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4 Testing Hypotheses about a Single Linear Combination of the
Parameter

Consider

log(wage) = &0 + &1jc+ &2univ + &3 exp er + u

where jc = number of years attending a two-year college
univ = number of years at a four-year college
exp er = months in the workforce.
We want to test whether &1 = &2:

-

g
junior college

← if the returns from 1 more year of education at a Junior college
is the same as that of the university

Ho : pi -- D2 e Ho : pi - pl :O

against
Ha : pi 't pl → Ha : pi - pl to

we compute this t - statistic
ztailedtest t -

- C pin - pi ) - O
£

and compare with the critical
-

value
fat

,
fl 2- I d. e ( pi , - plz )

qwhere i. e. ( pi -pit : transition
mi

area . significant
math:"ra"iinishtulateifvarpirwarpihouppizi

/ 2 6
#_

y, z
we use a variable transformation trick

4. air iron
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another possible hypothesis test (one-tailed alternative)

5 Computing p-Values for t-Tests

# What is the signiÖcance level given the computed t-statistics?

# p-value : P (!T ! > !t!)

Ho : pi : P2 t Ho : pi - D2
-

- O

Ha : pi e pi e Ha : pi - pi so

It is assumed that pi would not be more than P2 ( returns to a 2 - year college would never be more than returns to

university education )
t : c pi - pit - o

fat s.e.lpi.PT

Then
, go to the extra note .

A
d-
area -

- sig . level Y w
'

f y
-

g-I got

f-( t )

"

in:: :c::iii.in: :::'ve÷
t -- pg - p j fl -4
-

d. e. PI
z - tailed

a
rejecty€¥q total gang

from 2

-
t

tf tf k I computed t -- pi - pi
kept

T -- t - distributed random variable with d. f
.

i n - K - I

t -- computed t - statistic

p - value = probability that a random T value will be greater ( in the 11 term )
than our t in the Ho test

.



extra note to

consider the multiple regression model , assume MLR I -6 are satisfied . qjjvdggu
Y -

- pot pity -1 pint plots -14

You would like to test the Ho : pi - op z : I

step 2 Ha : otherwise is true

① write the t - statistic for testing Ho

t : lpi-sp
d. e. ( pi -spill

@ define on : pig - Spi e Ho : e , = I

Ha : Gi t i

t --f we need our regression to have 01 in it
. so

,
HA la or as estimation will automatically give

d. e. Hit on , and d. e. En(
n
.

. oh , opinow
, pi

or pi
= On -13 P2

substitution in the main regression and get
Y '

- pot lot to put it pztz -1133 to -14

= pot 01h to pull t pull -1 pits tu
-

- Pat Gill t P2 H2 to tilt pots tu
Now

,
the explanatory variables are going to be Xi , Nt Hi , and Xo

we can calculate t iE
f. e . # I



Inference : Hypothesis testing about
"

B
"

the true parameter

wage : pot poleduct pl experience -1 . . . t y

we want to test hypothesis about the true impact ( pl of each X variable leave , experience ) on the

dependent variable ( Y )

But we don't know what the true p are .
Ju

,
we use p

'

let tinnier ) and , s. e. Cpn ) to test the hypothesis.

nie mint
" 'iii. "pi

' "em :iii."no impact on ,
Pj

-

- I e n unit r in xj correspond to
-pi i unit r in Y

p : a hypothesized value
out

. p
-

- O or p : I etc

nfl 'll t - test A how ?

mj¥t then, - tar .

1-miseries0

Significant level : total area in the rejection region
f- Ctl

a suppose we calculate a t - statistic

# B÷p÷ : 2.06

-7
-

-pi o suppose we are testing
° t

-

- its i. e. pi tho ! Ppi; if 42 tailed
test

ass .
d. t . 100 fll ) area : le lo . 5 - o . 48031

-

- no. lat o p - valve : total shaded area

sie;gif¥¥qse → p - value

#. I -- lp'j
- 2.06 2.06 lil , pj

p - valve : significant level which we will reject the Ho or prod that we will reject Ho

p- value a significant level ; reject Ho
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Example 1: H0 : &j & 0; Ha : &j < 0; d.f.= 140:

suppose the calculated t/̂j = $2:75

# From the z-table, the value -2.75 corresponds to area = _ _ _ _ _ _ _ _ _ _ _
_.

# Thus, p-value = _ _ _ _ _ _ _ _ _ _.

# Would we reject H0 if we use the signiÖcance level = 5%?

Example 2: H0 : &j = aj; Ha : &j (= aj; d.f.= 18:

suppose the calculated t/̂j = $2:18

# From the t-table, the value -2.18 corresponds to area = _ _ _ _ _ _ _ _ _ _ _
_.

# Thus, p-value = _ _ _ _ _ _ _ _ _ _.

# Would we reject H0 if we use the signiÖcance level = 5%?

6 ConÖdence Intervals (CI)

# ConÖdence Intervales for the POPULATION PARAMETER (&j)

# A 95% CI of &j is given by

⑧ → z - table

rejection fl 'll ,fC7 ) p-value - what should be the significant level , given the

f : -2.75 critical value of -2.75

0.5-0.497=0.000#¥X → finatneuhaaeaarea !

1-I ,Z
0.05

O

• 700 Bt Ttp; : pj-pj
" reject

" d. e. Cpj )
0.00J

hotel 0.000

⑦ ④ i. Hailed

①⑦ '

il tailed
yes

,
this case is a " rule

"

we reject Hoifp - value cholent

wi
HH

→ reject Inset- tablen'

.

-1

At

0.02-100.05

is between 0.02-0.05

Yes
, reject Ho because the area is less than 0.05 Orp- valves 0.05

-

Lathe range of values that-www.cupturethetruepjatais-riohancecz-pj-tbxs.e.lpj)
I

nflt )
Cis -the Dms. percentile in the t-distribution

'ahhh'm
within -mat .

I
l

rn , Rrr .
-I
4-air.LI#y2.5-fC:lU0-2-5:97.j
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Example 1: 95% CI

Example 2: 99% CI

d. f. : 25

fu )

##¥a
Yue of gas- th percentile in the tu- distribution-2.06

The att. CI for pi : Cpj - 2.06 . s
.
e. I pit , pj -12.06 as . e. ( pi ) )

d. f. i 25

fat
^

what percentile ? 99.5

or a hen I - 0.005--0.95①area
-

- Y '

: If ' :O . 005

A E
-

-2.Ht O 2. th.

The 991. CI for pj -

- Cpj - 2.78 to S . C , pig pit 2.78 to t.l.PT ]

F - test motivation can 't use tort test as they have many factors 1 variables
- we want to test the significance of a group of hypothesis ( multiple hypotheses )

trade
gzg

'
- Po t pi no . times

-
front t pi no , times - back t Ps hr- study t Pe past - GPA t Ps gender t u

:÷:÷÷÷::÷÷÷:÷÷:÷÷÷:÷÷÷:i:...."
or pi -- O n 132 to
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7 Testing Multiple Linear Restrictions: The F-test

Suppose the model is speciÖed by

y = &0 + &1x1 + &2x2 + &3x3 + u

H0 : &1 = 0 and &2 = 0

H1 : H0 is not true

We can use the F-test to test this type of "multiple hypotheses".

1. Our full model is called the "unrestricted" model (ur). Suppose it can be expressed
as:

y = &0 + &1x1 + &2x2 + &3x3 + :::+ &kxk + u

2. The model which takes out x (which we think its associated & = 0) is called the
restricted model (r):

• • t we want to test if u and tz

Ha
,

both have no impact on YC. y .

. pot IT!:c# pasta is true e reject Ho

moms
. .. .. . is true t do not reject Ho

suppose there are? g
" number of p that we would like to perform a joint - test of = 0

cg . in above model g : 2

y
-

- pot pint punt . . .

+ Pk - q Xk- q th

Ho
'

. PK -UH -

- Pk -gtz =
. . .

= pp, so the last of Ps -

- ol

Ha '

. Ho is not true

Y : pot pit , tpztzt . . .

'' Pk - g Xx -g t Pk - g title -gtf Pk- g -12 Xk - g -12 t . . .

t Pk Xk t U-
restricted-

unrestricted

Q : so
,
if every time you and i more x variable

,
this is always ⑦ the SIR d and R2 9

,
why don't we just keep( ISR r

- ISR yr )
t
ok Ssh ur css Rr
- every time you and I more t,

the additional t in the model ?

I =8- the model would be better explained A
'

. Every time we add 1 money
,
var ( pig ) will 9 ,

sspiun making the prediction of p less precise .
( h - K - il do

,
we only keep the addition to if it r they

Idf
. of the " ur

"

model can improve the model enough
-

↳
can disk 19h21 enough

or

can significantly dish and 9 R2



faff )
Ho : P2 -

- Ps -

-

. . .

-

- O

Ha : Ho is not true

µ "
"

"t

freq
,
n.ie?,dtoturmod"

Ino
,
of joint Hypothesis↳

, ,
um , ,,µ,

O Cccritical value )

a
critical value

we reject Hoot jointly no effect if f- 7C
F- statistic
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3. Some useful facts

4. Other ways to calculate the F-statistics:

Example: Suppose we are interested in understanding the determinant of a baseball
playerís salary.
salary = season salary
years = years in major leagues
gamesyr = games per year in the league
bavg = career batting average
hrunsyr = homeruns per year
rbisyr = runs batted in per year

# the unrestricted model (ur) is deÖned by

① plur 7 R'r No any additional t would 9 R
' l improve fit I

° SSR ur < SIR r

② By including more t
,
the model is certainly better explained .

However
, we would like to reject Ho

if the inclusion of extra variables does not improve the model enough .

From R
'
: I - SS R e RSS

stress

( R'u r - R'r )
F- no, of p that are set to

"

o
"

we have F =
-

(I - Mun )
n-k.tt intercept
1 4 no

,
of slope p

no, of observation
#

If we want to test the overall significance of the model
Ho : pi : pi i poi . . .

= ph , o
4 always

"

given
"

Ha : otherwiseI e .

.

'" "int: : : ::c :::in. . . " " /y - pm
htt
#

if we want to test whether performance has anyy
impact on salary

yn {
" th

Ho i Poavg -

- Pn runsyr
i Prbisyr : O

Ha : otherwise is true
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# the restricted model (r) is deÖned by

Now, our H0 and Ha becomes

gguvmodd y y

Arun
€
I → R2

" " sit
.in:*.

. ÷÷÷÷÷÷÷÷÷"÷÷÷:÷:÷.JSE
ssrr

SSR I hunt joint impact.

SST

Moin

F -

-IRYH.lt
- R' 11h -k - I

JSRR - SS Rur 198.311 - 183.186 =

- T
-

? ?
F I

9 = - I 9.55I
- -

fumeHRW 183.186
-
-

valve !
h - K - I 353-5 - I

f- Cfl let 's use 51 . level of significance ( from page 966 tablet

i. Since F - 9. 5572.6
,
we reject Ho at ti level and conclude that

performances have joint effects on salary .↳÷:÷÷:÷
O Fs

,
a
-
- d '- 2.6

77
N, NZ
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8 How the Hypothesis Testing is done in Practice

1. Check the values of t $ statistic reported by the statistical software (i.e. STATA,
SPSS, SAS)

/ These t $ statistics are to test H0 : &i = 0

/ If the d.f. > 30; then when t > 1.96, we can reject H0

/ When t > 1.96, we can say that &i is statistically signiÖcant at 5% level.
(value of &i (= 0)

/ When t < 1.96 we can say that &i is not statistically signiÖcant at 5%
level.

/ If t < 1.96 we can drop xi from the model

/ After we drop xi; we estimate the new regression function and obtain a new set
of &̂:

2. We can also perform other hypothesis testings of interest.

e.g. H0 : &i = &j

or H0 : &i = 5 etc.

or perform an F-test for testing multiple linear restrictions

3. Usually, in economics, the estimation results are reported using this form

A

⑧
→ z - table

=
-

with fiisignificunce level

B

sales -1

other company fperformance

CEO characteristic

likeadimple regression with it
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Multiple Regression Analysis : Further
Issues

1 Data scaling on OLS statistics

When we change the unit of measurment of a variable, the value of estimators would
chance accordingly. For example

\bweght = b&0 + b&1cigs+ b&2famin c;

where
bwght = child birth weight, in grams.
cigs = number of cigarettes smoked by the mother while pregnant, per day.
famin c = annual family income, in thousands of dollars.

-

g

• What if we use bweght in kilograms ?
1 kg = 1000 g
n r n nbweghtng = bweghtg = PI thugs t PI tamino

1000 1000 9000 1000

when using STATA
from info

= Io t I , Cigs t Iz famine . gen ought- g
-

- bwghtt 28.85
• gen bought - kg = bwght - g 11000t do = L÷ g In = pig ,

22 -

- PI °

regress ought -⑤cigs famine
1000

. regrets iwght
-④ cigs famine

° What if we use famine in USD ( instead of 1000USD )

bweghtg = plot plugs + ph famine up- when using STATA1000 f
•

gen tamino - Usd = famine t 1000
the value of this variable is

° regress bwght - g Cigs faminegoing to be 1000 times larger
than famine

o regress bwght - g Cigs famine -u④
= plot pnncigstozfaminousb

t Gz -

- D2 in other words Eh = impact of nuns 9 in income①
loot plz = impact of tooo USD9 in income

assume 30 THO = 1USD
• What if we use bweght in kg and income in THO

when using STATA
nd this value is going to bebweshtkg.lt#goigdtpo famine , µ , so

,
ooo time, mom man

° gen famine - th b -

- famine 30,000
- famine ° reg bwght - g cigs famine
30,000 ° reg bought - kg cigs famine - th b
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2 More on functional forms

# Logarithmic Functional Form

log(y) = &0 + &1 log(x1) + &2x2 + u

# Models with Quadratics

Example : E§ects of Pullution on Housing Prices

log(price) = &0 + &1 log(nox) + &2 log(dist) + &3rooms+ &4room
2 + &5stratio+ u

by : Ya - 42
Ok , = X11 - 412

fhatvral log

• pi -

- dlog = tydy
/

dioguardi
= YI : 100×4042 = toy
x ON loot ¥

,
Ox , i. OkFrith

the logy and toga format , the coefficient is
going to be the elasticity ltieleticityofy ,

• pi : 4109142 = I, dy 404
-

I
-

dt2 dt2 042

if we want the upper term to be i. change , too pi -- i. din y given that u increased by innit
then

, 100132 : 100×404
OF

loops : i. Oy

Ott

( squares )
° Capture increasing 1 decreasing marginal effects ( slope of the relationship between tandy is not constant )

Covin - is example Decreasing returns
I # of cases) q y -

- pot pit -1pct 't U

✓
a!
" "" Pittman

at
-

- pi -12Pa doff -- pi -12pct
"

.""

'
⑦ Iha"

" ",

'
⑦ I

got

IT = ( P - Mug ; mo -

- 100
,
demand :p : 100 - q

Yi -- 1100 - of -1018
gp, -①E. o.O

. 3¥ -

- O -

- so - Hep
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where
price = housing price
nox = level of pollution
dist = distance from downtown
rooms = number of rooms
stratio = average student per teacher ratio
The estimation result is given by

Consider the e§ect of "room"

What wold be the % change in price when the number of room increases from 5 to 6?

Note : offline ) -

- ta
denial -

- Idk

f. In the Us or many other countries , students can apply
to schools in the area without having to take any test .

So
,
the lower Strato

,
the better the school .

loglpricele

log ( not ) t Pl
P2

%
135

Itt 71.96 ) (
all co . 05

all variables are significant

dloglpricel = pg -12 Pe rooms = - 0.553 -1210.0621 . rooms
d rooms

1 ( price ,
at how many rooms does 1 additional room has a ⑤ impact on log ( price ) ?

O -

-
- O . SSI -1210.0621 . rooms

Wroth rooms -

- e. e↳
room,

Answer eat e. e rooms or more
e. e at s rooms or more

dYffoPmn = - O .sn -1210.0621 . rooms

①

worried price -

- tool - o.ssstuo.onn.si "'YYo:%h!!!f:Y%¥YI?:!trom
-

= 100 x 0.067
a rooms

.

. g. ti
.
increase

what about i. in price when # rooms increase from s too ?

i. o price : 100 l - 0.813 -1210.0621 . 6

= 19.1 i. increase
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3 Models with Interaction Terms

Consider

price = &0 + &1sqrft+ &2bdrms+ &3sqrft ’ bdrms+ &4bthrms+ u

where
price = housing price
sqrft = house size (square feet)
bdrms = number of bedrooms
bthrms = number of bathrooms

i used when the impact of one variable depends on the
valve ( level l of another variable

to

-

M 42 An K2 XL

prince
r ouse

✓
large h

#
small house

• dozing : pups saree
↳

red rooms

if P2 70 then
,
an additional bedroom would increase pricem for a larger house
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4 More on the Goodness-of-Fit and Selection of Regressors

# Adding more regressors ALWAYS improve Öt

Using adjusted R-squared to choose between non-nested models (one model is not a
subset of another).
Consider Model 1

\salary
=

830:63

(223:90)

+0:0163sales

(0:0089)

+19:63roe

(11:08)

n = 209; R2 = 0:029; 6R2 = 0:020

Consider Model 2

\log(salary)
=

4:36

(0:29)

+0:2751 log(sales)

(0:033)

+0:0179roe

(0:004)

n = 209; R2 = 0:282; 6R2 = 0:275

t R2 always 9
° But we lose the

"

degree of freedom
"

I data point is sacrifice every time we estimate a parameter

• using R2 would not punish
"

having too many regress on
"

• we use adjusted - R' or R
- 2 when we want to punish adding too many regretson

R2 = I - SSI : I - S SRA
M HINT

adj R2 -

- l - ssR/lh-k
IS 7 l l h - t )

if we have more k
,
d. f. : n - k - i d

/
HI d
n - k - I

/ adj - R2 f

127
.
S
'l
.
of variation in Y

is explained
so

,
the model is better
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Multiple Regression Analysis with
Qualitative Information:

1 Outline

# Describing qualitative information

# Using a single dummy independent variable

# Using dummy variables for multiple categories

# Interactions involving dummy variables

# A binary dependent variable (Y variable): The linear probability model

2 Describing Qualitative Information

# "Female" and "Married" are qualitative variable.

# We arbitarily assign a dummy variable to decribe them.

famale =

"
1 if female
0 otherwise (or if male)

married =

"
1 if married
0 otherwise (of if single)
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3 Models with a single dummy independent variable

Consider

wage = &0 + Y0female+ &1educ+ u:

where

famale =

"
1 if female
0 otherwise (or if male)

In this case, the Y0 notation is used to highlight the interpretation of the parameters
multiplying dummy variables. In other cases, we can use any notation that is the most
convenient.

O

El wage I female
, educ ) = E I Do t safe male t pi educ t U l female

,
educt

no from all . MLR I - f holds= pot fo female t pi educt E 141 female
,
educt

= pot fo female t p , educ

Thus
,

femalee f i t C wage 1 female = I
,
educ ) : pot 80111 t pi educ = pot@ t p , educ

males 09 : E ( wage 1 female :O
,
educt = pot go lol t pi educ = pot pieclub

80 = El wage I female : I
,
educt - E ( wage 1 female :O

,
educ )

or fo : Elwage I female , educ ) - E (wage I mate
,
educ )

given the same value of educ ( same education level ) , so is the difference in the expected wage
of females and wages

f- wage

got p , educ
i
.
female is going to give a constant impact on wage ,
regardless of the level of educ .#

male :/

female : pot fo t pi educ

"€¥w÷mEi:% ,

it : educ
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4 It is not possible to include all of the dummy alternatives in the same
model

# If we include all alternatives of a dummy variable in the same model, we will face
the "perfect collinearity" problem.

For example:

1 = female+male

female = male+ 1

or

1 = winter + spring + summer + fall

winter = 1 $ spring $ summer $ fall

# At least one alternative has to be dropped. We treat the dropped alternative as
the "BASE GROUP" or "BASELINE" or "BENCHMARK GROUP".

( asking as there is an interception the model )

wage - pototdofemaletpiedvotdimale.tn
I 411 1921 431

intercept
to = titty

if there are
' '

n' ' categories , we omit
''

i'
'

category to avoid multi Collinearity
b

O
• g- B-

summer fall toid winter springwinter -

- {
'oiofnweinntf.ie i n o o o '

2 I O O O l

Spring : gig itspring g o o l O l

otherwise e O O l O '

' O O o O l

etc .
. o n O O l

- O l O O l

y

ppg
if female

n

oriramaieiioitiimfekmaie 1€intercept { y intercept -180 it

female workers

are expected to -0 0
have less wage

compared to mall
workers
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5 Using dummy variables for multiple categories

Case 1 We can use many dummy variables in the same model
Consider a model which includes 2 dummy variablesñ female and married:

log(wage) = &0 + Y0female+ Y1married+ &1educ+ &2 exp er + &3 exp er
2

+&4tenure+ &5tenure
2 + u:

Comments:

psi. " me:* . Mii:infinite

di measures the impact of be married . cmarriage premium )
BEEEEE-diBBG.io or p I 0.05 , we don't reject Ho of no impact .
it to measures the expected difference between female a male workers given the same marital status and
other factors

"%I=¥::: =
- o

.
"

100 ' twaged wage⇒aye = 100 . I - o. 2g ,

i.0wagb = 29
.
02 %

A wage

.

'

. female workers are expected to earn less than male workers by 2g
,
or i.

,
holding other factors the same
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Consider a model which includes dummy variables for each gender/marital status
combinationñ marrmale; marrfem and singfem:

log(wage) = &0 + Y0marrmale+ Y1marrfem+ Y3singfem+ &1educ+ &2exper

+&3exper
2 + &4tenure+ &5tenure

2 + u: (8.1)

Comments:

A on

Marr base case

single sing tem sing male

( or singmale ← used as the base case )

"

if
this regression is not the same as the previous one .

It uses
"

single male
"

as the base group .

( the previous one use mule a single as 2 base groups )

① 80 measures the expected diff . in wage of married male as compared with single males , holding other factors
constant .

③ In measures the expected diff . in wage of married female as compared with single males
, holding other factors

constant .

① 82 same nation ate

wage
r mate i pot fo : 0.321 -10.2127

single male : po#
married

single female : pot 82 : 0.321 - O
. 110

o.su married female : pot In -

- o
. 321 - o

. ggg=÷:
..

O
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Case 2 We can use dummy variables to represent multiple categories of a variable
Consider the relationship between law school rankings and starting salaries

log(salary) = &0 + Y0top10 + Y1r11_25 + Y3r26_40 + Y4r41_60 + &1LSAT

+&2GPA+ &3 log(libvol) + &4 log(cost) + u:

where top10; r11_25; r26_40; r41_60 would be equal to 1 when the variable rank falls
into the appropriate range.
** Rank below 60 would be the base case.

Comments:

In many crates the " range of value
"

serve as a letter explanatory variable than
the " value" itself

. eg age may explain the model better if split into generations
young o - I 5 , geht 16 - 29

,
etc.

the baseline
't

is running
Gl th and worse

① do measures the difference in expected 10g Hula ry ) of a law -school graduate from a

top 10 University compared to expected log ( salary) of those who graduated from
the school ranked 61 th and worse

⑦ 81 UH the same rationale


