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e What is the relationship between
the level of an equilibrium risk

free interest rate and its term to
maturity?
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e Suppose that there are markets in one-period
and two-period perfectly safe loans.

* R,; and R,; are risk free gross rate of return
from the one- and two-period safe loans,
respectively. R,; and R,; are known with
certainty at time {.

e R, !is the price of a perfectly sure claim to
1 unit of consumption at fime t+1.
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Max EoiﬂtU (ct ),
=0

s.L. Ct T th + L2t < dt T th—lth—l + L2t—2R2t—2 >

where L, is the amount lent for j periods at time t.

The Lagrangian function 1is,
J = EOZIBt [U (Ct ) + ﬂ’t (dt + th—lth—l + L2t—2R2t—2 —C — th o th ):|
t=0

The first—order necessary conditions are

oJ
—=0, = oU(c,)/oc, |—4 =0,
2 U e
9 =0, = -A+PBEA R, =0,
oL,
o =0, = -4 +pB’EA R, =0,
aLiAtrayah Preechametta 4/7/2021

A /




Substituting the first into each of the second

and third conditions gives

(8U(ct+1 )/8ct+l) B
(U (c,)/2c,) R“} =L 1)
) (f?U(ct+2 )/GcHz) B
(U (c,)/ac,) sz} =1 (2)

Since R, and R,, are known with certainty at the beginning of t,

Rl (8U(Ct+l )/Ocm)

S CTE e

E|p

E|p

= the price of a perfectly sure claim to

1 unit of consumption at time t+1.
This price can be easily obtained from the following reasoning,

Since R, units of consumption at t+1 =1 unit of consumption at time t

-1
hence, 1 " " " — th " " "

R ((9U(ct+2 )/8%2)

B U () )
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Let us write Eq(1) as
(aU(CHl )/actﬂ)

g (8U(ct)/8ct)
where E g, ., is the least squares residual and E g,
oU (c,,,)/0c,,
(aU(ct )/Gct)

Eq (2) can be written as

E {,6’2 (aU(Cm )/acm) (aU(Ct+2 )/6Ct+2)
t (8U(ct )/86}) (aU(Cm )/6Cz+1)
Substituting Eq (3) into Eq (4) gives
R'=E [(R;) R g0 ) (R + R e )]
=R/E,| R}, +R e

1¢ t 1¢t+1 1t+1%1¢+1

R, =1+¢g

t+1°

0.

t+1 -

=R'+R e

1t Z1t+1

R =

2t

(4)

-1 -1
+ R1t+lglt+lglt+2 + th+l‘91t+2 :| :

Or, R, =R/|ER, +ER,]

- He+1 7ML, e+1

-
Egtlm + COV, (th+1 > E1141 )}

(5)

-1 -1 -1 -1
+R ER & ..&...+R ER &
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/" Consider the last two terms I

. _ .
ER, ., &8, =EE R, 8,6,

_ .
=E R, . E, &6

—ER'E

A SPIRY STRT S P|

ER .&,,=EE_ R é¢,,=ER.E

o t+ 17 M+ 1+

E. &,,=0,

Eipr = 0.
Substituting these 2 equalities int o (5) gives

Rz—tl — Rl_tl |:E R_1 —I—COVt (Rl_t-li-l,glt+l)]’ (6)

71+
(8U(Ct+1 )/6Ct+1)

(@0 (<)o)

where &, =P R, 1.

For example,

TR!

17+1

=l

Te, =4 oU(¢i) (since utility is concave)= { &

1+2° 1¢+12
oc

t+1

hence, covt(R_1 51t+1)<0, so from (6),

1¢+1°

R, = th'|:E R, + Ccov, (R1;1+19‘91t+1 )Ja

e+l

— -1
@ R,ER,, =R, +cov, (R}, &, ) RyER,, <R, 41712021 p




Eq.(6) is a generalized version of the pure exp ectation theory

of the term structure of interest rates, adjusted for the

1
risk premium cov (le,glm).

If the private agent is risk aversive, then cov (thlﬂ, 1t+1) <0.

If the private agent is risk lover, then cov, (Rl_tlﬂ,glm) > 0.

The pure expectation theory states that R, =R, [E le]

this is the result from the assumption that private agent

is risk neutral.
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Homework

® What is Quantitative Easing (QE)?
* How could the yield curve be flatten by QE?

Yield
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Pricing of one-step-ahead state-contingent
securities.

e Let the state of the economy evolve

according to a Markov process described by
density f(x',x), hence,

prob(x,  <x'|x, =Xx) = I f(u,x)du=F(x'x)
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 Let Q be the entire space of possible x.
e Ais asubsetin Q
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e In period t, given that the economy is in state
X;, then one can purchase, or sell, a claim to 1
unit of next period consumption good
contingent on the event that x;,, belongs to a

set A, at the following price (measured in terms
of fime t consumption)

I Q( Xt t)dx

Xt41 €A
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 Let Q be the entire space of possible x, the time
t, price of a perfectly certain claim on period
(t+1) consumption is

_[ Q( Xt z)dx Rl

X, 41 €€ 11
=the price of a perfectly sure claim to

1 unit of consumption at time t+1,

where
I q( t+19 t)dxt+1 > _[ t+19 t)dx
'xl+1 EQ xt+1€A
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