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1 Effect of constraint

Suppose that we have a function with one choice variable and we want
to find its maximum /minimum point:

maxy = —x° 4+ 10z + 4
X

W o= 274+10=0

¥ = 5

y* = 29

Ty — —2<0 i

Tz = < maximuim

This method is called “unconstraint optimization.” Consider a different
case which we impose a certain condition on a function:

maxy = —x° 4+ 10z + 4 subject to z = 0
X

We call this problem as a “constraint optimization,” when values of x
are restricted.

x=0=y=4
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In this case, we set x = 0, so we call it “equality constraint.” If in-
stead, we have the problem subject to an inequality x > 2, “inequality
constraint.”

ex. 3-dimension figure

Note maximum number of constraint = number of independent variable

ex.
y = —2?+102z+4 = 1independent variable = 1 maximum constraint
y = f(x1,29) = 2 ind variable = 2 maximum constraints

y = f(x1,29,...,2,) = n ind variable = n maximum constraints
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2 Constraint Optimization

Suppose that a consumer has the following utility function: U =
x1x9 + 271, given p; = 4 and py = 2, this consumer’s budget constraint is
then: 4x1 + 229 = 60. What will the optimal combination of goods z; and
x9 that give the highest utility subject to budget constraint be?

We can solve this problem using 2 approaches:

i) Substitution method: Substitute the constraint into objective func-
tion and solve for an optimal choices:

dx1 + 29 = 60 = z9 = 30 — 221 substitute into utility function

=U =
FONC j—g =
SOSC gl —
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ii) Lagrange multiplier method: Convert a constraint optimization
problem into an unconstraint optimization problem)

L =
L= = give the same answer
L= L(/\, x1, $2)
. oL
FOC: &%y =
oL _
85(11 -
oL _
6.232 o

3 unknowns and 3 equations solve for A\*, x7, x5
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3 Interpretation of Lagrange multiplier

Consider the problem max f(z,y) subject to g(x,y) = ¢

Solutions are z*(c), y*(c), f*(c)
f*(c) is optimal value function AND 4 f*(c) = A(c)
Lagrange multiplier A is the rate at which the optimal value of the ob-

jective function changes A f(z,y) with respect to changes in the constraint
constant Ac.

In economic application, ¢ denotes the available stock of some resources,
while f(x,y) denotes utility, profit, etc.

df*(c) = A(c)de is the change in utility or profit that can be obtained
from dc units more of the resources.

Thus, A is called a “shadow price” of the resource

ex. for cost minimization problem , A = C‘l%:) = MC
utility max. A= j—% = MU of income
profit max. A= C%TO
output max. A= j—g}
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ex. Objective function: z = xy subject to x4+ y =06
L=xy+ A6—x—1y)

=o' =3y =3\N"=32"=9

ex. Objective function: f(z1,x9) = 2} + 3 subject to g(x1,z2) = 21 +
4.%2 =2

£:$%+$%+)\<2—$1—43}2)

P8
Ly = 77

2

*
= X1 = 17,
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4 Second-order conditions for constrained

optimization
Recall the FONC for L(z,y) = f(z,y)+ Ac— g(z,y)]
Ly(z,y) = fulz,y) — Aga(z,y)
Ly(x7y) - fy(x:y) - )‘gy(x7y)
N = Lo
9z Gy
Find SOSC
) Trr rxr rr gy rxr
Lyy(x,y foy = Ayy = fyy g_gyy

Thus, d?z can be written as
A’z = L.dx*>+ 2L, dxdy + Lyydy2
= e a7 7] 3]
SOSC conditions are:
Max of z : d*z is negative definite (d*2<0) , st. dg =0
Min of z : d?z is positive definite (d*2>0) , st. dg = 0
where dg = g,dx + g,dy = 0
Define the determinant of the Bordered Hessian matrix as

_ 0 g1 9
|H|=|g1 L L2

g2 Loy Lo
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or SOSC conditions are
Max: d*z is negative definite st. g,dx + g,dy = 0 iff |H| > 0

Min: d?z is positive definite st. g,dx + g,dy = 0 iff |H| < 0

ex. Opt. U = x1x9 + 221 subject to 4x1 + 229 = 60. Check whether it
1S max or min value.

L = x1x9 + 221 + AN(60 — 421 — 229)

FONC

L, -

Loy =

Ly =
SOSC

) 0 g1 g
|H| = |1 L Lo =

g2 Loy Lo

c|H| =

U*(8,14) = 128 is a maximum utility subject to budget constraint.
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ex. f(x1,x9) = x] + 5 subject to g(x1, ) = x1 + 429 = 2 Find their
critical points and check it is max or min.

0 g1 o

SOSC |H|=|¢ L L) =
g2 Lo1 Lo

5 Economic Applications of Constrained Op-
timization
Application: Utility maximization Problem
Objective function: maxU = U(xs, x2)

Subject to Yy = p1x1 + poxo

L =U(z1,22) + Myo — p171 — paxa)
FONC

Ly = wu(v,22) = Ap1 = 0

Ly = wug(xy,29) —Ap2 = 0

Ly = yo—pix1 —para = 0

D(af,x3) is such that (s = £ and ) = piay + pass

from \N=%

A —P
b1 D2 =

ﬁlﬁ
o =
I
S®

A=
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SOSC

_ 0 a1 g 0 p1 p
[H| = |91 L Lia| = |p1 un ugr| = —piui; + 2p1patns — pjui,
g2 L21 L22 P2 U21 U9

ex. U = 504 + 200B — 0.5A4%? — 2.5B2. Find A,B that maximize the
utility given

Py = 10
Py = 5 3490 =104+ 58
Y = 490

. max U = 504 +200B — 0.5A2? — 2.5B>

subject to 10A 4+ 5B = 490

A* = 30

B* = 38
U*(A*, B*) = 5,040
|H| = 525 > 0 max.

Application: Expenditure Minimization Problem
Objective function min £ = p1x1 + poxs
T1,T2

Subject to U = U(x1, x9)

L= P11 +p2$2 + )\([7 — U(.%’l, .%‘2))

FONC
L1 = P1— )\ul(xl, 5132) =0
Ly = py— Aug(wy,29) = 0 Z—; = % and @ = u(xy,x2)
L, = ﬂ—u(xl,xg) =0
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SOSC  |H| < 0 min.

ex. U =504A+2008—-0.54?—-2.5B% and consumer would like to have
a utility fixed at © = 5,040. Find A and B that minimize the expenditure
given that P4 = 10 and P = 5

-.min F = 104 + 5B subject to 5,040 = 504 + 200B — 0.5A4% — 2.5B

= A* = 30
B* = 38
E* = 490

Duality: Given that household wants to maximize his/her utility func-
tion given the budget constraint, that particular household can also mini-
mize the expenditure given the desired level of utility. We claim that the
solutions for expenditure minimization and utility maximization are the
same. Let’s prove this statement:

exX. U = T1xo given pi, P2, Yo

L = x179 + A(yo — P17 — p2$2)

£1:a:2—)\p1:0 :>x2:)\p1
Ly = 21— Ap2 =0 = T1 = Ap2
Ly = pix1+ paxa2 = Yo

_ P
= T9 = p—2£131

|
I
S

= p1x] + pa(5he]) = wo

2p1ry = Yo
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_ I
$$1—2p1
« I
C132_2172

min £ = P1x1 + Pako

T1,T2

st. £1 + 29 =1u

L= pP1T1 + paxo + )\(I_L — xlacg)

El = pl—)\SCQ:O = plz)\xg
Ly = pp—Ar1 =0 = pr= A3
Ly = 1129 =1

=D = g9 =By
p2 b2

i =i (&)

= a1 = /0)
v = \JBw)

Application: Profit Maximization Problem

Objective function maxIl = pig1 + page — c(q1, ¢2)
41,92

Subject to Qo = q1 + ¢

L =piq1 + p2q2 — c(qr, ¢2) + (Q — 1 — ¢2)

FONC

Li=p1—alq,q) — A
Ly =py—ca(q1,q2) — A

Ly=Q—-—qg—q¢=0

0 _
0 }p1—61=p2—62 and Q = q1 + @
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SOSC |H|>0 max.

ex. Suppose that p; = 80 , pp = 100 , TC = 100 + 0.1¢? + 0.2¢5 and
1 + ¢ = 325. Find ¢; and ¢, that maximize profit.

max = 80q; + 100gs — 100 — 0.1¢% — 0.2¢5 subject to ¢ + g2 = 325
= £ =80q; + 100, — 100 — 0.1¢? — 0.2¢3 + A\(325 — q1 — ¢2)
FONC

L =

Ly, =

Application: Output Maximization Problem
Objective function I%?LXQ =Q(K, L)
Subject to C' = wL +rK
L=Q(K,L)+\NC —wL—-rK)
FONC

LK:QK—)\T:O Qx _ r
Lp = Q- Aw=0 [ @

Ly=Cy—wL—-rK =20
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We can find Q*(K*, L*) , K*, L*

) 0 r w
SOSC Also check |H| = |r Qxrx Qrk
w Qxr Qrr

ex. Suppose Q =KL, w=6,1r =10, C = 60. Find K and L that

maximize output.
r%aLXQ = KL subject to 60 = 6L + 10K
L =KL + X (60-6L-10K) = L*=5K"=3

|H| =120 > 0 max.

Application: Cost Minimization Problem
Objective function 1’}11(1{10 =wlL+1rK
Subject to Q = f(K,L)

L=wL+rK+ Q- f(K,L))

FONC
LKZT_)\fKZO fk 1 * * * * *
LL:w—)\fL:O}fL_w = CH(K*, L), K*, L

LA:Q_f(KaL):O
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B 0 fx fL
SOSC |H‘= fK LKK LLK < 0 min.

fr Lkxr Lip

ex. Suppose Q = KL. A firm will produce 15 units of goods. Find K
and L that minimize total cost given that w = 6 , r = 10.

Min C(w,r) 6L +10K
st. 15 = KL

L£=6L+10K + \(15— KL)

= K' =3
L =5
|H| = —60<0

6 n-choice Variable and Multi-Constraint Cases

6.1 One Constraint

Objective function z = f(x1,x9, ..., Ty)
Subject to g(x1, 9, ...,2,) = ¢  (one constraint)

L(x1,T9,...,xy) = f(a1, 29, ..., Ty) + )\[c — g(x1, 29, ..., xn)}
FONC

Ly = fi—=Ag1 =0 )
Ly = fo=Ag2=0
: > (n+1) conditions

h
3
|

- fn_)\gnzo
Ly = c—g(x1,29,...;2,) =0 )
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0 g1 92 - Gn

- g1 L1 Lip --- Ly,

SOSC |H|=|92 La1 Loo -+ Loy,
9n Lnl Ln? e Lnn (n+1)><(n+1)

d?z is positive definite st. dg = 0 if and only if |H|, |H3]|, ..., |H,| < 0
always negative = Min

d?z is negative definite st. dg = 0 iff [Ho| > 0,
’H3| <0

(—=1)"|H,| >0 alternate signs = Max

ex. min C = wL +iK + T find K , L and T that minimize cost
st. Q = f(K,L,T)

L=wL+iK+rT+\NQ— f(K,L,T))
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6.2 k Equality Constraints

Objective function z = f(x1, x9, ..., z,) subject to constraints:

gl(;cl,a:Q,...,xn) =
g (1,29, ..., Tn) = Co
g (x1, 9, ..., 1) = ¢

L= f(x1,m2,....20) +M1]c1 — g )]+ Xalea — 2 ()] +- - -+ + e [er — g7 ()]

k

L= f(x1,22,...x0) + > Nlc; — ¢/ (w1, Tay oy )]
j=1

FONC

oL _ 99" dg 9" _
L D VY TP WY PP VA

n equations

oL __ dg dg 9g* _
oan = In = Mgy, — Mg =~ Aug, =0

SOSC
0 0 0 | 9 @ g
0 0 0 | ¢ & 92
: T
00 0 | o g gn
H=|- - — — — — - _ _
9 9 gp | Lu L L1,
9% 9 g5 | Loy Loy - Loy,
: | :
1 2 k
In In gn | L Lny Lo 1y mety
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Consider (n-k) bordered leading principal minors:
‘H/H-l‘? ‘H/H—?‘? SRR ‘ﬁn‘
Max of z, sign |Hyy1| = (—1)*"! alternate sign for |Hy 5| and so on.

Min of z, sign |Hy| = (—1)*! take the same sign

ex. z = f(x1, 22, x3)
st. g(z1, 2, x3) = ¢ and h(x1, 29, 23) = d
E = f(SCl,ICQ,ZCg) + /\1[6 — g] + /\Q[d — h]

FONC:

SOSC: n =3,k=2 = n-k =1 only one bordered Hessian matrix
[Hy| = |H3| or [Hyy1| = [Hzaa| = | Hyl

0 0 g1 9 g3
0 0 hy hy bhs
CHsl =191 b Lu Lip Las
g2 ho Loy Loy Log
g3 hs Lsi Lz Lss|. .

max if |Hj,1| = |Hsz| < 0 because sign of |Hs| = (—=1)*"' = -1 < 0
should be negative

max if |Hj 1| = |Hz| > 0 because sign of |H3| = (—1)? =1 > 0 should
be positive
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ex. 2 = f(l'l,l'g,l’g,JM)
st. g(x1, 22,23, 24) =
h(xl,ﬂfg,xg,le) =d

FONC:

SOSC n=4,k=2 = n-k=2bordered Hessian matrix.

0 0 g1 9 93

) ) 0 0 hy hy by

Consider |Hk+1| = ‘H2+1| = ‘Hg‘ = |01 hl L11 L12 L13

g2 ha Loyt Loy Lo

g3 hs Ls; L3y Lss
0 0 g1 92 93 %
0 0 hy hy hs hy
- - - g1 hi Ly Lo Liz Ly
[ Hierol = [Hapo| = [Hil g2 ha Loy Loy Log Loy
g3 hs L3y Lsy Lss L3y

94 ha Layy Lap Lyg Laa|g .

max if sign of |Hyy1| = |Hay1| = |H3| = (1) = —1 negative

or |[Hs| < 0 and |Hyys| = [Hy| > 0

min if sign of |H3| = (—1)* = 1 or |H3|>0 and |Hyo| = |Hy| > 0
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ex. Given objective function y = f(xy,...,235) and 22 constraints

1. What is the dimension of H?

2. What is the dimension of zero matrix inside H?

3. Write SOCs for max.

7 Other Economic Application

7.1 Homogeneous function
F(Az, Ay) = X'F(z,y)

where 1 is a degree of homogeneous function.

r can indicate 3 types of return to scales (IRTS, CRTS, DRTS)
ex. Q = KL

Ko, Ly = Qo= KoL

MKy, ALy = Q1 = AKg\Lg = N2 KoLy = \2Q

If r = 2, then if we increase both L and K by 2 times, then the level of
output would be rising by A\? = 22 = 4 times = IRTS
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ex. Q =K+L
QKAL) = Ky + ALy = MK+ L) = Qy(K,L) = CRTS
ex. Q = K“L? What should the value of a abd 3 be such that Q has
a property of CRTS?
Q(K,L) = K°L’
QKAL) = (AK)*(AL)’
= \TPReLs
= MTQ(K, L)
a+ 8 <1 DRTS

a+pB=1 CRTS
a+8>1 IRTS

Recall AC = %

at IRTS, T TC by 2, bit 1 Q >2 = AC |

DRTS, T TC by 2, bit 1 Q <2 = AC?
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ex TC = 2/Q

AC=T¢ =20 -2 [RTS Q1= AC|

2
Q
SFAz, Ay) =N F(z,y) if r=1, CRTS = AC constant
r>1, IRTS = AC |
r<1, DRTS = AC 1

O

7.2 Types of Goods
ex. U = z+y

P, = 2
P, =1
I = 100

(1st approach): £ =z + y + A(100 — 2z — y)

FONC
Ly = 100-2z—y = 0
L, = 1—2\ =0 Lagragian cannot solve the corner solution.
L, = 1=\ =0
(2nd approach) MU, = 1
MU, = 1
MRS =1

.. A consumer should buy more Y - it is cheaper and give same MU

= Demand for x = 0 and Demand for y = 100
This case: & =2 =1 > |[MRS|

How about | £ | < |[MRS]

| % | = [MRS
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ex. U = min [x,y]

NN — | X
W~ N <
N R —= —|C

“perfect complement”

ex. U = min [2x,y]

kink point is 2x =y

ex. U = min[xy]
P, =2
P, =1
I = 100

(1st approach) £ = min[z, y] + A\(100 — 2z — y)

Solve for z*, y*

(2nd approach)

kink point x = y and budget constraint: 100 — 2z —y =0
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