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Vector spaces and subspaces

•Vectors and Vector equations
•Subspaces of Rn

•Null spaces, Column spaces
•Linear independence, Spanning sets 
•Basis and Dimension 
•Rank
•Linear transformations, change of basis
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in R2
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The span of a set of vectors

Dr.  Julaluk Carmai

MA332    LINEAR    ALGEBRA

A Geometric description of Span {v} and Span {u,v}
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•u and v are nonzero vector in R3 with v is   
not a multiple of u

• Span {u,v} is a plane in R3 that contains 
u ,v and 0

• Span {u,v} contains 
the line in R3 through u and 0
and the line in R3 through v and 0
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A line through the origin.

Vectors in R2
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A line

Is b a linear combination of columns of A? If it is                              must have solution. baxax  2211

12 2
3 vv 
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Vector Spaces and Subspaces

The space Rn consists of all column vectors with n components

A real vector space is a set of vectors together with rules for 
vector addition and multiplication by real numbers. 
The resulting vector must be within the space.
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Example
R2 all 2D real vectors
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Vector addition?
Scalar multiplication?

Every vector spaces got zero vectors in it.

1st component

2nd component

v1 v3
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Consider all vectors whose components are positive or zero. 
If the original space is the x-y plane R2

Vector addition? 

Scalar Multiplication?  Multiplying a vector (1,3) by –2

The distinction between a subset and a subspace
Can you add vectors? and 
Can you multiply by scalars without leaving the space?

Not a vector space

This ¼ is not closed under scalar multiplication.

Vector spaces have to be closed by addition and scalar multiplication.
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A subspace is a subset which is closed under addition and multiplication.
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A line through the origin

Addition? 

Multiplication?

1st component

2nd component

A vector space inside R2  a subspace of R2
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The zero dimensional space  a subspace contains only one vector, 
the zero vector. (the smallest subspace)

Vector addition  0+0=0   within the subspace

Scalar multiplication C0=0 within the subspace
The largest subspace is the whole of the original space.  

Subspaces of R2

•R2 itself
•Any lines through the 
zero vector (the origin)

•The zero vector 

Subspaces of R3

•R3 itself
•Any plane through the
zero vector (the origin)

•Any line through the 
zero vector 

•The zero vector 
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H
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•A line in R2 not through the origin 
is not a subspace of R2

•A plane in R3 not through the origin 
is not a subspace of R3 

1
3

not
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A
Columns are in_______

Column space of A is a subspace of ____________
What are in this subspace?

Rm
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Connection with linear system Ax=b

•Does Ax=b have solution for every b?

•Which RHS allow this system to be solved? 
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Find numbers u,v,w that multiply col1, col2, col3 to produce the vector b.
The system is solvable exactly when such coefficient exist. 

Subspaces are tied directly to matrix A and they give information 
about the system Ax=b
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The subset of attainable RHS b is the set of all combinations 
of the columns of A.

The equations Ax=b can be solved if and only if b lies 
in the column space of A

We can also describe the result geometrically. Ax=b can be solved if and
Only if b lines in the plane that is spanned by 2 calcium vectors
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x Null space is in __________

Dr.  Julaluk Carmai

MA332    LINEAR    ALGEBRA

Dr.  Julaluk Carmai

MA332    LINEAR    ALGEBRA

Dr.  Julaluk Carmai

MA332    LINEAR    ALGEBRA



Dr.  Julaluk Carmai

MA332    LINEAR    ALGEBRA

Nul A
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Linear Independence 

Trivial combination, with all weights Ci=0, produces the zero vector. 

Vectors v1,v2,…..vp are linear independent of no combination give 
zero vector (except the zero combination all c=0) 
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Linearly independence if no combination gives the zero vector except
the zero combination.  

v1

v2=2v1

0____ 21  vv

v1

v2=0

0____ 21  vv

Linear Independence 

If one vector is zero dependence is said
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•2  vectors are dependent if they lie on the same line. 
•3  vectors are dependent if they lie in the same plane.
•A random choice of vectors, without any special accident, should 
produce linear independence.
•4  vectors are always linearly dependent in R3  

v1

v2

v3
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AC

Linear Independence 
y

x
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Repeat the definition 

When    ........., 21 nvvv are columns of A 

•They are independent if the null space of A is the zero vector only
•They are dependent if there are something in the null space. 

0CA for nonzero C 

The columns of an mxnmatrix are independent 
 All columns are _____ columns
 Rank=______ the null space of A is only 0 (no free variable)
 Rank<_______ at least one free variable
 

Linear Independence 
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What is the combination of column 
with weights –3, 1,0,0?

2 row2- 5  row1=______

Dependent? or  Independent?
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Dependent? or  Independent?

Linear Independence

The null space of A contains 
only the zero vector the columns of A
are linearly independent
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For any echelon matrix U  ; the nonzero rows must be ____________

If we pick out the columns that contain the pivots
 linearly independent  

The nonzero rows of an echelon matrix U are the rows 
that contain pivots (r) and are linearly independent.
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

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0000
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U

Linear Independence 

•Column 1 and 3 are ______
•No set of 3 columns is______
•Column 1 and column 4 are __________  
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The columns of n by n identity matrix 
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In R4
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Coordinate vectors

Linear Independence

Dependent? or  Independent?
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To check any set of vectors                  for linear independence

Form the matrix A whose n columns are the given vectors.

Solve for                             

nvvv ...., 21

0CA

Dependent a solution other than C=0 (zero vector)

Independent no free variables (rank is n) none of 
vector except C =0 is in the null space

m<n impossible for the columns to be linearly independent! 
rank< n (we cannot have n pivots)

Linear Independence

A set of n vectors in Rm must be linearly dependent if n>m

There cannot be n pivots, since there are not enough rows to 
hold them
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Example 











231
121

A











110
121

UA

Impossible to have 3 independent vectors in R2 

Linear Independence 
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Spanning a subspace 

A set of vectors                    spans a space means the 
space consists of all linear combinations of those 
vectors. 

lww ,......1

General definition 

If a vectors space V consists of all linear combinations of 
the particular vectors                 then these vectors span 
the space.  In other words, every vector v in V can be 
expressed as some combination of the w’s:

 

lww ,......1

ill cwcwcv  tscoefficien somefor     .....11 

The coefficients need not be unique because the spanning set 
might be excessively large  
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Example The column space of a matrix is exactly the space 
that is spanned by its columns.  
~ Columns of a matrix span a column s

Spanning a subspace

To decide if b is a combination 
of the columns  solve Ax=b

To decide if the columns are 
independent  solve Ax=0

Spanning involves the column
space.

Independence involves the 
null space
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Spanning a subspace
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A Basis Set
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In other wordA basis for a vector space is a set of vectors 
having two properties at once:
1. They are linearly independent.
2. They span the space.

A Basis Set
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•Every vector in the space is a combination of the basis vectors, 
because they span.

•The combination is unique.

•There is one and only one way to write v as a combination of 
the basis vectors.

v1

v2

v3

x

y

The vector v1 by itself is ___________
but fails to__________ R2

The vectors v1 ,v2 ,v3 span R2 

but are not ___________

Any two of these vectors have 
both properties form a basis.

Basis
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Example Space in R3

One basis is 



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

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, , Are these vectors independent?

The null space of identity matrix is only zero. Therefore columns are_______

Another basis


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

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1
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

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2
2

















8
3
3

, ,

How to check it?

Square matrix is invertible  columns are independent a basis for Rn

Basis

If v3= (3,3,7)T  dependent it lies on the 
same plane as v1  , v2 
V3 must be any vector that does not lies 
in the same plane as v1  , v2

v1  & v2 :they are independent but 
may not span R3( there can be vector in R3

that is not combination of those vectors)
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


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





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0000
1300
2331

U

Example
The four columns span the column space 
but not ________

The columns that contain pivots are 
a basis for the column space.

The columns of a matrix span its column space.
If they are independent  a basis for the column space

(whether matrix is square or rectangular)

The columns to be a basis for the space Rn, 
the matrix must be square and invertible.

Basis
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The pivot columns of a 
matrix A form a basis 
for Col A 
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A vector space has infinitely many different bases 
but something in commonThe same number of vectors

R3 Number of vectors = 3
Rn Number of vectors = n 

Dimension of a vector space 

of dimension of a vector space 

The x‐y plan  2 vectors in every basis dimension=2 
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Dimension of a vector space


















0000
1300
2331

U

The column space of U has dimension 2
“Two dimensional subspace of R3” 

What is a basis for the column space of U?
Column____and Column_____ 
which are the _________column. 

















1321
1211
1321

Example
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Dim Col A = number of pivot columns of  A  (Rank)
Dim Nul A = number of free variables of A (n‐r) 

•Any linearly independent set V can be extended to a basis, 
by adding more vectors if necessary.

•Any spanning set V can be reduced to a basis, 
by discarding vectors if necessary. 

•A basis is a maximal independent set.
It cannot made larger without losing independence

•A basis is also a minimal spanning set.
It cannot be made smaller and still span the space. 

Dimension of a vector space 
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Basis of a matrix
Rank of a space
Dimension of a basis 

Dimension of the space
Rank of the matrix 
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Rank
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