Extensions of the Two-Variable
Linear Regression Model
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Regression through the origin

Yi :ﬁzxi"'ui
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Regression through the origin

~ XY,
mTIN

2 a2
~ o u:
var(f3,) = ——,Where o* = L

X n-1
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R-squared for Regression through
Origin Model

Qo Xy)?
XXX

raw r?
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Example

Table 6.1 (P.151) gives data on excess returns on an
index on 104 stocks in the sector of cyclical
consumer goods and excess returns on the overall
stock market index for the U.K. for the monthly data
for the period 1980-1999, for a total of 240
observations.

Excess returns refers to return in excess of return on a
riskless asset.
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y = 1.1555x

rns on an index of 104 stocks
(%)

r of cyclical consumer goods

Excess returns on the overall stock market index for the U.K. for the monthly data for
the period 1980-1999 (%)
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The slope coefficient is highly significant

If the excess market rate goes up by 1 percentage point,
the excess return on the index of consumer goods
sector goes up by about 1.15 percentage points.

If a Beta coefficient is greater than 1, such a security is
said to be volatile; it moves more than
proportionately with the overall stock market index
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Scaling and Units of
Measurement

Consider the data given in Table 6.2, which refers to
U.S. gross private domestic investment (GPDI) and
gross domestic product (GDP) in billions as well as
millions of (chained) 2000 dollars.

Suppose in the regression of GDPI on GDP one
researcher uses data in billions of dollars but another
expresses data in millions of dollars.

&355'1/2015Ajafn Kdelianan!

Tangtiongkul)

Yi :ﬁl +:é2Xi +ﬁi
where Y =GDPI and X =GDP
Y, =wY,

X =w,X;

Where W and W, are constants, call the Scale factors
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Yi* =B;+B;Xi +Gi

where Y, =wY,, X, =w,X;,and 0; = w0
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ﬂlei_ﬂthi ﬁ1=YifﬂA;X7
52 XY DRI
ﬂz_lez ﬂz_zxrz
DR DR
var(g,) = nz Xiz o var(g,) = nz sz o
var(f,) = fx_z var(f;) = fxfz
Az_zljiz ~*2 ljlkz
7 Th2 7 Th2
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ﬁf =w,p,
g

6% =wls?
var(3;) = w var(5,)

W,y

W

var(43) :[ j var(4,)

2
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Example

Gross Private Domestic Investment and GDP, United
States, 1990-2005

Yi :IBA1+IBAin+Gi
where Y, =GPDI and X, =GDP
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Year GPDIBL GPDIM GDPB GOPM
1990 EBAG 8E6,600.0 125 7.112,500.0
1991 829.1 £29,100.0 7,100.5 7,100,500.0
1992 8783 878,300.0 73366 7,336,600.0
ol 1993 953.5 §53,500.0 75327 7,532,700.0
12000 dodlars, evcept 1994 1,042.3 1,042, 300.0 78355 7,835,500.0
an noted: quarterly 1995 1.109.6 1,109,600.0 80317 B,031,700.0
dats at seasanadly 1996 1,209.2 1,209,200.0 8,328.9 B,328,900.0
s juseed anmual 1997 1,320.6 1,320,600.0 87035 §,703,500.0
rabes) 1998 1,455.0 1,455,000.0 9.066.9 9,066,900.0
1999 1.576.3 1,576, 300.0 94703 9.470,300.0
2000 1,679.0 1,679,000.0 98170 2,817,000.0
2001 1.629.4 1,629,400.0 9,890.7 9,890,700.0
2002 1,544.6 1,544,600.0 10,0488 10,048,800.0
2003 1.596.9 1,596,900.0 10,301.0 10,301,000,0
2004 17139 1,713,900.0 10,703.5 10,703,500.0
005 18420 1,842,000.0 11,0486 11,048,600.0

GPDIBL = Gross private domestic investment, billions of 2000 dollars
GPDIM = Gross private domestic investment, millions of 2000 dollars
GDPB = Gross domestic product, billions of 2000 dollars
GDPM-= Gross domestic product, millions of 2000 dollars
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Both GDPI and GDP in billions of dollars:
GPDI, =-926.090 +0.2535GDP

se =(116.358) (0.0129)
r? =0.9648

GDPI in billions of dollars — millions of dollars

GDP in billions of dollars — millions of dollars
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w, =1000
w, =1000
B =w,B, =1000*-926.090 = —926,090

o (w ) A 1000]
=| L |3, =| = |0.2535=0.2535
P [szﬂz (1000

GPDI =-926,090+0.2535GDP,
se=(116,358) (0.0129)
r’ =0.9648
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GPDI =-926,090 +0.2535GDP,
se=(116,358) (0.0129)
r? =0.9648

GDPI in millions of dollars  —  billions of dollars

GDP in millions of dollars — billions of dollars
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Both GDPI and GDP in millions of dollars:

PP |
=w,B, =——*-926,090 = —926.090
A=wh, 1000

1

7 :(ﬁj B, =| 2500 10.2535 - 0.2535

W,

1000

GPDI =-926.090+0.2535GDP,
se=(116.358) (0.0129)
r? =0.9648
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Both GDPI and GDP in hillions of dollars:
GPDI: = —926.090 + 0.2535GDP,
se=(116.358) (0.0129)
r’ =0.9648

GDPI in billions of dollars — . billions of dollars

GDRP in billions of dollars — millions of dollars

w, =1
w, =1000
A =w, B, =1*-926.090 = ~926.090

o W) o 1
=| =L |3, =| —— |0.2535=0.0002535
Z [szﬂz (1000]

GPDI . =-926.090 +0.0002535GDP,
se=(116.358) (0.0000129)
r’ =0.9648
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GPDI =-926,090 +0.2535GDP,
se=(116,358) (0.0129)
r? =0.9648

GDPI in millions of dollars  —  billions of dollars

" "
1
Both GDPI and GDP in millions of dollars: "= 1000
, =1

P
= =_=_*_026,090 = —926.090
A, 1000
1

B = (%j B, = @ 0.2535 = 0.0002535
2

GPDI =-926.090+0.0002535GDP,
se=(116.358) (0.0000129)

Both GDPI and GDP in billions of dollars:
GPDI, =-926.090 +0.2535GDP

se=(116.358) (0.0129)
r? =0.9648

GDPI in billions of dollars — millions of dollars

GDP in billions of dollars — billions of dollars
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. - . r? =0.9648
GDP in millions of dollars — millions of dollars
ee325 1/2012 (Ajam Kaewkwan ee325 1/2012 (Ajam Kaewkwan
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" A " A
w; =1000
w, =1

B =w,f, =1000*-926.090 = —926,090

B = [""1} B, = (@jo.zsss = 253.524
W, 1

GPDI =-926,090+ 253.524GDP,
se=(116,358) (12.9465)
r’ =0.9648
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Both GDPI and GDP in millions of dollars:

GPDI =-926,090 +0.2535GDP,
se=(116,358) (0.0129)
r? =0.9648

GDPI in millions of dollars ——  millions of dollars

GDP in millions of dollars — billions of dollars

e325 1/2012 (Ajarn Kaewkwan
Tangtipongkul)

w, =1
1
W, =——
1000
B =w,f, =1*-926,090 = 926,090

B= [ﬁj B, = % 0.2535 = 253.524
WZ

1000

GPDI, =-926,090 + 253.524GDP,
se=(116,358) (12.9465)
r’ =0.9648
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= S
Functional Forms of Regression
Models

m The log-linear model

m Semilog models

m Reciprocal models

m The logarithmic reciprocal model
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The log-linear model
The exponential regression model:
Yi — ﬂlxiﬁzeuu
Which may be expressed alternatively as
InY, =1In g, + B,In X, +u,
InY, =a,+ F,In X, +u,
where o =In g,
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The log-linear model

Y Iny

In¥=1nB,—pB,1n X,

Quantity demanded
Log of quantity demanded

In X

Log of price

(a) [3)
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InY =4 +4,InX

1dv _pax
Y dX X dX
ﬂz—éd—Y— av /¥ = elasticity

Y dX  dX /X
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The log-linear model

m The slope coefficient 3, measures the
elasticity of Y with respect to X, that is, the
percentage change in Y for a given (small)
percentage change in X
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Percentage change vs. Percentage point
change

Example —The unemployment rate
The unemployment rate of 6%, if this rate goes to
8%, we say that the percentage point change in
the unemployment rate is 2

The percentage change in the unemployment
rate is (8-6)/6, or about 33%
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Example

Expenditure on durable goods in relation to
total personal consumption expenditure

We wish to find the elasticity of expenditure on
durable goods with respect to total personal
consumption expenditure.
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.’MB NERS Year or quarter EXPSERVICES EXPDUR EXPNONDUR PCEXP
otal Personal
Expenditure and 20031 41433 971.4 2,072.5 7,184.9
Categories 2003-11 4,161.3 1,009.8 2,084.2 7,249.3
{Billions of chained 20031 4,190.7 1.04%.6 2,123.0 73529
| 20041] dholars; 2003V 4,220.2 1.051.4 21325 7.394.3
quarterly data at 20044 4,268.2 1,067.0 2,155.3 7,479.8
seasanally adjusted 200411 4,308.4 1,071.4 2,164.3 7,534.4
2004411 4,341.5 1,093.9 2,184.0 7,607.1
2004-1V 43774 1,110.3 22130 7.687.1
2005-1 43953 1,116.8 22415 7.739.4
200511 4,420.0 1,150.8 2,268.4 7,819.8
2005111 4,454.5 1,175.9 2,287.6 7,895.3
2005-Iv 4476.7 1,137.9 2,309.6 7.910.2
20061 4,494.5 1,190.5 23428 B,003.8
20061 4,535.4 1,190.3 2,351 8,055.0
2006111 4,566.6 1,208.8 2,360.1 8111.2

(Continued)
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InEXDUR, =-7.5417 +1.6266 In PCEX,

As these result shows , the elasticity of EXPDUR
with respect to PCEX is about 1.63, suggesting that
if total personal expenditure goes up by 1 percent,
on average, the expenditure on durable goods goes
up by about 1.63 percent

Thus, expenditure on durable goods is very
responsive to changes in personal consumption
expenditure. This is one reason why producers of
durable goods keep a keen eye on changes in
personal income and personal consumption
expenditure
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Semilog Models

m Log-Lin model

InY; = B, + B, X+,

m Lin-Log model
Y. =, +06,In X, +u,
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The Log-Lin model

InY, = g, + 6, X, +u,
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InY = B, + B,X
1 dY

vax

_dy)y
P, = ax
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_ relative change in regressand
absolute change in regressor

P,

f3, is known as the semielasticity of Y with respect to X

100* g, is known as the semielasticity of Y with respect to X
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Example

m We want to find out the growth rate of
personal consumption expenditure on services
for the data

m The regression results over time (t) are as
follows:
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g "
IABL[ iy Year or quarter  EXPSERVICES ~ EXPDUR  EXPNONDUR  PCEXP
otal Personal
Expenditure and 20031 41433 a7l4 20725 7,849
Categories 200311 4,161.3 1,009.8 2,084.2 7,249.3 @ 844 ~
(Billions of chained 200311 4,190.7 1.049.6 2,123.0 7.352.9 8 :
12000] dollars; 20034V 4,2202 1,051.4 21325 7,394.3 i o
quarterly data at 20044 4,268.2 1,067.0 2,155.3 7,479.8 S g42l °
seasonally adjusted 2004-11 4,308.4 1,071.4 2,164.3 7.534.4 & S a
annual rates) 2004-100 43415 1,093.9 21840 7,607.1 = o
20044V 43774 1,110.3 2,213 7.687.1 S RA40F o
200541 4,3953 1,116.8 2,241.5 7.719.4 i a
2005-11 44200 1,150.8 2,268.4 78198 = e
20054111 4,454.5 1,175.9 2,287.6 7,895.3 2 838 °
20054V 4,476.7 1,137.9 2,309.6 7,910.2 5 "
20064 4,494.5 1,190.5 23428 8,003.8 =] o
200611 4,535.4 1,190.3 2,351 8,055.0 2 836 o
2006411 4,566.6 1,208.8 2,360.1 B111.2 = .
]
°
- L
o = 8.34 =
0 °
S 8.32 Ly
(Continued) 0 2 4 6 8 10 12 14 16
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In EXS, =8.3226 +0.00705t

Over the quarterly period 2003-1 to 2006-111,
expenditures on services increased at the (quarterly)
rate of 0.705 percent. Roughly, this is equal to an
annual growth rate of 2.82 percent

e325 1/2012 (Ajarn Kaewkwan
Tangtipongkul)

Lin-Log models

The absolute change in Y for a percentage
change in X

Y, =p,+5,In X, +u,
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Y =8 +5,InX
dY 1
x Py

dyY

Pe= 4 Tx
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_ ChangeinyY
relative change in X

2

The absolute change in Y for a percentage change in X

If AX /X changes by 0.01 unit or 1%, the absolute change in Y is

0.01* 3
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= B TABLE 2.8 Food and Total Expendiure (Rupees)
Food Total Food Total
Observation T o
Exam p | e 1 217.0000 382.0000 ] 90,0000 £55.0000
2 196.0000 388.0000 0 185,000 662.0000
1 303.0000 191.0000 1 470.0000 663.0000
. . . 4 270.0000 415.0000 12 122.0000 677.0000
m Food expenditure in India example s 3250000 4560000 3 SH00000 6800000
6 260.0000 460.0000 34 #33.0000 90,0000
7 100.0000 472.0000 35 205.0000 6950000
700 8 125,0000 478,0000 6 140.0000 6950000
. L] 336.0000 A54,0000 7 500.0000 6950000
P 10 345.0000 516.0000 38 450.0000 720.0000
e 600 & n 125,0000 525.0000 9 #15.0000 721.0000
= o o o 12 362.0000 554,0000 40 540.0000 730,0000
2 500 13 315,0000 575.0000 41 360.0000 731.0000
= LI 14 155.0000 5790000 a2 4500000 733.0000
5 400 o, %02 15 125,0000 585,0000 4 195.0000 7450000
E -8° Ay 16 370.0000 586.0000 44 430.0000 751.0000
= 00°% 5o 6% ©° T 3500000 S50.0000 45 332.0000 7520000
= 300 e ° % e e 18 420.0000 6080000 46 397.0000 752.0000
£ ° 19 410.0000 10,0000 47 4460000 769.0000
2 200 % @ 20 3830000 16,0000 48 4800000 773.0000
=] 2 315.0000 &18.0000 49 352.0000 773.0000
100 | I 1 1 1 ) 2 267.0000 623,0000 50 410.0000 775.0000
300 400 500 600 700 800 900 23 420.0000 627.0000 51 180.0000 785.0000
N 24 300, 0000 630.0000 52 &10.0000 TEB. 0000
Total expenditure (Rs.) 2 410.0000 6350000 53 530,0000 790.0000
26 220.0000 40,0000 54 160.0000 795.0000
27 403,0000 48,0000 55 305,0000 01,0000
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FoodExp, = —1283.912 + 257.2700 In Total Exp,

m As this figure suggests, food expenditure increases more
slowly as total expenditure increases, perhaps giving credence
to Engel’s law

m The slope coefficient of about 257 means that an increase in
the total food expenditure of 1 percent, on average, leads to
about 2.57 rupees increase in the expenditure on food of the 55
families included in the sample

(Note: we have divided the estimated slope coefficient by 100)
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Reciprocal models

1
Yi=p+5 X 4

As X increases indefinitely, in term ﬂz[%]

approaches zero and Y approaches the
limiting or asymptotic value
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B

1
Yi=B8+5 X

dy 1
Pl

if ﬂ2 is positive, the slope is negative throughout

ﬂz is negative, the slope is positive throughout
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CM, =81.7944+27,237.17

T

m As per capita GNP increases, one would expect child
mortality to decrease because people can afford to
spend more on health care, assuming all other factors
remain constant

m The relationship is not a straight line one: As per
capita GNP increases, initially there is a dramatic
drop in child mortality but the drop tapers of as per
capita GNP continues to increase
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As per capita GNP increases indefinitely, child
mortality approaches its asymptotic value of
about 82 deaths per thousand
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The logarithmic reciprocal model

InY, =ﬁ1—ﬂz{xij+ui
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The logarithmic reciprocal model

m Initially Y increases at an increasing rate and then it
increases at a decreasing rate

m E.g. short run production function

Microeconomics — if labor and capital are the inputs
in a production function and if we keep the capital
input constant but increase the labor input, the short-
run output-labor relationship will resemble in the
logarithmic reciprocal model
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Choice of Functional Form

TABLE 6.6
ar dr x
Model Eqquation Stope = X ] Elasticity | = BT ]

U Yo iy 4 ik ,[ ,:J

e ¥y (X
»(3) w3y
w(5) w59

() (Y
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Source

Guijarati, D.N. (2009) Basic Econometrics. 5th
ed. Singapore, McGraw-Hiill.
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