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MULTIPLE REGRESSION
ANALYSIS: THE PROBLEM
OF ESTIMATION

The two-variable model studied extensively in the previous chapters is often
inadequate in practice. In our consumption-income example, for instance,
it was assumed implicitly that only income X affects consumption Y. But
economic theory is seldom so simple for, besides income, a number of other
variables are also likely to affect consumption expenditure. An obvious ex-
ample is wealth of the consumer. As another example, the demand for a com-
modity is likely to depend not only on its own price but also on the prices of
other competing or complementary goods, income of the consumer, social
status, etc. Therefore, we need to extend our simple two-variable regression
model to cover models involving more than two variables. Adding more
variables leads us to the discussion of multiple regression models, that is,
models in which the dependent variable, or regressand, Y depends on two or
more explanatory variables, or regressors.

The simplest possible multiple regression model is three-variable regres-
sion, with one dependent variable and two explanatory variables. In this and
the next chapter we shall study this model. Throughout, we are concerned
with multiple linear regression models, that is, models linear in the para-
meters; they may or may not be linear in the variables.

7.1 THE THREE-VARIABLE MODEL.:
NOTATION AND ASSUMPTIONS

Generalizing the two-variable population regression function (PRF) (2.4.2),
we may write the three-variable PRF as

Y = Bi+ BaXoi + B3 Xz +u; (7.1.1)
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where Y is the dependent variable, X> and X3 the explanatory variables (or
regressors), u the stochastic disturbance term, and i the ith observation; in
case the data are time series, the subscript # will denote the ¢th observation.!

In Eq. (7.1.1) By is the intercept term. As usual, it gives the mean or aver-
age effect on Y of all the variables excluded from the model, although its
mechanical interpretation is the average value of Y when X, and X3 are set
equal to zero. The coefficients 8, and B3 are called the partial regression
coefficients, and their meaning will be explained shortly.

We continue to operate within the framework of the classical linear
regression model (CLRM) first introduced in Chapter 3. Specifically, we
assume the following:

Zero mean value of u;, or
E(u; | X5, X3:) =0 for each i (7.1.2)
No serial correlation, or
cov(uj,uj) =0 i#] (7.1.3)
Homoscedasticity, or
var (4;) = o2 (7.1.4)
Zero covariance between u; and each X variable, or
cov (u;, Xo;) = cov (u;, X3;) =0 (7.1.5)?
No specification bias, or
The model is correctly specified (7.1.6)
No exact collinearity between the X variables, or
No exact linear relationship between X, and X3 (7.1.7)

In addition, as in Chapter 3, we assume that the multiple regression model
is linear in the parameters, that the values of the regressors are fixed in re-
peated sampling, and that there is sufficient variability in the values of the
regressors.

The rationale for assumptions (7.1.2) through (7.1.6) is the same as that
discussed in Section 3.2. Assumption (7.1.7), that there be no exact linear
relationship between X, and X3, technically known as the assumption of

For notational symmetry, Eq. (7.1.1) can also be written as
Yi = B1X1i + B2 Xoi + B3 Xi +u

with the provision that Xj; = 1 for all 7.
2This assumption is automatically fulfilled if X5 and X3 are nonstochastic and (7.1.2) holds.
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no collinearity or no multicollinearity if more than one exact linear rela-
tionship is involved, is new and needs some explanation.
Informally, no collinearity means none of the regressors can be written as
exact linear combinations of the remaining regressors in the model.
Formally, no collinearity means that there exists no set of numbers,
A2 and A3, not both zero such that

A Xoi +213X3 =0 (7.1.8)

If such an exact linear relationship exists, then X, and X3 are said to be
collinear or linearly dependent. On the other hand, if (7.1.8) holds true only
when 1, = A3 =0, then X, and X3 are said to be linearly independent.

Thus, if

le' = —4X3l' or XZi + 4X3i =0 (7.1.9)

the two variables are linearly dependent, and if both are included in a re-
gression model, we will have perfect collinearity or an exact linear relation-
ship between the two regressors.

Although we shall consider the problem of multicollinearity in depth in
Chapter 10, intuitively the logic behind the assumption of no multi-
collinearity is not too difficult to grasp. Suppose that in (7.1.1) Y, X5, and X3
represent consumption expenditure, income, and wealth of the consumer,
respectively. In postulating that consumption expenditure is linearly related
to income and wealth, economic theory presumes that wealth and income
may have some independent influence on consumption. If not, there is no
sense in including both income and wealth variables in the model. In the ex-
treme, if there is an exact linear relationship between income and wealth,
we have only one independent variable, not two, and there is no way to as-
sess the separate influence of income and wealth on consumption. To see
this clearly, let X35; = 2X5; in the consumption-income-wealth regression.
Then the regression (7.1.1) becomes

Y: = B1 + BaXoi + B3(2X) 4+
=p1+ (B2 +2B3)Xai +u; (7.1.10)
=B +aXo +u;
where a = (B, + 2B3). That is, we in fact have a two-variable and not a three-
variable regression. Moreover, if we run the regression (7.1.10) and obtain «,

there is no way to estimate the separate influence of X, (= ;) and X3 (= 83)
onY, for « gives the combined influence of X, and X3 on Y.3

3Mathematically speaking, & = (8, + 283) is one equation in two unknowns and there is no
unique way of estimating 8 and B3 from the estimated «.
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In short the assumption of no multicollinearity requires that in the PRF
we include only those variables that are not exact linear functions of one or
more variables in the model. Although we will discuss this topic more fully
in Chapter 10, a couple of points may be noted here.

First, the assumption of no multicollinearity pertains to our theoretical
(i.e., PRF) model. In practice, when we collect data for empirical analysis
there is no guarantee that there will not be correlations among the regres-
sors. As a matter of fact, in most applied work it is almost impossible to find
two or more (economic) variables that may not be correlated to some
extent, as we will show in our illustrative examples later in the chapter.
What we require is that there be no exact relationships among the regres-
sors, as in Eq. (7.1.9).

Second, keep in mind that we are talking only about perfect linear rela-
tionships between two or more variables. Multicollinearity does not rule out
nonlinear relationships between variables. Suppose X3; = X3,. This does not
violate the assumption of no perfect collinearity, as the relationship between
the variables here is nonlinear.

7.2 INTERPRETATION OF MULTIPLE REGRESSION EQUATION

Given the assumptions of the classical regression model, it follows that, on
taking the conditional expectation of Y on both sides of (7.1.1), we obtain

E(Y; | X2, X3i) = B1 + B2 Xoi + B3i X3 (7.2.1)

In words, (7.2.1) gives the conditional mean or expected value of Y con-
ditional upon the given or fixed values of X, and X3. Therefore, as in the
two-variable case, multiple regression analysis is regression analysis condi-
tional upon the fixed values of the regressors, and what we obtain is the
average or mean value of Y or the mean response of Y for the given values of
the regressors.

7.3 THE MEANING OF PARTIAL REGRESSION COEFFICIENTS

As mentioned earlier, the regression coefficients 8, and B3 are known as par-
tial regression or partial slope coefficients. The meaning of partial re-
gression coefficient is as follows: 8, measures the change in the mean value
of Y, E(Y), per unit change in X3, holding the value of X3 constant. Put dif-
ferently, it gives the “direct” or the “net” effect of a unit change in X, on the
mean value of Y, net of any effect that X3 may have on mean Y. Likewise, 83
measures the change in the mean value of Y per unit change in X3, holding
the value of X, constant.* That is, it gives the “direct” or “net” effect of a unit

4The calculus-minded reader will notice at once that 8, and g3 are the partial derivatives of
E(Y|X>, X3) with respect to X; and X3.
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change in X3 on the mean value of Y, net of any effect that X, may have on
mean Y.

How do we actually go about holding the influence of a regressor constant?
To explain this, let us revert to our child mortality example. Recall that in that
example, Y = child mortality (CM), X, = per capita GNP (PGNP), and
X3 = female literacy rate (FLR). Let us suppose we want to hold the influence
of FLR constant. Since FLR may have some effect on CM as well as PGNP in
any given concrete data, what we can do is to remove the (linear) influence of
FLR from both CM and PGNP by running the regression of CM on FLR and
that of PGNP on FLR separately and then looking at the residuals obtained
from these regressions. Using the data given in Table 6.4, we obtain the fol-
lowing regressions:

CM; =263.8635 — 2.3905 FLR; + iuy;

(7.3.1)
se= (12.2249) (0.2133) r? = 0.6695
where 71;; represents the residual term of this regression.
PGNP; = —39.3033 + 28.1427 FLR; + iy
? (7.3.2)
se = (734.9526) (12.8211) r?=0.0721
where i1,; represents the residual term of this regression.
Now
2;; = (CM; — 263.8635 + 2.3905 FLR;) (7.3.3)

represents that part of CM left after removing from it the (linear) influence
of FLR. Likewise,

{iy; = (PGNP; 4 39.3033 — 28.1427 FLR;) (7.3.4)

represents that part of PGNP left after removing from it the (linear) influ-
ence of FLR.

Therefore, if we now regress #ij; on iip;, which are “purified” of the (linear)
influence of FLR, wouldn’t we obtain the net effect of PGNP on CM? That is
indeed the case (see Appendix 7A, Section 7A.2). The regression results are
as follows:

f11; = —0.00564;

(7.3.5)
se= (0.0019) r?=0.1152

Note: This regression has no intercept term because the mean value of the
OLS residuals 1;; and i1; is zero (why?)

SIncidentally, the terms holding constant, controlling for, allowing or accounting for the in-
fluence of, correcting the influence of, and sweeping out the influence of are synonymous and will
be used interchangeably in this text.



Gujarati: Basic
Econometrics, Fourth
Edition

1. Single-Equation 7. Multiple Regression © The McGraw-Hill
Regression Models Analysis: The Problem of Companies, 2004
Estimation

CHAPTER SEVEN: MULTIPLE REGRESSION ANALYSIS: THE PROBLEM OF ESTIMATION 207

The slope coefficient of —0.0056 now gives the “true” or net effect of a
unit change in PGNP on CM or the true slope of CM with respect to PGNP.
That is, it gives the partial regression coefficient of CM with respect to
PGNP, 6.

Readers who want to get the partial regression coefficient of CM with
respect to FLR can replicate the above procedure by first regressing CM on
PGNP and getting the residuals from this regression (éi;), then regressing
FLR on PGNP and obtaining the residuals from this regression (fiy;), and
then regressing i1y; on it,;. I am sure readers get the idea.

Do we have to go through this multistep procedure every time we want to
find out the true partial regression coefficient? Fortunately, we do not have
to do that, for the same job can be accomplished fairly quickly and routinely
by the OLS procedure discussed in the next section. The multistep proce-
dure just outlined is merely for pedagogic purposes to drive home the mean-
ing of “partial” regression coefficient.

7.4 OLS AND ML ESTIMATION OF
THE PARTIAL REGRESSION COEFFICIENTS

OLS Estimators

To estimate the parameters of the three-variable regression model (7.1.1), we
first consider the method of ordinary least squares (OLS) introduced in
Chapter 3 and then consider briefly the method of maximum likelihood (ML)
discussed in Chapter 4.

To find the OLS estimators, let us first write the sample regression function
(SRF) corresponding to the PRF of (7.1.1) as follows:

Y = Bi + BaXoi 4 B3 X + i1 (7.4.1)

where #i; is the residual term, the sample counterpart of the stochastic dis-
turbance term ;.

As noted in Chapter 3, the OLS procedure consists in so choosing the val-
ues of the unknown parameters that the residual sum of squares (RSS) 3 @2
is as small as possible. Symbolically,

min Y a7 =Y (Y — p1 — f2Xoi — B3 X3) (7.4.2)

where the expression for the RSS is obtained by simple algebraic manipula-
tions of (7.4.1).
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The most straightforward procedure to obtain the estimators that will
minimize (7.4.2) is to differentiate it with respect to the unknowns, set the
resulting expressions to zero, and solve them simultaneously. As shown in
Appendix 7A, Section 7A.1, this procedure gives the following normal equa-
tions [cf. Egs. (3.1.4) and (3.1.5)]:

Y =51+ X + B X5 (7.4.3)
Z Y: X5 = B Z Xoi + B Z X3, + Bs Z X5 X3 (7.4.49)
Z Y: X3 = By Z Xsi + B Z X2 X3 + Bs Z Xz, (7.4.5)

From Eq. (7.4.3) we see at once that
B =Y — B X5 — B3 X3 (7.4.6)
which is the OLS estimator of the population intercept ;.
Following the convention of letting the lowercase letters denote devia-

tions from sample mean values, one can derive the following formulas from
the normal equations (7.4.3) to (7.4.5):

A (Z yixzz-)(Z x;-) — (Z yix3i)(2 xzix3i)

P2 = S (7.4.7)8
’ (Z xzzz)(z x%z) - (Z x2ix3i)
fs = (3 yixesi) (0 3;) — (3 yiear) (3 x2ix3i) (7.4.8)

(X x5) (X x3) - (X2 x2ix3i)2

which give the OLS estimators of the population partial regression coeffi-
cients 8, and Bs, respectively.

In passing, note the following: (1) Equations (7.4.7) and (7.4.8) are sym-
metrical in nature because one can be obtained from the other by inter-
changing the roles of X; and X3; (2) the denominators of these two equa-
tions are identical; and (3) the three-variable case is a natural extension of
the two-variable case.

Variances and Standard Errors of OLS Estimators

Having obtained the OLS estimators of the partial regression coefficients,
we can derive the variances and standard errors of these estimators in the
manner indicated in Appendix 3A.3. As in the two-variable case, we need the
standard errors for two main purposes: to establish confidence intervals and

This estimator is equal to that of (7.3.5), as shown in App. 7A, Sec. 7A.2.
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to test statistical hypotheses. The relevant formulas are as follows:’

var () = |:1 + XX a + X335 — 2X0 X3 ) xoinsi
B 2
" ZxZZi Zx:%l‘ - (ZXZi}C3i)

se (1) = +y/var (B)) (7.4.10)

2
var (By) = 2%y o2 (7.4.11)

(X)) (X x3) - (szl’xﬁ)z

] .02 (7.4.9)

or, equivalently,
2
R o
var (f) = ——

Yz (1- ”223)

where 7,3 is the sample coefficient of correlation between X, and X3 as
defined in Chapter 3.3

se(f2) = +y/var(B,) (7.4.13)

2
var (83) = L% o2 (7.4.14)

(C3)(Z ) — (Cxainsi)’

(7.4.12)

or, equivalently,

o2

Yag(1-r33) (7.4.15)

se(B3) = +/var(B3) (7.4.16)

—1’2302

(1 _”223)\/ szzi\/ > xg; (7.4.17)

In all these formulas o2 is the (homoscedastic) variance of the population
disturbances u;.

Following the argument of Appendix 3A, Section 3A.5, the reader can ver-
ify that an unbiased estimator of o is given by

var (f3) =

cov(pz, B3) =

~2
62 = Z_“3 (7.4.18)
n —

"The derivations of these formulas are easier using matrix notation. Advanced readers may
refer to App. C.
8Using the definition of r given in Chap. 3, we have

5 > xzix3i)2

3=
PIECADIEA
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Note the similarity between this estimator of o2 and its two-variable coun-
terpart [62 = (}_#7)/(n—2)]. The degrees of freedom are now (n— 3)
because in estimating ) ftlz we must first estimate B1, B2, and B3, which con-
sume 3 df. (The argument is quite general. Thus, in the four-variable case
the df will be n — 4.)

The estimator 62 can be computed from (7.4.18) once the residuals are
available, but it can also be obtained more readily by using the following
relation (for proof, see Appendix 7A, Section 7A.3):

Zﬁzz = Zylz — B ZyixZi — B Zyix3i (7.4.19)

which is the three-variable counterpart of the relation given in (3.3.6).

Properties of OLS Estimators

The properties of OLS estimators of the multiple regression model parallel
those of the two-variable model. Specifically:

1. The three-variable regression line (surface) passes through the means
Y, X5, and X3, which is evident from (7.4.3) [cf. Eq. (3.1.7) of the two-
variable model]. This property holds generally. Thus in the k-variable linear
regression model [a regressand and (k — 1) regressors]

Y =B1+ B Xoi + B3 Xz + -+ BiXui +ui (7.4.20)
we have
Br=Y - poXo — B3 X3 — - — B Xz (7.4.21)

2. The mean value of the estimated Y; (= Y}) is equal to the mean value
of the actual ¥;, which is easy to prove:

Vi = B + B2 Xoi + B3 X
= (Y - BoXo — B3X5) + PoXai + B3 X5 (Why?)
=Y+ Bo(Xoi — Xo) + B3( X3 — X3) (7.4.22)
=Y+ ,32?621' + ,33?631'
where as usual small letters indicate values of the variables as deviations
from their respective means.

Summing both sides of (7.4.22) over the sample values and dividing
through by the sample size n gives Y = Y. (Note: Y x5 = Y x3; = 0. Why?)
Notice that by virtue of (7.4.22) we can write

i = Paxai + Paxsi (7.4.23)

where j; = ¥ - Y).
Therefore, the SRF (7.4.1) can be expressed in the deviation form as

yi = 9i + 0 = Paxai + Baxsi + (7.4.24)
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3. 0, = &t =0, which can be verified from (7.4.24). [Hint: Sum both
sides of (7.4.24) over the sample values.]

4. The residuals 7i; are uncorrelated with Xy; and X3;, that is, > ;X5 =
> 41; X3, = 0 (see Appendix 7A.1 for proof). R A

5. The residuals #i; are uncorrelated with Y;; that is, > #;Y; = 0. Why?
[Hint: Multiply (7.4.23) on both sides by &i; and sum over the sample values.]

6. From (7.4.12) and (7.4.15) it is evident that as r,3, the correlation
coefficient between X, and X3, increases toward 1, the variances of 8> and
fs increase for given values of ¢ and Y x3 or Y x2. In the limit, when
r23 = 1 (i.e., perfect collinearity), these variances become infinite. The im-
plications of this will be explored fully in Chapter 10, but intuitively the
reader can see that as 7,3 increases it is going to be increasingly difficult to
know what the true values of 8, and B3 are. [More on this in the next chap-
ter, but refer to Eq. (7.1.10).]

7. It is also clear from (7.4.12) and (7.4.15) that for given values of 7,3
and )" x3; or 3" x3;, the variances of the OLS estimators are directly propor-
tional to o2; that is, they increase as o2 increases. Similarly, for given values
of 02 and r» 3, the variance of §, is inversely proportional to xzzi; that is, the
greater the variation in the sample values of X5, the smaller the variance of
B, and therefore B, can be estimated more precisely. A similar statement can
be made about the variance of S;.

8. Given the assumptions of the classical linear regression model, which
are spelled out in Section 7.1, one can prove that the OLS estimators of
the partial regression coefficients not only are linear and unbiased but also
have minimum variance in the class of all linear unbiased estimators. In
short, they are BLUE: Put differently, they satisfy the Gauss-Markov theo-
rem. (The proof parallels the two-variable case proved in Appendix 3A,
Section 3A.6 and will be presented more compactly using matrix notation in
Appendix C.)

Maximum Likelihood Estimators

We noted in Chapter 4 that under the assumption that u;, the population
disturbances, are normally distributed with zero mean and constant vari-
ance o2, the maximum likelihood (ML) estimators and the OLS estimators
of the regression coefficients of the two-variable model are identical. This
equality extends to models containing any number of variables. (For proof,
see Appendix 7A, Section 7A.4.) However, this is not true of the estimator
of o2, It can be shown that the ML estimator of o2 is }_ #/n regardless of
the number of variables in the model, whereas the OLS estimator of o2 is
> 42/(n — 2) in the two-variable case, 3" #?/(n — 3) in the three-variable case,
and ) 4%/(n — k) in the case of the k-variable model (7.4.20). In short, the
OLS estimator of o2 takes into account the number of degrees of freedom,
whereas the ML estimator does not. Of course, if 2 is very large, the ML and
OLS estimators of o2 will tend to be close to each other. (Why?)
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7.5 THE MULTIPLE COEFFICIENT OF DETERMINATION R?
AND THE MULTIPLE COEFFICIENT OF CORRELATION R

In the two-variable case we saw that 7? as defined in (3.5.5) measures the
goodness of fit of the regression equation; that is, it gives the proportion or
percentage of the total variation in the dependent variable Y explained by
the (single) explanatory variable X. This notation of #? can be easily extended
to regression models containing more than two variables. Thus, in the three-
variable model we would like to know the proportion of the variation in
Y explained by the variables X, and X3 jointly. The quantity that gives this
information is known as the multiple coefficient of determination and is
denoted by R?; conceptually it is akin to 2.

To derive R?, we may follow the derivation of 2 given in Section 3.5.
Recall that

Y = Bi + BaXoi 4 B3 X + il
. (7.5.1)
=Y+

where Y; is the estimated value of Y; from the fitted regression line and is

an estimator of true E(Y; | X5;, X3;). Upon shifting to lowercase letters to
indicate deviations from the mean values, Eq. (7.5.1) may be written as

yi = Baxai + Baxai + il
o (1.5.2)
=Y +u

Squaring (7.5.2) on both sides and summing over the sample values, we
obtain

D= A A2 S
=) 9+ @ (Why?)

(7.5.3)

Verbally, Eq. (7.5.3) states that the total sum of squares (TSS) equals the
explained sum of squares (ESS) + the residual sum of squares (RSS). Now
substituting for 3" #? from (7.4.19), we obtain

Z}’iz =Z}7i2+zyi2—l§2 Z}’ixzi —Bs Zyix3i

which, on rearranging, gives

ESS =) 57 =B ) vixai + B3 ) yixs (1.5.4)
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Now, by definition
> ESS
TSS
_ B X yixai + B3 Y vixsi
- Xy}

(7.5.5)°

[cf. (7.5.5) with (3.5.6)].

Since the quantities entering (7.5.5) are generally computed routinely, R?
can be computed easily. Note that R?, like 2, lies between 0 and 1. If it is 1,
the fitted regression line explains 100 percent of the variation in Y. On the
other hand, if it is 0, the model does not explain any of the variation in Y.
Typically, however, R? lies between these extreme values. The fit of the
model is said to be “better” the closer is R? to 1.

Recall that in the two-variable case we defined the quantity r as the coeffi-
cient of correlation and indicated that it measures the degree of (linear) asso-
ciation between two variables. The three-or-more-variable analogue of 7 is the
coefficient of multiple correlation, denoted by R, and it is a measure of the
degree of association between Y and all the explanatory variables jointly. Al-
though r can be positive or negative, R is always taken to be positive. In prac-
tice, however, R is of little importance. The more meaningful quantity is R?.

Before proceeding further, let us note the following relationship between
R? and the variance of a partial regression coefficient in the k-variable mul-
tiple regression model given in (7.4.20):

A o? 1
var (ﬂ]) = Z—x]z (1_—}2]2> (7.5.6)

where f; is the partial regression coefficient of regressor X; and R? is the R?
in the regression of X; on the remaining (k — 2) regressors. [Note: There are
(k — 1) regressors in the k-variable regression model.] Although the utility of
Eq. (7.5.6) will become apparent in Chapter 10 on multicollinearity, observe
that this equation is simply an extension of the formula given in (7.4.12) or
(7.4.15) for the three-variable regression model, one regressand and two
regressors.

7.6 EXAMPLE 7.1: CHILD MORTALITY IN RELATION TO
PER CAPITA GNP AND FEMALE LITERACY RATE

In Chapter 6 we considered the behavior of child mortality (CM) in relation
to per capita GNP (PGNP). There we found that PGNP has a negative impact
on CM, as one would expect. Now let us bring in female literacy as measured

°Note that R? can also be computed as follows:

Rzzl_Rsszl_zﬁ,Z_ _ (n=3)32
TS~ T %y (=18
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by the female literacy rate (FLR). A priori, we expect that FLR too will have
a negative impact on CM. Now when we introduce both the variables in our
model, we need to net out the influence of each of the regressors. That is, we
need to estimate the (partial) regression coefficients of each regressor. Thus
our model is:

CM; = B1 + B2PGNP; + B3FLR; + u; (761)

The necessary data are given in Table 6.4. Keep in mind that CM is the num-
ber of deaths of children under five per 1000 live births, PGNP is per capita
GNP in 1980, and FLR is measured in percent. Our sample consists of 64
countries.

Using the Eviews3 statistical package, we obtained the following results:

CM; = 263.6416 — 0.0056 PGNP; — 2.2316 FLR;
se = (11.5932) (0.0019) (0.2099)  R2=0.7077 (7.6.2)
R?> =0.6981*

where figures in parentheses are the estimated standard errors. Before we
interpret this regression, observe the partial slope coefficient of PGNP,
namely, —0.0056. Is it not precisely the same as that obtained from the
three-step procedure discussed in the previous section [see Eq. (7.3.5)]? But
should that surprise you? Not only that, but the two standard errors are pre-
cisely the same, which is again unsurprising. But we did so without the
three-step cumbersome procedure.

Let us now interpret these regression coefficients: —0.0056 is the partial
regression coefficient of PGNP and tells us that with the influence of FLR
held constant, as PGNP increases, say, by a dollar, on average, child mortal-
ity goes down by 0.0056 units. To make it more economically interpretable,
if the per capita GNP goes up by a thousand dollars, on average, the number
of deaths of children under age 5 goes down by about 5.6 per thousand live
births. The coefficient —2.2316 tells us that holding the influence of PGNP
constant, on average, the number of deaths of children under 5 goes down by
about 2.23 per thousand live births as the female literacy rate increases by
one percentage point. The intercept value of about 263, mechanically inter-
preted, means that if the values of PGNP and FLR rate were fixed at zero, the
mean child mortality would be about 263 deaths per thousand live births. Of
course, such an interpretation should be taken with a grain of salt. All one
could infer is that if the two regressors were fixed at zero, child mortality will
be quite high, which makes practical sense. The R? value of about 0.71
means that about 71 percent of the variation in child mortality is explained
by PGNP and FLR, a fairly high value considering that the maximum value
of R? can at most be 1. All told, the regression results make sense.

*On this, see Sec. 7.8.
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What about the statistical significance of the estimated coefficients? We
will take this topic up in Chapter 8. As we will see there, in many ways this
chapter will be an extension of Chapter 5, which dealt with the two-variable
model. As we will also show, there are some important differences in statis-
tical inference (i.e., hypothesis testing) between the two-variable and multi-
variable regression models.

Regression on Standardized Variables

In the preceding chapter we introduced the topic of regression on standard-
ized variables and stated that the analysis can be extended to multivariable
regressions. Recall that a variable is said to be standardized or in standard
deviation units if it is expressed in terms of deviation from its mean and di-
vided by its standard deviation.

For our child mortality example, the results are as follows:

CM = — 0.2026 PGNP — 0.7639 FLR;

(7.6.3)
se = (0.0713) (0.0713) r?2=0.7077
Note: The starred variables are standardized variables. Also note that there
is no intercept in the model for reasons already discussed in the previous
chapter.

As you can see from this regression, with FLR held constant, a standard
deviation increase in PGNP leads, on average, to a 0.2026 standard devia-
tion decrease in CM. Similarly, holding PGNP constant, a standard devia-
tion increase in FLR, on average, leads to a 0.7639 standard deviation de-
crease in CM. Relatively speaking, female literacy has more impact on child
mortality than per capita GNP. Here you will see the advantage of using
standardized variables, for standardization puts all variables on equal foot-
ing because all standardized variables have zero means and unit variances.

7.7 SIMPLE REGRESSION IN THE CONTEXT OF
MULTIPLE REGRESSION: INTRODUCTION TO
SPECIFICATION BIAS

Recall that assumption (7.1.6) of the classical linear regression model states
that the regression model used in the analysis is “correctly” specified; that is,
there is no specification bias or specification error (see Chapter 3 for
some introductory remarks). Although the topic of specification error will
be discussed more fully in Chapter 13, the illustrative example given in the
preceding section provides a splendid opportunity not only to drive home
the importance of assumption (7.1.6) but also to shed additional light on the
meaning of partial regression coefficient and provide a somewhat informal
introduction to the topic of specification bias.
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Assume that (7.6.1) is the “true” model explaining the behavior of child
mortality in relation to per capita GNP and female literacy rate (FLR). But
suppose we disregard FLR and estimate the following simple regression:

Y, = a1 + o X5 + uy; (7.7.1)

where Y = CM and X, = PGNP.

Since (7.6.1) is the true model, estimating (7.7.1) would constitute a spec-
ification error; the error here consists in omitting the variable X3, the female
literacy rate. Notice that we are using different parameter symbols (the al-
phas) in (7.7.1) to distinguish them from the true parameters (the betas)
given in (7.6.1).

Now will @, provide an unbiased estimate of the true impact of PGNP,
which is given by 8, in model (7.6.1)? In other words, will E(&,) = B,, where
&> is the estimated value of a»>? In other words, will the coefficient of PGNP
in (7.7.1) provide an unbiased estimate of the true impact of PGNP on CM,
knowing that we have omitted the variable X3 (FLR) from the model? As you
would suspect, in general @, will not be an unbiased estimator of the true 8;.
To give a glimpse of the bias, let us run the regression (7.7.1), which gave the
following results.

CM; = 157.4244 — 0.0114 PGNP;
se= (9.8455) (0.0032) 2 =0.1662

(7.7.2)

Observe several things about this regression compared to the “true” mul-
tiple regression (7.6.1):

1. In absolute terms (i.e., disregarding the sign), the PGNP coefficient
has increased from 0.0056 to 0.0114, almost a two-fold increase.

2. The standard errors are different.

3. The intercept values are different.

4. The r? values are dramatically different, although it is generally the
case that, as the number of regressors in the model increases, the > value
increases.

Now suppose that you regress child mortality on female literacy rate,
disregarding the influence of PGNP. You will obtain the following results:
CM; = 263.8635 — 2.3905 FLR;

(7.7.3)

se = (21.2249) (0.2133) r?=0.6696
Again if you compare the results of this (misspecified) regression with the
“true” multiple regression, you will see that the results are different, although
the difference here is not as noticeable as in the case of regression (7.7.2).
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The important point to note is that serious consequences can ensue if
you misfit a model. We will look into this topic more thoroughly in Chap-
ter 13, on specification errors.

7.8 R2AND THE ADJUSTED R?

An important property of R? is that it is a nondecreasing function of the
number of explanatory variables or regressors present in the model; as the
number of regressors increases, R? almost invariably increases and never
decreases. Stated differently, an additional X variable will not decrease R?.
Compare, for instance, regression (7.7.2) or (7.7.3) with (7.6.2). To see this,
recall the definition of the coefficient of determination:

, ESS

~ TSS
RSS
oz
v

Now )" y? is independent of the number of X variables in the model because
it is simply Y (V; — Y)2. The RSS, » ﬁl-z, however, depends on the number of
regressors present in the model. Intuitively, it is clear that as the number of
X variables increases, Y 5112 is likely to decrease (at least it will not increase);
hence R? as defined in (7.8.1) will increase. In view of this, in comparing
two regression models with the same dependent variable but differing num-
ber of X variables, one should be very wary of choosing the model with the
highest R?.

To compare two R? terms, one must take into account the number of X
variables present in the model. This can be done readily if we consider an
alternative coefficient of determination, which is as follows:

R_1_ Y it [(n—k)

ST (7.8.2)

where k = the number of parameters in the model including the intercept
term. (In the three-variable regression, k = 3. Why?) The R? thus defined
is known as the adjusted R?, denoted by R?. The term adjusted means
adjusted for the df associated with the sums of squares entering into
(7.8.1): >4 has n — k df in a model involving k parameters, which include
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the intercept term, and ) y? has n — 1 df. (Why?) For the three-variable

case, we know that )" 2 hasn — 3 df.
Equation (7.8.2) can also be written as
&2

T

S2

where 62 is the residual variance, an unbiased estimator of true o2, and S,z,
is the sample variance of Y.

It is easy to see that R* and R? are related because, substituting (7.8.1)
into (7.8.2), we obtain

R*=1 (7.8.3)

R_1_01_py'—!
n—=k

(7.8.4)

It is immediately apparent from Eq. (7.8.4) that (1) fork > 1, R?> < R? which
implies that as the number of X variables increases, the adjusted R? in-
creases less than the unadjusted R?; and (2) R? can be negative, although R?
is necessarily nonnegative.!? In case R? turns out to be negative in an appli-
cation, its value is taken as zero.

Which R? should one use in practice? As Theil notes:

...itis good practice to use R? rather than R? because R? tends to give an overly op-
timistic picture of the fit of the regression, particularly when the number of ex-
planatory variables is not very small compared with the number of observations.!!

But Theil’s view is not uniformly shared, for_he has offered no general theo-
retical justification for the “superiority” of R?. For example, Goldberger ar-
gues that the following R?, call it modified R?, will do just as well!?:

Modified R?> = (1 — k/n)R? (7.8.5)

His advice is to report R?, n, and k and let the reader decide how to adjust
R? by allowing for n and k.

Despite this advice, it is the adjusted R?, as given in (7.8.4), that is
reported by most statistical packages along with the conventional R?. The
reader is well advised to treat R? as just another summary statistic.

10I}Iote, however, that if R =1, R2 = R? = 1. When R? =0, R?> = (1 —k)/(n — k), in which
case R? can be negative if k > 1.

"Henri Theil, Introduction to Econometrics, Prentice Hall, Englewood Cliffs, N.J., 1978,
p. 135.

2Arthur S. Goldberger, A Course in Econometrics, Harvard University Press, Cambridge,
Mass., 1991, p. 178. For a more critical view of R?, see S. Cameron, “Why is the R Squared
Adjusted Reported?”, Journal of Quantitative Economics, vol. 9, no. 1, January 1993, pp. 183-186.
He argues that “It [R?] is NOT a test statistic and there seems to be no clear intuitive justification
for its use as a descriptive statistic. Finally, we should be clear that it is not an effective tool for
the prevention of data mining” (p. 186).
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Incidentally, for the child mortality regression (7.6.2), the reader should
verify that R? is 0.6981, keeping in mind that in this example (n — 1) = 63
and (n — k) = 60. As expected, R? of 0.6981 is less than R? of 0.7077.

Besides R? and adjusted R? as goodness of fit measures, other criteria
are often used to judge the adequacy of a regression model. Two of these are
Akaike’s Information criterion and Amemiya’s Prediction criteria,
which are used to select between competing models. We will discuss these
criteria when we consider the problem of model selection in greater detail
in a later chapter (see Chapter 13).

Comparing Two R? Values

It is crucial to note that in comparing two models on the basis of the coeffi-
cient of determination, whether adjusted or not, the sample size n and the de-
pendent variable must be the same; the explanatory variables may take any
form. Thus for the models

InY; = g1 + B Xoi + B3 X3 +u; (7.8.6)
Y, = a1 + ax Xo; + a3 X3 +u; (7.8.7)

the computed R? terms cannot be compared. The reason is as follows: By
definition, R?> measures the proportion of the variation in the dependent
variable accounted for by the explanatory variable(s). Therefore, in (7.8.6)
R? measures the proportion of the variation in InY explained by X, and X3,
whereas in (7.8.7) it measures the proportion of the variation in Y, and the
two are not the same thing: As noted in Chapter 6, a change in InY gives a
relative or proportional change in Y, whereas a change in Y gives an ab-
solute change. Therefore, varY; /varY; is not equal to var (InY;)/var (In Y;);
that is, the two coefficients of determination are not the same.!3

How then does one compare the R%s of two models when the regressand
is not in the same form? To answer this question, let us first consider a nu-
merical example.

BFrom the definition of R, we know that

1-R? = LSS — 271212_
TSS (Y —Y)?
for the linear model and
e v

T Y(nY —Invp

for the log model. Since the denominators on the right-hand sides of these expressions are
different, we cannot compare the two R? terms directly.

As shown in Example 7.2, for the linear specification, the RSS = 0.1491 (the residual sum of
squares of coffee consumption), and for the log-linear specification, the RSS = 0.0226 (the
residual sum of squares of log of coffee consumption). These residuals are of different orders
of magnitude and hence are not directly comparable.
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EXAMPLE 7.2
COFFEE CONSUMPTION IN THE UNITED STATES, 1970-1980

Consider the data in Table 7.1. The data pertain to consumption of cups of coffee per day (Y)
and real retail price of coffee (X) in the United States for years 1970-1980. Applying OLS to
the data, we obtain the following regression results:

Y= 2.6911 — 0.4795X,
(7.8.8)
se = (0.1216) (0.1140) RSS = 0.1491; r2 = 0.6628

The results make economic sense: As the price of coffee increases, on average, coffee con-
sumption goes down by about half a cup per day. The r? value of about 0.66 means that the
price of coffee explains about 66 percent of the variation in coffee consumption. The reader
can readily verify that the slope coefficient is statistically significant.

From the same data, the following double log, or constant elasticity, model can be
estimated:

nY; = 0.7774 — 0.2530 In X,

(7.8.9)
se =(0.0152) (0.0494) RSS = 0.0226; r2 = 0.7448

Since this is a double log model, the slope coefficient gives a direct estimate of the price elas-
ticity coefficient. In the present instance, it tells us that if the price of coffee per pound goes
up by 1 percent, on average, per day coffee consumption goes down by about 0.25 percent.
Remember that in the linear model (7.8.8) the slope coefficient only gives the rate of change
of coffee consumption with respect to price. (How will you estimate the price elasticity for the

TABLE 7.1
U.S. COFFEE CONSUMPTION (Y) IN RELATION TO AVERAGE
REAL RETAIL PRICE (X),* 1970-1980

Y,
Cups per person X,
Year per day $ perlb
1970 2.57 0.77
1971 2.50 0.74
1972 2.35 0.72
1973 2.30 0.73
1974 2.25 0.76
1975 2.20 0.75
1976 2.1 1.08
1977 1.94 1.81
1978 1.97 1.39
1979 2.06 1.20
1980 2.02 1.17

*Note: The nominal price was divided by the Consumer Price Index
(CPI) for food and beverages, 1967 = 100.

Source: The data for Y are from Summary of National Coffee Drinking
Study, Data Group, Elkins Park, Penn., 1981; and the data on nominal X
(i.e., Xin current prices) are from Nielsen Food Index, A. C. Nielsen, New
York, 1981.

| am indebted to Scott E. Sandberg for collecting the data.

(Continued)
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EXAMPLE 7.2 (Continued)

linear model?) The r? value of about 0.74 means that about 74 percent of the variation in the
log of coffee demand is explained by the variation in the log of coffee price.

Since the r? value of the linear model of 0.6628 is smaller than the r? value of 0.7448 of
the log-linear model, you might be tempted to choose the latter model because of its high r?
value. But for reasons already noted, we cannot do so. But if you do want to compare the
two r? values, you may proceed as follows:

1. Obtain InY;from (7.8.9) for each observation; that is, obtain the estimated log value of
each observation from this model. Take the antilog of these values and then compute r? be-
tween these antilog values and actual Y; in the manner indicated by Eq. (3.5.14). This r?
value is comparable to the r? value of the linear model (7.8.8).

2. Alternatively, assuming all Y values are positive, take logarithms of the Y values, In Y.
Obtain the estimated Y values, V,, from the linear model (7.8.8), take the logarithms of these

estimated Y values (i.e., In V,) and compute the r? between (In Y;) and (In V,) in the manner
indicated in Eq. (3.5.14). This r? value is comparable to the r? value obtained from (7.8.9).

For our coffee example, we present the necessary raw data to compute the comparable
r?s in Table 7.2. To compare the r? value of the linear model (7.8.8) with that of (7.8.9), we first
obtain log of (Vt) [given in column (6) of Table 7.2], then we obtain the log of actual Y values
[given in column (5) of the table], and then compute r2 between these two sets of values using
Eq. (3.5.14). The result is an r? value of 0.7318, which is now comparable with the r? value of
the log—linear model of 0.7448. Now the difference between the two r? values is very small.

On the other hand, if we want to compare the r? value of the log-linear model with the linear
model, we obtain InY;for each observation from (7.8.9) [given in column (3) of the table], obtain
their antilog values [given in column (4) of the table], and finally compute r? between these an-
tilog values and the actual Y values, using formula (3.5.14). This will give an r? value of 0.7187,
which is slightly higher than that obtained from the linear model (7.8.8), namely, 0.6628.

Using either method, it seems that the log—linear model gives a slightly better fit.

TABLE 7.2 RAW DATA FOR COMPARING TWO R? VALUES

e Antilog of
Y Yi InY: InY: InY; In(Yy)
Year (1 2 ) (4) (5) (6)

1970 2.57 2.321887 0.843555 2.324616 0.943906 0.842380
1971 2.50 2.336272 0.853611 2.348111 0.916291 0.848557
1972 2.35 2.345863 0.860544 2.364447 0.854415 0.852653
1973 2.30 2.341068 0.857054 2.356209 0.832909 0.850607
1974 2.25 2.326682 0.846863 2.332318 0.810930 0.844443
1975 2.20 2.331477 0.850214 2.340149 0.788457 0.846502
1976 2.1 2.173233 0.757943 2.133882 0.746688 0.776216
1977 1.94 1.823176 0.627279 1.872508 0.662688 0.600580
1978 1.97 2.024579 0.694089 2.001884 0.678034 0.705362
1979 2.06 2.115689 0.731282 2.077742 0.722706 0.749381
1980 2.02 2.130075 0.737688 2.091096 0.703098 0.756157

Notes: Column (1): Actual Y values from Table 7.1
Column (2): Estimated Y values from the linear model (7.8.8)
Column (3): Estimated log Y values from the double-log model (7.8.9)
Column (4): Antilog of values in column (3)
Column (5): Log values of Y'in column (1)
Column (6): Log values ofY;in column (2)
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Allocating R?> among Regressors

Let us return to our child mortality example. We saw in (7.6.2) that the two
regressors PGNP and FLR explain 0.7077 or 70.77 percent of the variation
in child mortality. But now consider the regression (7.7.2) where we
dropped the FLR variable and as a result the 2 value dropped to 0.1662.
Does that mean the difference in the 2 value of 0.5415 (0.7077 — 0.1662) is
attributable to the dropped variable FLR? On the other hand, if you con-
sider regression (7.7.3), where we dropped the PGNP variable, the 2 value
drops to 0.6696. Does that mean the difference in the r? value of 0.0381
(0.7077 — 0.6696) is due to the omitted variable PGNP?

The question then is: Can we allocate the multiple R? of 0.7077 between
the two regressors, PGNP and FLR, in this manner? Unfortunately, we can-
not do so, for the allocation depends on the order in which the regressors
are introduced, as we just illustrated. Part of the problem here is that the
two regressors are correlated, the correlation coefficient between the two
being 0.2685 (verify it from the data given in Table 6.4). In most applied
work with several regressors, correlation among them is a common prob-
lem. Of course, the problem will be very serious if there is perfect collinear-
ity among the regressors.

The best practical advice is that there is little point in trying to allocate
the R? value to its constituent regressors.

The “Game” of Maximizing R?

In concluding this section, a warning is in order: Sometimes researchers play
the game of maximizing R?, that is, choosing the model that gives the high-
est R%. But this may be dangerous, for in regression analysis our objective is
not to obtain a high R? per se but rather to obtain dependable estimates of
the true population regression coefficients and draw statistical inferences
about them. In empirical analysis it is not unusual to obtain a very high R?
but find that some of the regression coefficients either are statistically in-
significant or have signs that are contrary to a priori expectations. Therefore,
the researcher should be more concerned about the logical or theoretical rel-
evance of the explanatory variables to the dependent variable and their sta-
tistical significance. If in this process we obtain a high R?, well and good; on
the other hand, if R? is low, it does not mean the model is necessarily bad.'*

14Some authors would like to deemphasize the use of R? as a measure of goodness of fit as
well as its use for comparing two or more R? values. See Christopher H. Achen, Interpreting and
Using Regression, Sage Publications, Beverly Hills, Calif., 1982, pp. 58-67, and C. Granger and
P. Newbold, “R? and the Transformation of Regression Variables,” Journal of Econometrics,
vol. 4, 1976, pp. 205-210. Incidentally, the practice of choosing a model on the basis of highest
R?, akind of data mining, introduces what is known as pretest bias, which might destroy some
of the properties of OLS estimators of the classical linear regression model. On this topic, the
reader may want to consult George G. Judge, Carter R. Hill, William E. Griffiths, Helmut
Liitkepohl, and Tsoung-Chao Lee, Introduction to the Theory and Practice of Econometrics, John
Wiley, New York, 1982, Chap. 21.
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As a matter of fact, Goldberger is very critical about the role of R?. He has
said:

From our perspective, R*> has a very modest role in regression analysis, being
a measure of the goodness of fit of a sample LS [least-squares] linear regression
in a body of data. Nothing in the CR [CLRM] model requires that R?> be high.
Hence a high R? is not evidence in favor of the model and a low R? is not evidence
against it.

In fact the most important thing about R? is that it is not important in the CR
model. The CR model is concerned with parameters in a population, not with
goodness of fit in the sample. . . . If one insists on a measure of predictive success
(or rather failure), then o might suffice: after all, the parameter o2 is the ex-
pected squared forecast error that would result if the population CEF [PRF] were
used as the predictor. Alternatively, the squared standard error of forecast . . . at
relevant values of x [regressors] may be informative.!>

7.9 EXAMPLE 7.3: THE COBB-DOUGLAS PRODUCTION FUNCTION:
MORE ON FUNCTIONAL FORM

In Section 6.4 we showed how with appropriate transformations we can
convert nonlinear relationships into linear ones so that we can work within
the framework of the classical linear regression model. The various trans-
formations discussed there in the context of the two-variable case can be
easily extended to multiple regression models. We demonstrate transforma-
tions in this section by taking up the multivariable extension of the two-
variable log-linear model; others can be found in the exercises and in the
illustrative examples discussed throughout the rest of this book. The specific
example we discuss is the celebrated Cobb-Douglas production function
of production theory.

The Cobb-Douglas production function, in its stochastic form, may be
expressed as

Y = Bi XD X B et (7.9.1)

where Y = output
X, = labor input
X3 = capital input
u = stochastic disturbance term
e = base of natural logarithm

From Eq. (7.9.1) it is clear that the relationship between output and
the two inputs is nonlinear. However, if we log-transform this model, we
obtain:

I5Arther S. Goldberger, op. cit., pp. 177-178.
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InY; =Ingi + B In X5 + B3 In X3; +u;

(7.9.2)
=Bo+ B2In Xy + B3In X3 + u

where By = In ;.

Thus written, the model is linear in the parameters By, 82, and B3 and is
therefore a linear regression model. Notice, though, it is nonlinear in the
variables Y and X but linear in the logs of these variables. In short, (7.9.2) is
a log-log, double-log, or log-linear model, the multiple regression counterpart
of the two-variable log-linear model (6.5.3).

The properties of the Cobb-Douglas production function are quite well
known:

1. B, is the (partial) elasticity of output with respect to the labor input,
that is, it measures the percentage change in output for, say, a 1 percent
change in the labor input, holding the capital input constant (see exercise 7.9).

2. Likewise, B3 is the (partial) elasticity of output with respect to the
capital input, holding the labor input constant.

3. The sum (B, + B3) gives information about the refurns to scale, that is,
the response of output to a proportionate change in the inputs. If this sum
is 1, then there are constant returns to scale, that is, doubling the inputs will
double the output, tripling the inputs will triple the output, and so on. If the
sum is less than 1, there are decreasing returns to scale—doubling the inputs
will less than double the output. Finally, if the sum is greater than 1, there
are increasing returns to scale—doubling the inputs will more than double
the output.

Before proceeding further, note that whenever you have a log-linear
regression model involving any number of variables the coefficient of each of
the X variables measures the (partial) elasticity of the dependent variable Y
with respect to that variable. Thus, if you have a k-variable log-linear model:

InY; =B+ BInXs +B3In X5 + -+ + BeIn X + 1 (7.9.3)

each of the (partial) regression coefficients, 8, through B, is the (partial)
elasticity of Y with respect to variables X, through X.!¢

To illustrate the Cobb-Douglas production function, we obtained the
data shown in Table 7.3; these data are for the agricultural sector of Taiwan
for 1958-1972.

Assuming that the model (7.9.2) satisfies the assumptions of the classical
linear regression model,!” we obtained the following regression by the OLS

16To see this, differentiate (7.9.3) partially with respect to the log of each X variable. There-
fore, 3InY/dIn X, = (3Y/0X2)(X2/Y) = B2, which, by definition, is the elasticity of ¥ with re-
spect to X> and dInY/d1In X3 = (3Y/9X3)(X3/Y) = B3, which is the elasticity of Y with respect to
X3, and so on.

"Notice that in the Cobb-Douglas production function (7.9.1) we have introduced the sto-
chastic error term in a special way so that in the resulting logarithmic transformation it enters
in the usual linear form. On this, see Sec. 6.9.
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REAL GROSS PRODUCT, LABOR DAYS, AND REAL CAPITAL INPUT IN THE AGRICULTURAL
SECTOR OF TAIWAN, 1958-1972

Real gross product Labor days Real capital input
Year (millions of NT $)*, Y (millions of days), Xo (millions of NT $), X3
1958 16,607.7 2755 17,803.7
1959 17,511.3 274.4 18,096.8
1960 20,171.2 269.7 18,271.8
1961 20,932.9 267.0 19,167.3
1962 20,406.0 267.8 19,647.6
1963 20,831.6 275.0 20,803.5
1964 24,806.3 283.0 22,076.6
1965 26,465.8 300.7 23,445.2
1966 27,403.0 307.5 24,939.0
1967 28,628.7 303.7 26,713.7
1968 29,904.5 304.7 29,957.8
1969 27,508.2 298.6 31,5685.9
1970 29,035.5 295.5 33,474.5
1971 29,281.5 299.0 34,821.8
1972 31,535.8 288.1 41,794.3

Source: Thomas Pei-Fan Chen, “Economic Growth and Structural Change in Taiwan—1952-1972, A
Production Function Approach,” unpublished Ph.D. thesis, Dept. of Economics, Graduate Center, City University
of New York, June 1976, Table II.

*New Taiwan dollars.

method (see Appendix 7A, Section 7A.5 for the computer printout):

lﬁi = —3.3384 + 1.4988 In X5 + 0.4899 In X3;

(2.4495) (0.5398) (0.1020)
t=(-1.3629) (2.7765) (4.8005)
R?=0.8890 df =12
. (7.9.4)
R? = 0.8705

From Eq. (7.9.4) we see that in the Taiwanese agricultural sector for the
period 1958-1972 the output elasticities of labor and capital were 1.4988
and 0.4899, respectively. In other words, over the period of study, holding
the capital input constant, a 1 percent increase in the labor input led on the
average to about a 1.5 percent increase in the output. Similarly, holding
the labor input constant, a 1 percent increase in the capital input led on the
average to about a 0.5 percent increase in the output. Adding the two output
elasticities, we obtain 1.9887, which gives the value of the returns to scale
parameter. As is evident, over the period of the study, the Taiwanese agri-
cultural sector was characterized by increasing returns to scale.!®

18We abstain from the question of the appropriateness of the model from the theoretical view-
point as well as the question of whether one can measure returns to scale from time series data.
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From a purely statistical viewpoint, the estimated regression line fits the
data quite well. The R? value of 0.8890 means that about 89 percent of the
variation in the (log of) output is explained by the (logs of) labor and capi-
tal. In Chapter 8, we shall see how the estimated standard errors can be used
to test hypotheses about the “true” values of the parameters of the Cobb-
Douglas production function for the Taiwanese economy.

7.10 POLYNOMIAL REGRESSION MODELS

FIGURE 7.1

We now consider a class of multiple regression models, the polynomial
regression models, that have found extensive use in econometric research
relating to cost and production functions. In introducing these models, we
further extend the range of models to which the classical linear regression
model can easily be applied.

To fix the ideas, consider Figure 7.1, which relates the short-run marginal
cost (MC) of production (Y) of a commodity to the level of its output (X).
The visually-drawn MC curve in the figure, the textbook U-shaped curve,
shows that the relationship between MC and output is nonlinear. If we were
to quantify this relationship from the given scatterpoints, how would we go
about it? In other words, what type of econometric model would capture
first the declining and then the increasing nature of marginal cost?

Geometrically, the MC curve depicted in Figure 7.1 represents a parabola.
Mathematically, the parabola is represented by the following equation:

Y = o+ X+ B X (7.10.1)
which is called a quadratic function, or more generally, a second-degree poly-
nomial in the variable X—the highest power of X represents the degree of

the polynomial (if X* were added to the preceding function, it would be a
third-degree polynomial, and so on).

Y

Marginal cost

The U-shaped marginal cost curve. Output
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The stochastic version of (7.10.1) may be written as

Y = Bo+ BiXi + B X] +ui (7.10.2)
which is called a second-degree polynomial regression.

The general kth degree polynomial regression may be written as

Y = Bo+ B1Xi + B XP 4 -+ BXE +u; (7.10.3)
Notice that in these types of polynomial regressions there is only one
explanatory variable on the right-hand side but it appears with various pow-
ers, thus making them multiple regression models. Incidentally, note that if
X; is assumed to be fixed or nonstochastic, the powered terms of X; also
become fixed or nonstochastic.

Do these models present any special estimation problems? Since the
second-degree polynomial (7.10.2) or the kth degree polynomial (7.10.13) is
linear in the parameters, the 8’s, they can be estimated by the usual OLS or
ML methodology. But what about the collinearity problem? Aren’t the vari-
ous X’s highly correlated since they are all powers of X? Yes, but remember
that terms like X2, X3, X*, etc., are all nonlinear functions of X and hence,
strictly speaking, do not violate the no multicollinearity assumption. In
short, polynomial regression models can be estimated by the techniques
presented in this chapter and present no new estimation problems.

EXAMPLE 7.4

ESTIMATING THE TOTAL COST FUNCTION

TABLE 7.4 TOTAL COST (Y) AND OUTPUT (X)

Output Total cost, $

As an example of the polynomial regression, consider
the data on output and total cost of production of a com-
modity in the short run given in Table 7.4. What type of
regression model will fit these data? For this purpose,
let us first draw the scattergram, which is shown in
Figure 7.2.

From this figure it is clear that the relationship be-
tween total cost and output resembles the elongated
S curve; notice how the total cost curve first increases
gradually and then rapidly, as predicted by the cele-
brated law of diminishing returns. This S shape of the
total cost curve can be captured by the following cubic or
third-degree polynomial:

Yi = Bo+ B1Xi + B X2+ B3 XP + U (7.10.4)

where Y = total cost and X = output.

193
226
240
244
257
260
274
297
350
420

O OWONOOA~WN=

—_

Given the data of Table 7.4, we can apply the OLS
method to estimate the parameters of (7.10.4). But be-
fore we do that, let us find out what economic theory has
to say about the short-run cubic cost function (7.10.4).
Elementary price theory shows that in the short run the

(Continued)
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EXAMPLE 7.4 (Continued)
Y
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FIGURE 7.2 The total cost curve.

marginal cost (MC) and average cost (AC) curves of
production are typically U-shaped—initially, as output
increases both MC and AC decline, but after a certain
level of output they both turn upward, again the conse-
quence of the law of diminishing return. This can be seen
in Figure 7.3 (see also Figure 7.1). And since the MC and
AC curves are derived from the total cost curve, the
U-shaped nature of these curves puts some restrictions
on the parameters of the total cost curve (7.10.4). As a
matter of fact, it can be shown that the parameters of
(7.10.4) must satisfy the following restrictions if one is to
observe the typical U-shaped short-run marginal and
average cost curves:'®

1. Bo, B1,and B3 > 0
2. B <0

3. B2 <3B1ps

All this theoretical discussion might seem a bit te-
dious. But this knowledge is extremely useful when we
examine the empirical results, for if the empirical results
do not agree with prior expectations, then, assuming we
have not committed a specification error (i.e., chosen the

(7.10.5)

19See Alpha C. Chiang, Fundamental Methods of Mathematical Economics, 3d ed., McGraw-

Hill, New York, 1984, pp. 250-252.
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FIGURE 7.3  Short-run cost functions.

wrong model), we will have to modify our theory or look
for a new theory and start the empirical enquiry all over
again. But as noted in the Introduction, this is the nature
of any empirical investigation.

Empirical Results
When the third-degree polynomial regression was fitted
to the data of Table 7.4, we obtained the following
results:
Vi =141.7667 + 63.4776X; — 12.9615X2 + 0.9396 X3
(6.3753) (4.7786) (0.9857) (0.0591)
R? =0.9983

(7.10.6)
(Continued)
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EXAMPLE 7.4 (Continued)

(Note: The figures in parentheses are the estimated theoretical expectations listed in (7.10.5). We leave it as
standard errors.) Although we will examine the statisti- an exercise for the reader to interpret the regression
cal significance of these results in the next chapter, the  (7.10.6).

reader can verify that they are in conformity with the

EXAMPLE 7.5

GDP GROWTH RATE, 1960-1985 AND RELATIVE PER CAPITA GDP,
IN 119 DEVELOPING COUNTRIES

As an additional economic example of the polynomial regression model, consider the follow-
ing regression results?°:

GDPG; = 0.013 + 0.062 RGDP — 0.061 RGDP2
se = (0.004) (0.027) (0.033) (7.10.7)
R2= 0.053  adjR%=0.036

where GDPG = GDP growth rate, percent (average for 1960—1985), and RGDP = relative
per capita GDP, 1960 (percentage of U.S. GDP per capita, 1960). The adjusted R? (adj R?)
tells us that, after taking into account the number of regressors, the model explains only
about 3.6 percent of the variation in GDPG. Even the unadjusted R? of 0.053 seems low. This
might sound a disappointing value but, as we shall show in the next chapter, such low R®s
are frequently encountered in cross-sectional data with a large number of observations.
Besides, even an apparently low R? value can be statistically significant (i.e., different from
zero), as we will show in the next chapter.

As this regression shows, GDPG in developing countries increased as RGDP increased,
but at a decreasing rate; that is, developing economies were not catching up with advanced
economies.?' This example shows how relatively simple econometric models can be used to
shed light on important economic phenomena.

*7.11 PARTIAL CORRELATION COEFFICIENTS

Explanation of Simple and Partial Correlation Coefficients

In Chapter 3 we introduced the coefficient of correlation r as a measure of
the degree of linear association between two variables. For the three-variable

20Source: The East Asian Economic Miracle: Economic Growth and Public Policy, A World
Bank Policy Research Report, Oxford University Press, U.K, 1993, p. 29.
21Tf you take the derivative of (7.10.7), you will obtain
dGDPG
dRGDP
showing that the rate of change of GDPG with respect to RGDP is declining. If you set this de-
rivative to zero, you will get RGDP ~ 0.5082. Thus, if a country’s GDP reaches about 51 percent
of the U.S. GDP, the rate of growth of GDPG will crawl to zero.
“Optional.

=0.062 — 0.122RGDP
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regression model we can compute three correlation coefficients: 71, (corre-
lation between Y and X5), 1 3 (correlation coefficient between Y and X3), and
23 (correlation coefficient between X, and X3); notice that we are letting the
subscript 1 represent Y for notational convenience. These correlation coeffi-
cients are called gross or simple correlation coefficients, or correlation
coefficients of zero order. These coefficients can be computed by the defi-
nition of correlation coefficient given in (3.5.13).

But now consider this question: Does, say, 71, in fact measure the “true”
degree of (linear) association between Y and X, when a third variable X3
may be associated with both of them? This question is analogous to the fol-
lowing question: Suppose the true regression model is (7.1.1) but we omit
from the model the variable X3 and simply regress Y on X5, obtaining the
slope coefficient of, say, b;,. Will this coefficient be equal to the true coeffi-
cient B, if the model (7.1.1) were estimated to begin with? The answer
should be apparent from our discussion in Section 7.7. In general, ;5 is not
likely to reflect the true degree of association between Y and X; in the pres-
ence of X3. As a matter of fact, it is likely to give a false impression of the na-
ture of association between Y and X, as will be shown shortly. Therefore,
what we need is a correlation coefficient that is independent of the influ-
ence, if any, of X3 on X; and Y. Such a correlation coefficient can be obtained
and is known appropriately as the partial correlation coefficient. Concep-
tually, it is similar to the partial regression coefficient. We define

r12.3 = partial correlation coefficient between Y and X5, holding X3 constant
r13.2 = partial correlation coefficient between Y and X3, holding X, constant
r23.1 = partial correlation coefficient between X, and X3, holding Y constant
These partial correlations can be easily obtained from the simple or zero-
order, correlation coefficients as follows (for proofs, see the exercises)??:
r12 — 113723

JA =) (1=13y)

riz2 = f13 — Taras (7.11.2)

JA=rt) (1=13,)
JA=rt) (1=1y)

The partial correlations given in Egs. (7.11.1) to (7.11.3) are called first-
order correlation coefficients. By order we mean the number of secondary

(7.11.1)

ri23 =

r231 = (7.11.3)

22Most computer programs for multiple regression analysis routinely compute the simple
correlation coefficients; hence the partial correlation coefficients can be readily computed.
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subscripts. Thus 71234 would be the correlation coefficient of order two,
r12.345 would be the correlation coefficient of order three, and so on. As
noted previously, 712, 713, and so on are called simple or zero-order correla-
tions. The interpretation of, say, 71234 is that it gives the coefficient of corre-
lation between Y and X5, holding X3 and X4 constant.

Interpretation of Simple and Partial Correlation Coefficients

In the two-variable case, the simple » had a straightforward meaning: It
measured the degree of (linear) association (and not causation) between the
dependent variable Y and the single explanatory variable X. But once we go
beyond the two-variable case, we need to pay careful attention to the inter-
pretation of the simple correlation coefficient. From (7.11.1), for example,
we observe the following:

1. Evenifri, =0, r123 will not be zero unless r;3 or r»3 or both are zero.

2. If r;; = 0 and 713 and r,3 are nonzero and are of the same sign, 1,3
will be negative, whereas if they are of the opposite signs, it will be positive.
An example will make this point clear. Let Y = crop yield, X5 = rainfall, and
X3 = temperature. Assume 71, = 0, that is, no association between crop yield
and rainfall. Assume further that ;3 is positive and r; 3 is negative. Then, as
(7.11.1) shows, r,.3 will be positive; that is, holding temperature constant,
there is a positive association between yield and rainfall. This seemingly
paradoxical result, however, is not surprising. Since temperature X3 affects
both yield Y and rainfall X5, in order to find out the net relationship between
crop yield and rainfall, we need to remove the influence of the “nuisance”
variable temperature. This example shows how one might be misled by the
simple coefficient of correlation.

3. The terms r123 and 71, (and similar comparisons) need not have the
same sign.

4. In the two-variable case we have seen that 7 lies between 0 and 1. The
same property holds true of the squared partial correlation coefficients.
Using this fact, the reader should verify that one can obtain the following
expression from (7.11.1):

0 <ri,+ris+ris—2riarisr2z <1 (7.11.4)

which gives the interrelationships among the three zero-order correla-
tion coefficients. Similar expressions can be derived from Egs. (7.9.3) and
(7.9.4).

5. Suppose that r;3 = r,3 = 0. Does this mean that r;, is also zero? The
answer is obvious from (7.11.4). The fact that Y and X3 and X, and X3 are
uncorrelated does not mean that Y and X, are uncorrelated.

In passing, note that the expression 7, ; may be called the coefficient of
partial determination and may be interpreted as the proportion of the
variation in Y not explained by the variable X3 that has been explained
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by the inclusion of X; into the model (see exercise 7.5). Conceptually it is
similar to R?.

Before moving on, note the following relationships between R?, simple
correlation coefficients, and partial correlation coefficients:

R = 2ty = Zrianuaras (7.11.5)
1—r5,

R =r{,+ (1 —7122) i3a (7.11.6)

R =ri;+ (1- ”123) 123 (7.11.7)

In concluding this section, consider the following: It was stated previously
that R? will not decrease if an additional explanatory variable is introduced
into the model, which can be seen clearly from (7.11.6). This equation states
that the proportion of the variation in Y explained by X, and X3 jointly is the
sum of two parts: the part explained by X alone (=r},) and the part not ex-
plained by X, (= 1 —r?,) times the proportion that is explained by X3 after
holding the influence of X, constant. Now R*> > r#, so long as r{;, > 0. At
worst, 77, , will be zero, in which case R* =r7,.

7.12 SUMMARY AND CONCLUSIONS

1. This chapter introduced the simplest possible multiple linear regres-
sion model, namely, the three-variable regression model. It is understood
that the term linear refers to linearity in the parameters and not necessarily
in the variables.

2. Although a three-variable regression model is in many ways an ex-
tension of the two-variable model, there are some new concepts involved,
such as partial regression coefficients, partial correlation coefficients, multiple
correlation coefficient, adjusted and unadjusted (for degrees of freedom) R?,
multicollinearity, and specification bias.

3. This chapter also considered the functional form of the multiple re-
gression model, such as the Cobb-Douglas production function and the poly-
nomial regression model.

4. Although R? and adjusted R? are overall measures of how the chosen
model fits a given set of data, their importance should not be overplayed.
What is critical is the underlying theoretical expectations about the model in
terms of a priori signs of the coefficients of the variables entering the model
and, as it is shown in the following chapter, their statistical significance.

5. The results presented in this chapter can be easily generalized to a
multiple linear regression model involving any number of regressors. But
the algebra becomes very tedious. This tedium can be avoided by resorting
to matrix algebra. For the interested reader, the extension to the k-variable
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regression model using matrix algebra is presented in Appendix C, which is
optional. But the general reader can read the remainder of the text without
knowing much of matrix algebra.

EXERCISES

Questions
7.1. Consider the data in Table 7.5.

TABLE 7.5

Y Xo X3
1 1 2
3 2 1

8 3 -3

Based on these data, estimate the following regressions:

Y, = a1 +ax Xo; +uy; (1)
Y, = + A3 X3 +uy (2)
Y, = B1 + B2 Xoi + B3 Xsi +u; 3)

Note: Estimate only the coefficients and not the standard errors.
a. Is ay = ,? Why or why not?
b. Is 3 = B3? Why or why not?
What important conclusion do you draw from this exercise?
7.2. From the following data estimate the partial regression coefficients, their
standard errors, and the adjusted and unadjusted R? values:

Y =367.693 X, =402.760  X;=8.0
D (¥ — V) = 66042.269 Y (X — X5)? = 84855.096
D (X3 — X3)* = 280.000 D (¥ = V)(Xy — X,) = 74778346
DV = V)(X3 — X3) =4250.900 Y (Xa — X)(X3; — X3) = 4796.000
n=15

7.3. Show that Eq. (7.4.7) can also be expressed as
'BA _ > vi(x2; — by 3x3;)
? > (x2i — bazxs;)?

net (of x3) covariation between y and x,

net (of x3) variation in x,

where b, ; is the slope coefficient in the regression of X5 on X3. (Hint: Re-
call that by3 = Y xp;x3:/ Y x3,.)
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7.4.

7.5.
7.6.

1.1.

7.8.

7.9.

7.10.

7.11.

7.12.

7.13.

In a multiple regression model you are told that the error term u; has the
following probability distribution, namely, u; ~ N(0, 4). How would you
set up a Monte Carlo experiment to verify that the true variance is in fact 4?
Show thatr{, , = (R*> —r}{,)/(1 —r},) and interpret the equation.

If the relation o; X; + o> X, + a3 X3 = 0 holds true for all values of Xy, X5,
and X3, find the values of the three partial correlation coefficients.

Is it possible to obtain the following from a set of data?

a. 13 = 0‘9,7’13 = —0.2,1’12 =0.8

b. ri2 = 0.6,1’23 = —0.9,1’31 =-0.5

C. 11 = 0.01,1’13 = 0.66,1’23 =-0.7

Consider the following model:

Y; = B1 + B> Education; + B, Years of experience + u;

Suppose you leave out the years of experience variable. What kinds of

problems or biases would you expect? Explain verbally.

Show that 8, and B3 in (7.9.2) do, in fact, give output elasticities of labor

and capital. (This question can be answered without using calculus; just

recall the definition of the elasticity coefficient and remember that a

change in the logarithm of a variable is a relative change, assuming the

changes are rather small.)

Consider the three-variable linear regression model discussed in this

chapter.

a. Suppose you multiply all the X, values by 2. What will be the effect of
this rescaling, if any, on the estimates of the parameters and their stan-
dard errors?

b. Now instead of a, suppose you multiply all the Y values by 2. What will
be the effect of this, if any, on the estimated parameters and their stan-
dard errors?

In general R? # r}, +r{,, but it is so only if r,3 = 0. Comment and point

out the significance of this finding. [Hint: See Eq. (7.11.5).]

Consider the following models.”

Model A: Y, = a; + a2 Xp, + a3 X3, + 1y,
Model B: (Y; — X5;) = B1 + B X + B3 X3 + iy

a. Will OLS estimates of «; and g; be the same? Why?
b. Will OLS estimates of a3 and g3 be the same? Why?
c. What is the relationship between «, and g,?
d. Can you compare the R? terms of the two models? Why or why not?
Suppose you estimate the consumption function®
Yi =1+ a2 Xi +uy;
and the savings function

Z; = B1 + B2 Xi + uy;

“Adapted from Wojciech W. Charemza and Derek F. Deadman, Econometric Practice: General
to Specific Modelling, Cointegration and Vector Autogression, Edward Elgar, Brookfield,
Vermont, 1992, p. 18.

fAdapted from Peter Kennedy, A Guide to Econometrics, 3d ed., The MIT Press, Cambridge,
Massachusetts, 1992, p. 308, Question #9.
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where Y = consumption, Z = savings, X = income, and X = Y + Z, that

is, income is equal to consumption plus savings.

a. What is the relationship, if any, between «, and B,? Show your
calculations.

b. Will the residual sum of squares, RSS, be the same for the two models?
Explain.

c. Can you compare the R*> terms of the two models? Why or why not?

Suppose you express the Cobb-Douglas model given in (7.9.1) as follows:

Y = B X5 X5 u;

If you take the log-transform of this model, you will have In u; as the dis-

turbance term on the right-hand side.

a. What probabilistic assumptions do you have to make about In u; to be
able to apply the classical normal linear regression model (CNLRM)?
How would you test this with the data given in Table 7.3?

b. Do the same assumptions apply to «;? Why or why not?

Regression through the origin. Consider the following regression through

the origin:

Y = PaXoi + B Xzi +

a. How would you go about estimating the unknowns?

b. Will Y #&i; be zero for this model? Why or why not?

c. Will Z ﬁiXZi = Z l:liX3,‘ = 0 for this model?

d. When would you use such a model?

e

. Can you generalize your results to the k-variable model?
(Hint: Follow the discussion for the two-variable case given in Chapter 6.)

The demand for roses.” Table 7.6 gives quarterly data on these variables:

Y = quantity of roses sold, dozens
X, = average wholesale price of roses, $/dozen
X3 = average wholesale price of carnations, $/dozen
X4 = average weekly family disposable income, $/week
X5 = the trend variable taking values of 1, 2, and so on, for the period
1971-11I to 1975-1I in the Detroit metropolitan area
You are asked to consider the following demand functions:

Y, = a1 + ax Xy + a3 Xz + s Xy + as X5, + 1y
InY; = g1 + B2 In Xy, + B3 In X3, + BaIn Xy + Bs X5, + 1y

. Estimate the parameters of the linear model and interpret the results.

. Estimate the parameters of the log-linear model and interpret the
results.

c. B2, B3, and B4 give, respectively, the own-price, cross-price, and income

elasticities of demand. What are their a priori signs? Do the results con-

cur with the a priori expectations?

o

“T am indebted to Joe Walsh for collecting these data from a major wholesaler in the De-
troit metropolitan area and subsequently processing them.
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TABLE 7.6

Year and

quarter Y Xo X3 Xy Xs

197111l 11,484 2.26 3.49 158.11 1
-V 9,348 2.54 2.85 173.36 2

1972—| 8,429 3.07 4.06 165.26 3
el 10,079 2.91 3.64 172.92 4
=l 9,240 2.73 3.21 178.46 5
-V 8,862 2.77 3.66 198.62 6

19731 6,216 3.59 3.76 186.28 7
=l 8,253 3.23 3.49 188.98 8
=l 8,038 2.60 3.13 180.49 9
-V 7,476 2.89 3.20 183.33 10

19741 5,911 3.77 3.65 181.87 11
=l 7,950 3.64 3.60 185.00 12
el 6,134 2.82 2.94 184.00 13
-1V 5,868 2.96 3.12 188.20 14

19751 3,160 4.24 3.58 175.67 15
=l 5,872 3.69 3.53 188.00 16

d. How would you compute the own-price, cross-price, and income elas-
ticities for the linear model?

e. On the basis of your analysis, which model, if either, would you choose
and why?

7.17. Wildcat activity. Wildcats are wells drilled to find and produce oil and/or
gas in an improved area or to find a new reservoir in a field previously
found to be productive of oil or gas or to extend the limit of a known oil
or gas reservoir. Table 7.7 gives data on these variables:

Y = the number of wildcats drilled
X, = price at the wellhead in the previous period
(in constant dollars, 1972 = 100)
X3 = domestic output
X4 = GNP constant dollars (1972 = 100)
Xs = trend variable, 1948 =1,1949=2,..., 1978 = 31

See if the following model fits the data:

Y, = B1 + B2 Xor + B3InXs3, + BaXa + Bs X5 + 1

. Can you offer an a priori rationale to this model?

. Assuming the model is acceptable, estimate the parameters of the

model and their standard errors, and obtain R? and R2.

Comment on your results in view of your prior expectations.

. What other specification would you suggest to explain wildcat activ-
ity? Why?

o

a0

“T am indebted to Raymond Savino for collecting and processing the data.
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TABLE 7.7
Domestic
output
Per barrel (millions of GNP,
Thousands price, barrels constant
of wildcats, constant $, per day), $ billions, Time,
(Y) (X2) (X3) (Xa) (Xs)
8.01 4.89 5.52 487.67 1948 =1
9.06 4.83 5.05 490.59 1949 =2
10.31 4.68 5.41 533.55 1950=3
11.76 4.42 6.16 576.57 1951 =4
12.43 4.36 6.26 598.62 1952=5
13.31 4.55 6.34 621.77 1953 =6
13.10 4.66 6.81 613.67 1954 =7
14.94 4.54 7.15 654.80 1955=28
16.17 4.44 717 668.84 1956 =9
14.71 4.75 6.71 681.02 1957 =10
13.20 4.56 7.05 679.53 1958 = 11
13.19 4.29 7.04 720.53 1959 =12
11.70 4.19 7.18 736.86 1960 =13
10.99 417 7.33 755.34 1961 =14
10.80 411 7.54 799.15 1962 =15
10.66 4.04 7.61 830.70 1963 =16
10.75 3.96 7.80 874.29 1964 =17
9.47 3.85 8.30 925.86 1965 =18
10.31 3.75 8.81 980.98 1966 = 19
8.88 3.69 8.66 1,007.72 1967 = 20
8.88 3.56 8.78 1,051.83 1968 = 21
9.70 3.56 9.18 1,078.76 1969 =22
7.69 3.48 9.03 1,075.31 1970 =23
6.92 3.53 9.00 1,107.48 1971 =24
7.54 3.39 8.78 1,171.10 1972 =25
7.47 3.68 8.38 1,234.97 1973 =26
8.63 5.92 8.01 1,217.81 1974 =27
9.21 6.03 7.78 1,202.36 1975 =28
9.23 6.12 7.88 1,271.01 1976 = 29
9.96 6.05 7.88 1,332.67 1977 =30
10.78 5.89 8.67 1,385.10 1978 = 31

Source: Energy Information Administration, 1978 Report to Congress.

7.18. U.S. defense budget outlays, 1962—-1981. In order to explain the U.S. de-
fense budget, you are asked to consider the following model:

Y, = B+ B Xor + B3 X5 + BaXur + Bs X5 + wy
where Y, = defense budget-outlay for year 7, $ billions

X,; = GNP for year ¢, $ billions

X3
X4z
X5,

U.S. military sales/assistance in year ¢, $ billions

aerospace industry sales, $ billions

military conflicts involving more than 100,000 troops. This
variable takes a value of 1 when 100,000 or more troops are
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involved but is equal to zero when that number is under
100,000.

To test this model, you are given the data in Table 7.8.

a. Estimate the parameters of this model and their standard errors and
obtain R?, modified R?, and R?.

b. Comment on the results, taking into account any prior expectations
you have about the relationship between Y and the various X variables.

c. What other variable(s) might you want to include in the model and why?

7.19. The demand for chicken in the United States, 1960-1982. To study the per
capita consumption of chicken in the United States, you are given the
data in Table 7.9,
where Y = per capita consumption of chickens, Ib
X, = real disposable income per capita, $
X3 = real retail price of chicken per lb, ¢
X, = real retail price of pork per 1b, ¢
X5 = real retail price of beef per Ib, ¢
X¢ = composite real price of chicken substitutes per Ib, ¢, which is
a weighted average of the real retail prices per b of pork and
beef, the weights being the relative consumptions of beef and
pork in total beef and pork consumption
TABLE 7.8
Defense U.S. military Aerospace
budget sales/ industry Conflicts
outlays, GNP, assistance, sales, 100,000+,
Year Y Xo X3 Xa Xs
1962 51.1 560.3 0.6 16.0 0
1963 52.3 590.5 0.9 16.4 0
1964 53.6 632.4 1.1 16.7 0
1965 49.6 684.9 1.4 17.0 1
1966 56.8 749.9 1.6 20.2 1
1967 70.1 793.9 1.0 23.4 1
1968 80.5 865.0 0.8 25.6 1
1969 81.2 931.4 1.5 24.6 1
1970 80.3 992.7 1.0 24.8 1
1971 77.7 1,077.6 1.5 21.7 1
1972 78.3 1,185.9 2.95 21.5 1
1973 74.5 1,326.4 4.8 24.3 0
1974 77.8 1,434.2 10.3 26.8 0
1975 85.6 1,549.2 16.0 29.5 0
1976 89.4 1,718.0 14.7 30.4 0
1977 97.5 1,918.3 8.3 33.3 0
1978 105.2 2,163.9 11.0 38.0 0
1979 117.7 2,417.8 13.0 46.2 0
1980 135.9 2,633.1 15.3 57.6 0
1981 162.1 2,937.7 18.0 68.9 0

Source: The data were collected by Albert Lucchino from various government publications.
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Year Y Xg X3 X4 X5 Xe
1960 27.8 397.5 42.2 50.7 78.3 65.8
1961 29.9 413.3 38.1 52.0 79.2 66.9
1962 29.8 439.2 40.3 54.0 79.2 67.8
1963 30.8 459.7 39.5 55.3 79.2 69.6
1964 31.2 492.9 37.3 54.7 77.4 68.7
1965 33.3 528.6 38.1 63.7 80.2 73.6
1966 35.6 560.3 39.3 69.8 80.4 76.3
1967 36.4 624.6 37.8 65.9 83.9 77.2
1968 36.7 666.4 38.4 64.5 85.5 78.1
1969 38.4 717.8 40.1 70.0 93.7 84.7
1970 40.4 768.2 38.6 73.2 106.1 93.3
1971 40.3 843.3 39.8 67.8 104.8 89.7
1972 41.8 911.6 39.7 79.1 114.0 100.7
1973 40.4 931.1 52.1 95.4 1241 113.5
1974 40.7 1,021.5 48.9 94.2 127.6 115.3
1975 40.1 1,165.9 58.3 123.5 142.9 136.7
1976 42.7 1,349.6 57.9 129.9 143.6 139.2
1977 441 1,449.4 56.5 117.6 139.2 132.0
1978 46.7 1,575.5 63.7 130.9 165.5 132.1
1979 50.6 1,759.1 61.6 129.8 203.3 154.4
1980 50.1 1,994.2 58.9 128.0 219.6 174.9
1981 51.7 2,258.1 66.4 141.0 221.6 180.8
1982 52.9 2,478.7 70.4 168.2 232.6 189.4

Source: Data on Y are from Citibase and on X, through X are from the U.S. Department of Agriculture. | am

indebted to Robert J. Fisher for collecting the data and for the statistical analysis.

Note: The real prices were obtained by dividing the nominal prices by the Consumer Price Index for food.

Now consider the following demand functions:

ll’lY; = o] +(1211'1X2t +oz3lnX3[—|—u,

InY, =y +y2In Xo + y3In X3, + v In Xy + 14
InY, =1+ In X5, + A3In X3, + A4 In X5, + w4y
InY, =6, +6:InX,, +0:In X35, + 6, In X4, + 651n X5, + u,
Bi+ B21In X + B3In X3, + B4In X, + 1y

InY, =

¢))
(2
3
4)
(5)

From microeconomic theory it is known that the demand for a commod-
ity generally depends on the real income of the consumer, the real price
of the commodity, and the real prices of competing or complementary
commodities. In view of these considerations, answer the following

questions.

a. Which demand function among the ones given here would you choose,

and why?

b. How would you interpret the coefficients of In X, and In X3, in these

models?

ao

What is the difference between specifications (2) and (4)?
. What problems do you foresee if you adopt specification (4)? (Hint:

Prices of both pork and beef are included along with the price of

chicken.)
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7.20.

7.21.

e. Since specification (5) includes the composite price of beef and pork,
would you prefer the demand function (5) to the function (4)? Why?

f. Are pork and/or beef competing or substitute products to chicken?
How do you know?

g. Assume function (5) is the “correct” demand function. Estimate the
parameters of this model, obtain their standard errors, and R?, R?, and
modified R?. Interpret your results.

h. Now suppose you run the “incorrect” model (2). Assess the conse-
quences of this mis-specification by considering the values of y, and y;
in relation to B, and Bs, respectively. (Hint: Pay attention to the dis-
cussion in Section 7.7.)

In a study of turnover in the labor market, James F. Ragan, Jr., obtained

the following results for the U.S. economy for the period of 1950-I to

1979-1V.” (Figures in the parentheses are the estimated ¢ statistics.)

InY, = 447 — 034InX5+ 1.22In X5 + 1.221n X,
(4.28) (-5.31) (3.64) (3.10)
+ 0.80InXs — 0.0055Xs,  R2=0.5370
(1.10) (~3.09)

Note: We will discuss the ¢ statistics in the next chapter.

where Y = quit rate in manufacturing, defined as number of people leav-

ing jobs voluntarily per 100 employees

X, = an instrumental or proxy variable for adult male unemploy-
ment rate

X3 = percentage of employees younger than 25

X4 = N;_i/N,_4 = ratio of manufacturing employment in quarter
(t — 1) to that in quarter (¢ — 4)

X5 = percentage of women employees

X¢ = time trend (1950-1=1)

. Interpret the foregoing results.

. Is the observed negative relationship between the logs of Y and X, jus-
tifiable a priori?

c. Why is the coefficient of In X3 positive?

d. Since the trend coefficient is negative, there is a secular decline of

what percent in the quit rate and why is there such a decline?

e. Is the R? “too” low?

f. Can you estimate the standard errors of the regression coefficients
from the given data? Why or why not?

Consider the following demand function for money in the United States

for the period 1980-1998:

M, = piY[*r{ e

o

“Source: See Ragan’s article, “Turnover in the Labor Market: A Study of Quit and Layoff
Rates,” Economic Review, Federal Reserve Bank of Kansas City, May 1981, pp. 13-22.
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where M = real money demand, using the M2 definition of money
Y =real GDP
r = interest rate

To estimate the above demand for money function, you are given the data

in Table 7.10.

Note: To convert nominal quantities into real quantities, divide M and
GDP by CPIL. There is no need to divide the interest rate variable by CPIL.
Also, note that we have given two interest rates, a short-term rate as mea-
sured by the 3-month treasury bill rate and the long-term rate as mea-
sured by the yield on 30-year treasury bond, as prior empirical studies
have used both types of interest rates.

a. Given the data, estimate the above demand function. What are the in-
come and interest rate elasticities of demand for money?

b. Instead of estimating the above demand function, suppose you were to
fit the function (M/Y), = a;r?e". How would you interpret the re-
sults? Show the necessary calculations.

c. How will you decide which is a better specification? (Note: A formal
statistical test will be given in Chapter 8.)

Table 7.11 gives data for the manufacturing sector of the Greek economy

for the period 1961-1987.

DEMAND FOR MONEY IN THE UNITED STATES, 1980-1998

Observation GDP M2 CPI LTRATE TBRATE
1980 2795.6 1600.4 82.4 11.27 11.506
1981 3131.3 1756.1 90.9 13.45 14.029
1982 3259.2 1911.2 96.5 12.76 10.686
1983 3534.9 2127.8 99.6 11.18 8.630
1984 3932.7 2311.7 103.9 12.41 9.580
1985 4213.0 2497.4 107.6 10.79 7.480
1986 4452.9 2734.0 109.6 7.78 5.980
1987 4742.5 2832.8 113.6 8.59 5.820
1988 5108.3 2995.8 118.3 8.96 6.690
1989 5489.1 3159.9 124.0 8.45 8.120
1990 5803.2 3279.1 130.7 8.61 7.510
1991 5986.2 3379.8 136.2 8.14 5.420
1992 6318.9 3434.1 140.3 7.67 3.450
1993 6642.3 3487.5 144.5 6.59 3.020
1994 7054.3 3502.2 148.2 7.37 4.290
1995 7400.5 3649.3 152.4 6.88 5.510
1996 7813.2 3824.2 156.9 6.71 5.020
1997 8300.8 4046.7 160.5 6.61 5.070
1998 8759.9 4401.4 163.0 5.58 4.810

Notes: GDP: gross domestic product ($ billions)

Ma: Mo money supply.

CPI: Consumer Price Index (1982—-1984 = 100).
LTRATE: long-term interest rate (30-year Treasury bond).
TBRATE: three-month Treasury bill rate (% per annum).

Source: Economic Report of the President, 2000, Tables B-1, B-58, B-67, B-71.
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TABLE 7.11  GREEK INDUSTRIAL SECTOR
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Capital-to-labor

Observation Output* Capital Labor® ratio
1961 35.858 59.600 637.0 0.0936
1962 37.504 64.200 643.2 0.0998
1963 40.378 68.800 651.0 0.1057
1964 46.147 75.500 685.7 0.1101
1965 51.047 84.400 710.7 0.1188
1966 53.871 91.800 724.3 0.1267
1967 56.834 99.900 735.2 0.1359
1968 65.439 109.100 760.3 0.1435
1969 74.939 120.700 777.6 0.1552
1970 80.976 132.000 780.8 0.1691
1971 90.802 146.600 825.8 0.1775
1972 101.955 162.700 864.1 0.1883
1973 114.367 180.600 894.2 0.2020
1974 101.823 197.100 891.2 0.2212
1975 107.572 209.600 887.5 0.2362
1976 117.600 221.900 892.3 0.2487
1977 123.224 232.500 930.1 0.2500
1978 130.971 243.500 969.9 0.2511
1979 138.842 257.700 1006.9 0.2559
1980 135.486 274.400 1020.9 0.2688
1981 133.441 289.500 1017.1 0.2846
1982 130.388 301.900 1016.1 0.2971
1983 130.615 314.900 1008.1 0.3124
1984 132.244 327.700 985.1 0.3327
1985 137.318 339.400 9771 0.3474
1986 137.468 349.492 1007.2 0.3470
1987 135.750 358.231 1000.0 0.3582

*Billions of Drachmas at constant 1970 prices

TThousands of workers per year.
Source: | am indebted to George K. Zestos of Christopher Newport University, Virginia, for the data.

a. See if the Cobb-Douglas production function fits the data given in the
table and interpret the results. What general conclusion do you draw?

b. Now consider the following model:

Output/labor = A(K/L)Pe*

where the regressand represents labor productivity and the regressor rep-
resents the capital labor ratio. What is the economic significance of such
a relationship, if any? Estimate the parameters of this model and inter-
pret your results.
7.23. Refer to Example 3.3 and the data given in Table 2.6. Now consider the
following models:
a. In (hwage); = g1 + B2 In (education ); + B3(In education )+ u;
where In = natural log. How would you interpret this model? Estimate
this model, obtaining the usual statistics and comment on your results.

b. Now consider the following model:

In (hwage) = B; + B In (education) + B3 In (education?) + u;
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If you try to estimate this model, what problem(s) would you encounter?
Try to estimate this model and see if your software package can estimate
this model.

7.24. Monte Carlo experiment: Consider the following model:

Y, = B+ BoXoi + B3 Xz 1y

You are told that B, =262,8, = —0.006, 3 = —2.4,0% =42, and u; ~
N(0, 42). Generate 10 sets of 64 observations on u; from the given normal
distribution and use the 64 observations given in Table 6.4, where Y = CM,
X, = PGNP, and X; = FLRto generate 10 sets of the estimated B coeffi-
cients (each set will have the three estimated parameters). Take the aver-
ages of each of the estimated B coefficients and relate them to the true val-
ues of these coefficients given above. What overall conclusion do you draw?

APPENDIX 7A

7A.1 DERIVATION OF OLS ESTIMATORS
GIVEN IN EQUATIONS (7.4.3) TO (7.4.5)

Differentiating the equation
Zﬁzz = Z(YE — B1 — B Xoi — B3 X)? (7.4.2)

partially with respect to the three unknowns and setting the resulting equa-
tions to zero, we obtain

9> 0? A .
i”z =2) (Vi — i — BXoi — s X5)(—=1) = 0
1
9> 0? A .
323”1 =2 Z(Yi — B — B Xoi — B3 X3i)(= X)) =0
2
9> 0? A .
328”1 =2) (Vi — i — BaXoi — B3 X)) (—X3) = 0
3

Simplifying these, we obtain Egs. (7.4.3) to (7.4.5).
In passing, note that the three preceding equations can also be written as

> ;=0
Y 4 Xy =0  (Why?)
Zagg,- =0

which show the properties of the least-squares fit, namely, that the residuals
sum to zero and that they are uncorrelated with the explanatory variables X,
and Xs.



Gujarati: Basic 1. Single-Equation 7. Multiple Regression © The McGraw-Hill
Econometrics, Fourth Regression Models Analysis: The Problem of Companies, 2004
Edition Estimation

244 PARTONE: SINGLE-EQUATION REGRESSION MODELS

Incidentally, notice that to obtain the OLS estimators of the k-variable lin-
ear regression model (7.4.20) we proceed analogously. Thus, we first write

doat=> (Y- pi— BaXoi — - — BXu)

Differentiating this expression partially with respect to each of the k un-
knowns, setting the resulting equations equal to zero, and rearranging, we
obtain the following k normal equations in the k unknowns:

ZYi = npi +BzZXzi+l§3ZX3i +"'+/§kZin
ZYiXZi =h ZXZi + B2 ZX%i + B3 ZXZiX3i +"'+/§kZX2iin
D YiXsi=PH1 ) Xsi+h ) XaXsi+ B3 Y X5+ + B> XaiXi

D YiXi=51) Xii+ P2 Y XoiXui+Bs Y XaiXii+--+ By X

Or, switching to small letters, these equations can be expressed as

ZinZi =p in‘ + B3 ZxZix3i ++ B ZXZixki
Z}’ix&' = szixzi + Bs Zx; + o+ B Zx3ixl<i

It should further be noted that the k-variable model also satisfies these
equations:
> ;=0

Zﬁixzi = ZﬁiXy == Zﬁiin =0

7A.2 EQUALITY BETWEEN THE COEFFICIENTS
OF PGNP IN (7.3.5) AND (7.6.2)

Letting Y = CM, X, = PGNP, and X; = FLR and using the deviation form,
write

yi = bi3xzi + (1)
X2i = ba3x3i + iy (2)
Now regress ii; on i, to obtain:

a; = % = —0.0056 (for our example) 3)
2
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Note that because the #&/’s are residuals, their mean values are zero. Using (1)

and (2), we can write (3) as

ay = Z()’i — b13x3i)(x2i — ba3x3;)
Y (x2i — br3xs;)?

Expand the preceding expression, and note that

bys — D X2iX3i
’ > x3;
and
bys = D YiXsi
x5
Making these substitutions into (4), we get
2 (X i) (0 x5) — (X yixai) (X xaixsi)

B2 =
(Xx2) (2a2) — (Txaixs)’
= —0.0056 (for our example)

7A.3 DERIVATION OF EQUATION (7.4.19)

Recall that
i =Y — 1 — B Xoi — B3 X3
which can also be written as

i = y;i — Paxai — Paxs;

4)

(5)

(6)

(7.4.7)

where small letters, as usual, indicate deviations from mean values.

Now
Zﬁlz = Z(ﬁiﬁi)
= Z 0 (vi — Baxai — Paxsi)

=

where use is made of the fact that Y_ &i;x5; = > @;x3; = 0. (Why?) Also

iy =Y yiti =Y yi(yi — Paxai — Paxa)
that is,

Z’:‘IZ = Zylz — b Z}’ile' — Bs Zyix3,-

which is the required result.
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7A.4 MAXIMUM LIKELIHOOD ESTIMATION
OF THE MULTIPLE REGRESSION MODEL

Extending the ideas introduced in Chapter 4, Appendix 4A, we can write the
log-likelihood function for the k-variable linear regression model (7.4.20) as

(Y; — 1 — o Xoi — -+ — B Xui)?
lnL———lna ——ln(2 )——Z 2
Differentiating this function partially with respect to B1, B2, ..., fr ando?,
we obtain the following (K + 1) equations:
dlnL
T Z(Y Bi — BaXai — -+ — BiXii)(—1) (1)
dlnL 1
E D (Y= B — BaXoi — - — BiXai)(—Xa) (2)
dlnL 1
B~ o Y (Y — B — BaXai — -+ — BiXii)(—Xii) (K)
dlnL n 1 5
W=—F+FZ(Y1‘—&—ﬁzXZi—"‘—,Bkai) (K+1)

Setting these equations equal to zero (the first-order condition for optimiza-
tion) and letting B1, B2, ..., Br and 6% denote the ML estimators, we obtain,
after simple algebraic manipulations,

ZYi =”/§1+522X2i+---+/§kZin

Y YiXoi=HY Xoit+Po Yy X+ +B Yy XoiXu

ZYsz B ZXkl + B2 ZXZszz "i‘EkZXI%i

which are precisely the normal equations of the least-squares theory, as can
be seen from Appendix 7A, Section 7A.1. Therefore, the ML estimators, the
B’s, are the same as the OLS estimators, the /§'s, given previously. But as
noted in Chapter 4, Appendix 4A, this equality is not accidental.

Substituting the ML (= OLS) estimators into the (K + 1)st equation just
given, we obtain, after simpliﬁcation the ML estimator of 62 as

Z(Y B — BoXoi — -+ — BiXii)?

Z_E:al?
n

As noted in the text, this estimator differs from the OLS estimator &
Zﬁlz /(n — k). And since the latter is an unbiased estimator of o2, this con-
clusion implies that the ML estimator 62 is a biased estimator. But, as can
be readily verified, asymptotically, 52 is unbiased too.

2:
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7A.5 SAS OUTPUT OF THE COBB-DOUGLAS PRODUCTION FUNCTION (7.9.4)

DEP VARIABLE: Y1

SUM OF MEAN
SOURCE DF SQUARES SQUARE F VALUE PROB > F
MODEL 2 0.538038 0.269019 48.069 0.0001
ERROR 12 0.067153 0.005596531
C TOTAL 14 0.605196
ROOT MSE 0.074810 R-SQUARE 0.8890
DEP MEAN 10.096535 ADJ R-SQ 0.8705
C.V. 0.7409469
PARAMETER STANDARD T FOR HO:
VARIABLE DF ESTIMATE ERROR PARAMETER =0 PROB > |T|
INTERCEP 1 —3.338455 2.449508 —1.363 0.1979
Y2 1 1.498767 0.539803 2.777 0.0168
Y3 1 0.489858 0.102043 4.800 0.0004
COVARIANCE OF ESTIMATES
covB INTERCEP Y2 Y3
INTERCEP 6.000091 —1.26056 0.1121951
Y2 —1.26056 0.2913868 —0.0384272
Y3 0.01121951 —0.0384272 0.01041288
Y X2 X3 Y1 Y2 Y3 Y1HAT Y1RESID
16607.7 275.5 17803.7 9.7176 5.61859 9.7872 9.8768 —0.15920
17511.3 274.4 18096.8 9.7706 5.61459 9.8035 9.8788 —0.10822
20171.2 269.7 18271.8 9.9120 5.59731 9.8131 9.8576 0.05437
20932.9 267.0 19167.3 9.9491 5.58725 9.8610 9.8660 0.08307
20406.0 267.8 19647.6 9.9236 5.59024 9.8857 9.8826 0.04097
20831.6 275.0 20803.5 9.9442 5.61677 9.9429 9.9504 —0.00615
24806.3 283.0 22076.6 10.1189 5.64545 10.0023 10.0225 0.09640
26465.8 300.7 23445.2 10.1836 5.70611 10.0624 10.1428 0.04077
27403.0 307.5 24939.0 10.2184 5.72848 10.1242 10.2066 0.01180
28628.7 303.7 26713.7 10.2622 5.71604 10.1929 10.2217 0.04051
29904.5 304.7 29957.8 10.3058 5.71933 10.3075 10.2827 0.02304
27508.2 298.6 31585.9 10.2222 5.69910 10.3605 10.2783 —0.05610
29035.5 295.5 33474.5 10.2763 5.68867 10.4185 10.2911 —0.01487
29281.5 299.0 34821.8 10.2847 5.70044 10.4580 10.3281 —0.04341
31535.8 288.1 41794.3 10.3589 5.66331 10.6405 10.3619 —0.00299
COLLINEARITY DIAGNOSTICS VARIANCE PROPORTIONS
CONDITION PORTION PORTION PORTION
NUMBER EIGENVALUE INDEX INTERCEP Y2 Y3
1 3.000 1.000 0.0000 0.0000 0.0000
2 .000375451 89.383 0.0491 0.0069 0.5959
3 .000024219 351.925 0.9509 0.0031 0.4040
DURBIN-WATSON d 0.891
1ST ORDER AUTOCORRELATION 0.366

Notes: Y1 =InY; Y2 =In X2; Y3 = In X3. The numbers under the heading PROB > |T| rep-
resent p values. See Chapter 10 for a discussion of collinearity diagnostics.



