation.

Example A Simple Migration Model. See Luenberger
[1979], Introduction to Dynamic Systems: Theory, Models,
and Applications, Section 5.5, page 144-147. A population
can be divided into those in rural and urban areas. Let

a = rate of growth of population in both segments, a
> 1

r(k) = rural population at time k

u(k) = urban population at time k

Thus, the total population at time k is given by r(k) +
u(k). Assume that y is ideal proportion of total population
to be in the rural area. The difference of the actual rural
population and this ideal rural population (k) — y(r(k) +
u(k) will determine the migration. That is

r(k+1) =r(k) = Blr(k) —y(r(k) +uk))]
u(k +1) = uk) + Blrk) —y (k) + u(k))]

where [ is the fraction of this difference to migrate away
from rural area. We will assume that f < a. We can write
the difference equation as

x(k +1) = Ax(k)
[« A gy o)
B —-y) a—pyliu(k)l

We can calculate the eigenvalues, right eigenvectors and
left eigenvectors as follows:

/11=0l,/12=0l—ﬁ,

€1= [1Zy]’e2 - [—11]
fi=01 1fb=[1-y -v]

where we normalize f;e; = 1 and f,e, = 1. We have,

A=;1Zy —11][8 agﬁ][liy —11’]

Ak::1ZV —11“05( (a—oﬁ)"][liy —1)/]

| va® (a—ﬁ)"“ 1 1]
T la=-pak —(@-pr|ll-v -v
ya* + (1 —y)(a - Bk yak —y(a - B)¥

“la -y - -N@-pF A-pak+ya-pr

90



Thanet Makjamroen Chapter 8
31/7/2021 Eigenvalues and
Eigenvectors

The solution of this difference solution is thus given by,

- w50 - w0

| re*+@-v-pF ya —y(a - p)* l [r(O)
(1-p)a* - A -pa-p* A-pa*+yla-p* u(O)

(vak + (1 =)@ = BIr() + (ya* —y(a - {)u(0)
_«1—wa-—u—yxa—ﬂwym)+«1—wa-+ﬂa—ﬁ))m®]
[ @ (0) +u(0)yak + (a = BY*((1 = 1)r(0) — yu(0))
|(r(0) +u(0))(1 = V)a* + (@ = (=1 = Ir(0) + yu(0)]

We have
20 =tx© =11 1 0]=r© +u©

= Total population at time 0.

=t -1~y [ ]

=71(0) = y(r(0) + u(0))
= Net rural population imbalance over ideal rural population at time 0.

We have the following conclusions:
1) The solution x(k) can then be written as
x(k) = 2§z,(0)e; + A52,(0)e,
= a4z [; ]+ @-prao| ]
-1 —y , N
_ k
= a*(r(0) +u(®)|; -] 1
+(@= B (0 -y @ +u@) | |
2) Since @ > f > 0, the system x(k) is dominated by the

eigenvector e; = [1 Z y] as Ay =a>A, =a—pL. The

system x(k) does not converge such that x(k) - 0
because 4, = a > 1.

3) If we allow 8 > a, then x(k) will oscillate. The system
x(k) is still dominated by the eigenvector e; = [1 Zy] if
|42 = la — Bl < 0.

Example Markov Chains.

Problem Johnson, Riess & Arnold [1998], page
299, #23, 25.
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23. LetB = [bij] be an n X n matrix. Matrix B is
called a stochastic matrix if B contains only
nonnegative entries and b;; + b;y + -+ by, =
1,i=12,.,n. Show that A=1 is an
eigenvalue of B.
25. Let B be a stochastic matrix, and let A be any
cigenvalue of B. Show that |[A| <1. For
simplicity, assume that A is real.

8.6 Eigenvalues and Eigenvectors of Symmetric Matrix

One sufficient condition to guarantee that the
eigenvalues are real is that the matrix A is symmetric. This
will also make the inverse of the matrix P equal to its
transpose, i.e., P is orthogonal.

Theorem 8.10 (Theorem 23.16, Simon & Blume [1994])
Let A be a symmetric matrix in R™*™. Then,

a) All n eigenvalues of A are real.

b) Eigenvectors e; and e; corresponding to
distinct eigenvalues A; and A; , A; # 4;, are
orthogonal , i.e., elTej = 0.

c) Even if A has repeated eigenvalues, there is a
orthogonal matrix P whose columns are
eigenvectors of A such that,

I. The columns of P are mutually
orthogonal to each other.

II. P'=PT and

III. PTAP = A

Proof See Simon & Blume [1994], pages 621-623 and
Exercise 23.41. See also Johnson, Riess & Arnold [1998],
Section 3.6, pages 263-272.1

This diagonalization of a symmetric matrix is called
the Schur decomposition.

Definition 8.7 A matrix P is an orthogonal matrix if
P~1 = P7, or equivalently, PTP = 1.

Problem Show that the determinant of any

orthogonal matrix is either 1 or 0.

Problem Show that any k vectors that are mutually

orthogonal are linearly independent.

Problem Johnson, Riess & Arnold [1998], page

286, #29, 30.

29. Letu be a vector in R™ such that uTu = 1.
Let Q=1—2uu’. Show that Q is an
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orthogonal matrix. Also, calculate the vector
Qu. Is u an eigenvector for Q?

30. Suppose that A and B are orthogonal n X n
matrices. Show that AB is an orthogonal
matrix.
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