6. Multiple Regression Analysis (Inference) 67

£ st
I Testing Hypotheses about a Single Linear Combination of the
arameter

Consider

log(wage) = B, + By jc + Byuniv + fyexper +u
r Juter Calleyt 9103,
where J¢ = number of years attending a two-ycar college
un = number of years at a four-year college

eXper = months in the workforce. £ educqtion af
. rf qul" 0 g
v ¢ whether 3. — 3. - Test it the retums from 4 mo ivensi
We want to test whether 8, = f3,. 4 Junior collge is e sime 48 that of the university

oo By=Po 2 iy BBy =0 ﬁfﬁ}"’iﬂ«?@ﬁ}fﬁﬁ,b;g we cdlcylatt
aguingt sh ¢ (O o boshnshe <206

)

Sp-valve

g fa * Suppost we are teshiny
Hq.ﬁﬁé}lﬂ Hq.p1 B, #0 Mo’y w0, Hy' §; 40

0 =
2~ Failed test (j % Y-t test

$ f(2) *p-value = tota| shadeq qreq
S b ~sigmiicant feve| which we will reyect

ryjeet

M Hy or Prob That we will reject o
o SRS 0
arey =gignificant level * P-Walue ¢ significance fevel
L Y reject 5

i3 t-statistic qnd

(8,-8,)-0 we compytt
t- }_‘f—l-————- == the criticq| value

= ith
S5y, e
where J.E.(ﬁrﬁl) 5 JVQr(ﬁrh} |

=8 A /\ /\A
= \qu(ﬂﬂ t Vqr(ﬁl) ':'-C.W(}:,Pz)
not very straight forward to Cleulqre
b we Use 9 variqblp trqnyformation frick

_. Hypothesis testing qbgyt P (e parameter )

wages g, t) eduyc B, Baperience . 4y

We want fo to3+ hypomc“
S 9b0ut the trye impect ‘ ;
on Mt dependent yqrighig (¥) PILE(8) of eqch X varigbles (®duc, experience)

BUT we donit A
::m KnOW what the trug 8 arp . g0, we UsE B (estimator) and Wﬁ) fo test the hypothesis
) 10 Tk if g=some nymber ~ b -test v QI 0 R T
3 Bj=0 4% hs no ik L. = '
impgct eny J.e.(ﬁJ)N ¢f,
Bi=1 41 unith in X Lgnificant Jeve 7 T
. terrespond to 1 unitt = o101 4req in the o h—%— -
ﬁ:gqlhypofhevmtd ~iny rejtction region ik 1
Ue X.p>9erp=9

Scanned with CamScanner



(‘L ) 1
8 6. Multiple Regression Analysis (Inference)
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0 e ’

Py=By = Hy: Bi-pa=0
<P, e gy g, <0

. {- N
;Dre,;q;,um:‘? that By would not bp mere than )!,_ (retyrns fo 2-yeqr college Would never by
q .
n rzm;ns 1 university edveation )

re 2
&t— t = (ﬁi‘Pz)_o
A A
2. (3-8
& 1
mq‘.&is. \Qvel
Considyy-
N 4t the Mult ply Fegression . X
| & / Mo 4
LR‘ £ qr{ -”H]_}h(dJ ')(,‘“l) QSBU“]( @ th”](‘ (1) = j’l1 '5},'
['= B RN R Y y : \
Y VS "'M‘i’l‘\iwa\fnt{ Ho & 0,21 t = 8i-1 _, wenteq el
0V woy -0 1 P ‘ i = to have 0. inat.
VMO ik o gy g, B g Otherwise iy LR L Seqd,) ki, Wi
Q)\\'Hi'\ the t-stqn X ‘,/31‘3"1:’ Now ] A "0, J1ATA Qr 0L
E (A 3”,\( {Lr 'th)r} H - )i' § }”‘ (“"'.Z‘)_P or By = (-_] +3 ,;) virll @ i1 e Iy g [
= (B, ~ 38,) -1 . 0 Y‘ al 1 mqiy Yegrediem qnd 3(1 8 ;A
e (& .2 = Po +(0,+3p N b .
J ¢ (;]]_5231) 1 ‘),)Xlllf)'}rf\} \:ﬁJA)M;

¥ S Pewwgna s o ( )
. 4 2 UX, +3% v R X+ U
Now, The £ plg ] e

= : |
H Computmg p-Values for t-Tests T variabies

\3 e 3“"3 0 L( X0, X,13 :
* What is the signific: ) P We wh caleylgyg L\ ;. B 1\
. £7) gnificance level given the computed t-sta\tistidé?']\gjc‘ 6 J
1-1qileq i —1
ey _
T:“{ Shadeq areq in the rejection
| egion s the P-valug
e I
t= PJ & }J
SR ﬁj

-m k)

y e

A
b ~computeq £ = 23 TA)
* p-value : P(|T| > |1]) Py J.Q.ﬁj

T =t~ distiboted random Variable with d.f. < n-k-f
b < tompured t-statishi
~ p-valug <

Probability thet q rqndo .
i i, | , M T valye will be greqter

I term) than oyr ¢ in the Hypothesis Test

Scanned with CamScanner



69

6. Multiple Regression Analysis (Inference)
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e Thus, p-value = _ (.003

e Would we reject Hy if we use the significance level = 5%7 Y¢.
RUlR = we reject Hg if p-value < sig levels
Example 2: Hy: f; =a;, Ha:B; #a; d.f.=18.
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suppose the calculated t,[,] =-2.18

e rom the t-table, the value -2.18 corresponds to area = __0.02 tp 0.05_ _ _ _

e Thus, p-value = _is_ between 0.02 and 0.05,

e Would we reject Hy if we use the significance level = 5% Yes, reject Ho bectust the area is
less than 0.05 or p- value <o.05

6 Confidence Intervals (CI)

o Confidence Intervales for the POPULATION PARAMETER (§;)
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Example 1: 95% CI
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6. Multiple Regression Analysis (Inference)

3. Some useful facts

® ’\zu,. > R beequg Wy dditiong| X would increqsp R? (improvy fit)
SR yr € IR,

O by Including morg x
Would like tg rejeet
the model enough

the mode js terfqiniy better explained . However, we
Ho if the inclusion of extrq variables does not imp rovp

4. Other Ways to calculate the F-statistics:

From g2 =9~ $SR
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Example: Suppose we are interested in underst
player’s salary.

Y salary = scason salary Lf we want to tost wh
years = years in major leagues

anding the determinant of a baseball

‘ ether performancy
has any impact on $lgry

gamesyr = games per year in the league s
bavg = carcer batting average B ﬁbqv& =.Phrun\r¥r- =ﬁrbi3yr =0
hrunsyr = homeruns per year s o
} i - Otherwise |
rbisyr = runs batted in per year e trwlse 1s trog

e the unrestricted model (ur) is defined by
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6. Multiple Regression Analysis (Inference)

. regress lo
g_salary years gamesyr bavg hrunsyr rbisyr

73

Source sS
as MS Number of cbs = 353
Model 5B F( 5, 347) = 117.06
Residual 182.989208 5 61.7978416 Prob > F = 0.0000
.186327 347 .527914487 R- squated -~ 0.6278
Total Ad] R-=qué s DLL!
a 492.175535 352 1.39822595 Root MSE - .72658
lo
g_salary Coef. Std. Err. ¢  P>ltl (953 Conf. Incervall
havg years .0688626  .0121145 5.68 0.000 .0450355 .0926898
™Ay not g md\v;d I - .0125521  .0026468 4.74 0.000 0073464 0177578
impgct ot vl paveg .0009786  .0011035 0.89 0.376) ~-.0011918 .003149
s Ut myst be { hrunsyr .0144295 .016057 0.90 0.369 -.0171518 .0460107
ref factors combined~ FPisyE 0107657  .007175 1.0 0.134 ) | -.0033462 .0248776
j Focreate impacron  _comS 11.19242 .2888229  38.75 0.000 10.62435  11.76048
$9 e
“Use F- 1 ; .
to S TeSY ,',')"iy:(] lQnSl"erna eqc ” O‘ hC Pfr‘Urmqu:\ /\
fing whet e the restricted model (r) is defined by one-by-one , none of them had asignjficant
" i, A y-one, none 1 ha
reR factory - ' model” impact gt )/,
Jo‘m‘[y —— . regress log salary years gamesyr
Or not Source ss df MS Number of obs = 353
¥( J2, 350) = 259.32
SSE Model | 293.864058 2 146.932029 prob > F = 0.0000
§SR  Residual 198.311477 350 .566604221 R-squared = 0.5971
-
8T Total 492.175535 352 1.39822595 Root MSE = .75273
1og_sala:y Coef. Std. Err. t P>lt] [95% Conf. Interval]
years .071318 .012505 5.70 0.000 .0467236 .0959124
gamesyr 0201745  .0013429  15.02  0.000 .0175334 0228156
_cons 11.2238 108312 103.62 0.000 11.01078 11.43683
Byt whe s . =
gn periorm.: o] "
7 | periorm.i5 . 0 F-test, performancy
Now, our Hy and H, becomes he.s joint impget o
SSRe -SSRy 195311 =183 1488
Pl Ty =3
ALY
( SRy, 183. 180
————
n-k-1 A=
- 4
701 0bS e s
£(F e ¥ ot clope — 3
( ) r (1 I()P\ (ur;' r’ Q.H('I’.’ 5 75 mlﬁﬂ'm
4
s 1eve| of Sianif)
| of Significance

reject at 5%

| :

¢ =

c:";'c Pr= 0.05

F table page q¢¢ édf Ny=3
s dfN, = o

§in =
CO‘V\:\SMQFH\ 1—5572 b, we reject Hy at 57 level and
q Perf—orman?J have joint effects on salary.
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& 6. Multiple Regression Analysis (Inference)
8 How the Hypothesis Testing is done in Practice

1. Check the values of ¢ — statistic reported by the statistical software (i.e. STATA,
SPSS, SAS)

= These t — statistics are to test Hy:8,=0
= If the d.f. > 30, then when ¢ > 1.96, we can reject Ho with 57 sigmficant |9Ve|

= When t > 1.96, we can say that B, is statistically significant at 5% level.
(value of 3; # 0)

= When t < 1.96 we can say that f3, is not statistically significant at 5%
level.

= Ift < 1.96 we can drop z; from the model

= :After we drop z;, we estimate the new regression function and obtain a new set

of 3.

2. We can also perform other hypothesis testings of interest.
e.g. Ho: ;= p;
or Hy:B3,=5 etc.

or perform an F-test for testing multiple linear restrictions

3. Usually, in economics, the estimation results are reported using this form

Dependent Variable: log(salary)
Independent Variables (1) (2) (3)
sy ¢—— | logtatesy Y 158 188
(027) 040y | codn)
other Lompqny log(mktval) - J12 100
050) 019
performance b ] D)
profmurg — 0023 -.0022
(.0022) (.0021)
s coten R [ —— 0171
Ceod Chqmtftrunw o (.0055)
comten —_ — —.0092
(.0033)
intercept 4.94 4.62 4.57
(0.20) 0.25) (0.25)
Observations 177 177 177
R-squared 281 304 353

!

dimple regression
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Multiple Regression Analysis : Further
Issues

1 Data scaling on OLS statistics

When we change the unit of measurment of a variable, the value of estimators would
chance accordingly. For example

b@t = 30 + Blcigs + §2fa min c,
Yin gram
where
bwght = child birth weight, in grams.
cigs = number of cigarettes smoked by the mother while pregnant, per day.
famin ¢ = annual family income, in thousands of dollars.

* What if we we bwght in Kilograms ??

1Ky = 1000 g
s AP A A A .
bueght, = bWeghty _ Bo  , §,88S | B, Ffamine
1000 1000 1000 1000

7\ A A A .
b""QSng: Ao +dy CIgS + o, Faming
« what it we use faming i USP cinsteqd oF 1000 usD )

eyt < B 43 ciag o 4 ' The value of +his variqble s
§ “Poth g + 3, faming up € 9oing to be 1099 +imes larger

1000 than faming
- By *B tigs +§ i
=Po*p 0y (il‘e“"”mwb
Fi%
_ % 1000
in other words 8, < impact of 1 USD4 in income gen famint — usd = faming x19gp

A . .
Py = tmpact of 1000 USDt in income

* What if we use bweghf in kg X income in THB
bwegh\L ﬁo }1 tigs + ﬁl

This valye is going to be
1000 1000

30,000 times larger thah
30 ooo faminC (assume 30 THB =
1 0SD)

f-qmchHB -




76 7. Multiple Regression Analysis : Further Issues
2 More on functional forms

e Logarithmic Functional Form

dnx 1, dfnx s 4%
d X X

L 1
=ydy y &) :100‘7Ay %y

=

} = !.02(2)

4Log(x,) ;‘Cdx, L ax,

x 100 -k\mq #D0X,

log(y) = By + By log(z1) + Boza +u
(' Ay "'y)‘yz ,AX" 7(" ‘X,L

r vsually Means natural log in econo metrics

with the dogy and Rog x format, the coefficient is going to be +he elasticity (x, elasticity of y)

?Z:Hog(y) :Jy“y :j\T“Y
qx]_ d‘XZ M(z_

L if we want the upper +erm 4o be 7, thange, then

100p, - 1oo-—ay
Cax,

(price) (demand)

100 pe - /_;%X — 200p, =% 4iny given thet A increases by 1 unit.
Z

e Models with Quadratics + squares

Capture increasing /deereasing  margina| effecks (slope of +he relationship between X &Y is

not constant

CoVID~1g example
Y (# of casy)

y = }ofﬁﬂ( +}3XZ+H

E‘Z’( ﬁ\ *‘lﬁz
(+) +) duys

x (days)

Example : Effects of Pullution on Housing Prices

Decreqn‘ng refurng

profit (1) Y:ﬁ°+ﬁ1x1’ﬁlxz
oy oy
O\ R
| “)
v \le(uo,

q =< (P- MC) G «—— hssume me<10
Demand : P~ 100-¢

<“ (100 (b 10)(& Byis |>0.5I1'IV(’

FOC ﬂ:0:q0~z$

gqr \}L 1§ negqtive
same result

log(price) = B, + B, log(nox) + B, log(dist) + Bsrooms + B,r0om* + Bsstratio + u



7. Multiple Regression Analysis : Further Issues 7

where
price = housing price
nox = level of pollution
dist = distance from downtown

rooms = number of rooms In +he US or many countries, students can apply to
stratio = average student per teacher ratio  Jchools in the areq withpyt hqving To +ake any fest.
The estimation result is given by o, the lower stratio, the better +he Jchool

regress Jlprice Tnox dist rooms rooms_sq stratio

source SS df MS Number of obs = 506

F(C 5, 500) = 155.62

Model 51.4933152 5 10. 298663 Prob > F = 0.0000

Residual 33.0889098 500 .06617782 R-squared = 0.6088

Adj R-squared = 0.6049

Total 84.582225 505 .167489554 ROOT MSE = 25725

{03 (Pn‘(_e) Tprice coef. std. Err. t P>t [95% conf. Interval]
109 (noX) Tnox [p —.9767545 . 0995938 -9.81 0.000 -1.172429 -.7810806
dist |p, —.0321972 .0094013 -3.42 0.001 -. 050668 -.0137264

rooms |[g; —. 5528032 .1612965 -3.43 0.001 -. 8697056 —. 2359007

rooms_sq |py -0624697 .0124867 5.00 0.000 .0379368 . 0870025

stratio |[ps —.0486667 .0058131 -8.37 0.000 -. 0600879 -.0372455

_cons 13.59154 .5650901 24.05 0.000 12.4813 14.70178

Z \
[t)>1.96 for all varigbles Nl <o.s

Y Al variably are significant
Consider the effect of "room"

4 Lo (price) < PB*ZP* rooms = <0.553 +2(0.062) Foomy

drodoms
Xoyeprice)
o how miny rooms does 1 qdditional room hes g pOSIHVe impact
on Rog (price)??
0 =-0.553 +2(0.062) -roomy
foom§ =q. ¢
) At ¢4 rooms or mokp
)
*“t ro0m L"'OUM\ up fo 5 rooms or morp

What wold be the % change in price when the number of room increases from 5 to 67

d2og (price
J_LJ = -0.553 +2(0.062) roomJ
droomg

100 1 _ it
prite dpritt

= 100 (-0.553 +2(0.062)(5)) = 100 (0.06%) = ¢ .} ¥, increqse

4 rooms

What qbout s A in price when # roms increqses from 5 tp 37
7o PriCe = 100(-0.553+2(0.062)(5)) =19.1 %

tota] 7o in price when # rooms 4 from 5 to 3 IS 6.F+101° 258 %



78 7. Multiple Regression Analysis : Further Issues

3 Models with Interaction Terms - ued when the impaet of one variable dependy on the
vlue (level) of another varible

Consider
X
—_—
price = By + Bisqrft + Bybdrms + Bssqr ft X bdrms + [,bthrms + u
X, X, X, X, Xy
where
price = housing price
sqr ft = house size (square feet) Large houst

bdrms = number of bedrooms prict
bthrms = number of bathrooms Small house

dori
price - Pz+ﬁ3 J‘%Y"F‘f‘

4 bdrms bed rooms

- it B, >0 then, an additional bedroom woyld increqge price more for a lqrger house
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4 More on the Goodness-of-Fit and Selection of Regressors

e Adding more regressors ALWAYS improve fit 4 R? q\wqys intreast
o B we lose the degree of freedom (d.f. = frex dafa point used to estimgte

the pardmeter)
— ¢ dafg point is sqerificed every time we estimate @ pqrameter,
4 Using R* woold hot punish *having too many regressory '

4 We Use quumq_s(l or B2 when we want +o punith adding too many Fegressorg
ISR/,
RZ= 1- ‘ﬁg_ = - __—__YI

adj. RS <o PRk g6 e have more K df en-kst e
LV AR L L

Using adjusted R-squared to choose between non-nested models (one model is not a
subset of another).

Consider Model 1

salary  830.63 +0.0163sales +19.63roc
©(223.90)  (0.0089)  (11.08)
n = 209, R*=0.029, R?=0.020

Consider Model 2

—

log(salary) 4.36 +0.2751 log(sales) +0.0179r0e

(0.29) (0.033) (0.004)
n = 209, R*=0.282, R?=0.275
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Multiple Regression Analysis with
Qualitative Information:

1 Outline

Describing qualitative information

e Using a single dummy independent variable

Using dummy variables for multiple categories

Interactions involving dummy variables

A binary dependent variable (Y variable): The linear probability model

2 Describing Qualitative Information
e "Female" and "Married" are qualitative variable.

e We arbitarily assign a dummy variable to decribe them.

1 if female
famale = ] .
0 otherwise (or if male)
] 1 if married
married = . L
0 otherwise (of if single)
A Partial Listing of the Data in WAGE1.RAW
person wage educ exper female married
1 3.10 11 2 1 0
2 3.24 12 22 1 1
3 3.00 11 2 0 0
4 6.00 8 44 0 1
5 5.30 12 7 0 1
525 11.56 16 5 0 1
526 3.50 14 5 1 0
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