Two-Variable Regression: Interval
Estimation and Hypothesis Testing




The theory of estimation consists of

»  Point estimation

A single value used to approximate a population
parameter

» Interval estimation
a range of values estimating the parameter

(may or may not contain the value of the parameter
being estimated)




Confidence level of an interval estimate of a parameter:

the probability that the interval estimate will contain the
parameter, assuming that a large number of samples are
selected and that the estimation process on the same
parameter Is repeated

E.g. 90% Confidence level
95% Confidence level
99% Confidence level




Interval Estimation

» We want to find how “close”, say, f,isto 7

» We try to find out o and  such that the probability
that the random interval (5 _ 5 3 +6)

containsthetrue g 1S 1_

» Confidence interval 1s

Pr(f,-5< B, <, +6)=1-a




Interval Estimation

» 1-«a 1S known as confidence coefficient

» ¢ 1S known as the level of significance

E.g. 95% confidence level
o/ =1-0.95=0.05




a 1S level of significance

» The probability of committing a type | error

» Atype | error consists In rejecting a true hypothesis




a = 0.05

ta/2,df ~10-2 —
ta,df ~10-2 —
ta/2,df:200—2 =
L

o .df =200-2 —




o = 0.05
ol2 df=10-2 — 2.306

t
t, a0, =1.860
U,/ df 2002 =1.96
t, gf—200o =1.645




a =0.01

al2.df =10-2 —
a.df =102 —

t
l
Uy r2,df ~200-2 =
l

o .df =200-2 —




o =0.01
2/2.df 102 = 3+390

t
t, 40, = 2.896

t /2 df 2002 = 2.576
t, 42002 = 2.326




Confidence intervals for regression
coefficients £, and £

» With the normality assumption for U

» The OLS estimators g, and S, are themselves
normally distributed with means and variances

» Variance (o) is known
Z — 182 _AﬁZ
se(f,)

_ (:éz _ﬁz)\/z Xi2
O




Confidence intervals for regression
coefficients £, and /5,

» o2 is rarely known, in practlce It Is determined by
the unbiased estimator &

_B=p,
se(f;,)

_ (:Bz o :Bz)\/ Z Xi2
o




Confidence intervals for regression
coefficients5, and 5,

Pr(-t,, <t<t,,)=1-«

Bz _Aﬂz <t
se(/,)

Pr[—ta/2 < a/z]zl—a

Pr[:éz _ta/zse(;éz) < p, < 132 ta/zse(,éz)] =1l-a




Confidence intervals for regression
coefficients £, and /5,

100(1- )% confidence interval for g, :

,5)2 T ta/zse(,éz)




TABLE 2.6

Mean Hourly Wage Years of Schooling Mean Wage, $ Number of People

by Education 6 4.4567 3
R 7 5.7700 5
GikBonyer s duciony 8 5.9787 15
Econometrics, Harvard 9 7.3317 12
University Press, Cambridge, 10 7.3182 17,
gy, P 11 6.5844 27
12 7.8182 218
13 7.8351 37
14 11.0223 56
15 10.6738 13
16 10.8361 70
17 13.6150 24
18 13.5310 31

Total 528




Confidence intervals for regression
coefficients S, and 5,

Example: Mean hourly wages (YY) on education (X)

B, =0.7240

se(3,) =0.0700

n=13,df =n-2=11,a=0.05
1-a=0.95

critical t,, =2.201

Pr[,éz _ta/zse(,éz) <p, < :éz +ta/zse(,5)2)] =1l-a




Confidence intervals for regression
coefficientsJ, and /5,

0.5700 < 3, < 0.8780
or
0.7240+2.201(0.0700)

Given the confidence coefficient of 95 percent, the
true parameter is between 0.5700 and 0.8780.




Confidence intervals for regression
coefficients [,

The correct interpretation of this confidence
Interval Is:

Given the confidence coefficient of 95 percent, In
95 out of 100 cases intervals will cofitain the

true




Confidence intervals for regression
coefficients [,

The wrong interpretation of this confidence
Interval Is:

The probability i1s 95 percent that the specific
Interval contains the true g,

Since the interval is now fixed and no longer
random; therefore B, either lies In it or it does
not




Class exercise

Example: Mean hourly wages (YY) on education (X)

B, =0.7240

se(/3,) = 0.0700

n=13,df =n-2=11,¢=0.01
1-a=0.99

critical t,, =

Pr[,ég _ta/zse(,éz) <p, < :éz +ta/2se(,é2)] =l-a




Confidence intervals for regression
coefficients [,

0.7240+3.106(0.0700)

Given the confidence coefficient of 99 percent, the
true parameter is between 0.7240-3.106(0.0700) and
0.7240+3.106(0.0700).




Food expenditure in India

B, = 0.4368

se(,)=0.0783
n=53, df =53—-2=51,a = 0.05

Pr[f, —t,,5€¢(B,) < B, < B, +1,,5¢(B,)] =1-«a




Confidence intervals for regression
coefficients [,

0.4368 + 2.021(0.0783)

» Given the confidence coefficient of 95 percent, the

true parameter is between 0.4368-2.021 (0.0783) and
0.4368+2.021 (0.0783).




Confidence intervals for o2

Under the normality assumption, the variable follows
the »* distribution with n-2 df




Confidence intervals for g2

Degree of freedom =n-2 =11

(3
(3]
a
2.5\%- 95% 2/5%
XZ
21.9200

3.8157

2
x().9"3’.‘3

2
x0_025




a =0.05

X1al2 df =10-2 =
Xol2.di=10-2 —
X1-al2 df =200-2 =

Xol2.df =200-2 —




o =0.05
Xi-arodi-10-2 = 2-1797

A o12,df =10-2 =17.5346
Xrai2.df—200-2 = (4.2219
A o012, df =200-2 =129.561




a =0.01

X1al2 df =10-2 =
Xol2.di=10-2 —
X1-al2 df =200-2 =

Xol2.df =200-2 —




a =0.01
A1-al2,df =102 — 1.3444

Aal2,df=10-2 = 21.9550
X1-aia.di—200-2 = 01.3276
A ol2,df =200-2 = 140.169




9 2
Confidence intervals for o

Pr(ll—a/Z — Z < Za/Z) 1- 04

"2 "2
<o’<(n-2)
Za/Z Zl—a/Z

Pr[(n—2)

|=1-«

Which gives the 100(1-«)% confidence interval for o’




Confidence intervals for o&°

Example: Wage-education
o° =0.8936
o =0.05,df =n-2=11
Yoo =21.9200, 32, =3.8157

0.4484 < 5% < 2.5760

Given the confidence coefficient of 95 percent, the
e parameter Is between 0.4484 and 2.5760




Confidence intervals for o°

The Interpretation of this interval Is:

If we established 95 percent confidence limits on o*
And If we maintain a priori that these limits will
Include the true o2, we will be right in the long

run 95 percent of the time




Class exercise

Example: Wage-education

o° =0.8936
a=0.01df =n-2=11

2 . 2 .
X0.025 = » X0.975 =

<ot <

Given the confidence coefficient of 99 percent, the
e parameter Is between and




a5 .
Pr[(n_Z)GTSUZS(n—Z) (Zy |=1-«
ZO‘/Z Zl—a/Z

Example: Wage-education
o° =0.8936
a=0.01Ldf =n—-2=11
ZOZ.OOS — 2675691 z§.995 — 26032

11 0.8936 <5 £110'8936
26.7569 2.6032

Given the confidence coefficient of 99 percent, the
12 parameter Is between and

N



Hypothesis Testing




Hypothesis Testing

In statistics, a hypothesis is a claim or statement
about a property of a population.

A hypothesis test (or test of significance) is a
standard procedure for testing a claim about a
property of a population.




Hypothesis Testing

Define population in study

State the hypothesis to be investigated
Give the desired significance level
Select a sample from population
Collect the data

Perform the calculations
Reach a conclusion

N o o kB~ w NhoE




Hypothesis Testing

» Null Hypothesis ( H, ):

A Statistical hypothesis stating there is no
difference between a parameter and a specific value

» We test the null hypothesis directly
» Either reject H, or fail to reject H,




Hypothesis Testing

» Alternative hypothesis: ( H, ):

Stating the existence of a difference between a
parameter and a specific value.

- The symbolic form of the alternative hypothesis must
use one of these symbols: #, <, >.




TABLE 5.1

The ¢ Test of
Significance: Decision
Rules

Type of Ho: The Null Hi: The Alternative Decision Rule:
Hypothesis Hypothesis Hypothesis Reject Hp If
Two-tail B2= B3 B2 # P2 [l > toy2,qf
Right-tail B2 < B2 B2 > B3 E> by,
Left-tail B2 = B3 B2 < B3 < —to,f

Notes: 33 is the hypothesized numerical value of f,.

It] means the absolute value of 1.

t, Or 1> means the critical £ value at the « or «/2 level of significance.

df: degrees of freedom, (n — 2) for the two-variable model. (n — 3) for the three-variable model, and so on.
The same procedure holds to test hypotheses about ;.




Hypothesis Testing: The confidence-Interval
Approach

Two-Sided or Two-Tail Test

H,:£,=0.5

H,: 5, #0.5
Therefore, if £, under H, falls within the 100(1— )%

Confidence interval, we do not reject the null
hypothesis; If it lies outside the interval, we may
reject it




Pri-t,, < fz(ﬁﬁ)z <t,,]=1-c

—t,, and T, arethe value of t(the critical t value)




The Test-of-Significance of Regression
Coefticients: The t Test

Prl 5, _ta/zse(ﬂz) <p, < p, "'ta/zse(ﬂz)] =1-o
Region of acceptance

The 100(1— )% confidence interval

Region of rejection

The regions outside the confidence interval




Hypothesis Testing: The confidence-Interval
Approach

Values of f3, lying in this interval are
plausible under H, with 100(1 - )%
confidence. Hence, do not reject

H, if B, lies in this region.

!

~—

+t,,se(f)

e
o

ﬁz‘ Los se(f,)




Hypothesis Testing: The confidence-Interval
Approach

» When we reject the null hypothesis, we say that our
finding Is statistically significant

» When we do not reject the null hypothesis, we say
that our finding Is not statistically significant




In the confidence-interval procedure we try to
establish a range or an interval that has a certain

probability of including the true but unknown g
, Whereas In the test-of-significance approach we
hypothe3|ze some value for B, and try to see

whether the computed ,32 lies within reasonable
(confidence) limits around the hypothesized value




The Test-of-Significance of Regression
Coefficients: The t Test

Under the normality assumption the variable

t = /éz _Aﬂz
se(/,)

_ (Bz _ﬂz)\/zxiz _ (15)2 _ﬂZ)\/Z(Xi - >Z)2
o o

follows the t distribution with n-2 df




The Test-of-Significance of Regression
Coetticients: The t Test

Example: Wage-education
B, =0.7240

se(3,) =0.0700
df =11,a =0.05,t,, = 2.201

H,:5,=0.5
H,: 5, #0.5




The Test-of-Significance of Regression
Coetticients: The t Test

. 182_:82 _1_
Pri-t,, < se(ﬁz) <t,,]=1-«

. 0.7240-0.5 _39

0.0700
f0) -
Reject H,

=
& 95% t=3.2
a Critical Region of lies in this

region acceptance critical region

2.5% 2.5%

DL



The Test-of-Significance of Regression
Coefficients: The t Test

t = ,éz _Aﬂz
se(/,)

B BN (B B (X = XY
o o

ft) 0.7240-0.5
t= =3.2
0.0700

=

z 95% £ =32

A Cril‘ical Region of lie_s-in this . -

;Lél(ly?n acceptance ;1;1(/1/((:’11 region Rej eCt H O
. t

0 +2.201



The Test-of-Significance of Regression
Coefficients: The t Test

Significance tests

A statistic Is said to be statistically significant if the
value of the test statistic lies in the critical region

|

The null hypothesis Is rejected




One tailed test

Sales Price

49
45
44
39
38
37
34
33
30

Ve N

Y. =49.667 - 2.1576 X,

[

O (N[OOI |TW DN

29

=
o




Right tail test

B, =—2.1576
se(3,) =0.1204
df =10-2=8,a =0.05,t,,. =1.860
H,: 5, <0
H,:5,>0
. B, -, —2.1576-0

= = =-17.92
se(f,) 0.1204




Left tail test

B, =-2.1576

se(3,) =0.1204
df =10-2=8,& =0.05,t,,, =—1.860

H,: 5,20
H,:p, <0

se(3,)  0.1204

T here is enough evidence to say that /%, <0




Decision Rule:

» Right tailed test
Ift" > critical (t,) reject H,

» Left tailed test
If U<- critical (-t ) reject Ho




Extra credit

» The Confidence interval approach

Pr[,éz _ta/zse(lgz) <p, < IéZ +ta/ZSe(lé2)] =1l-a

» The Test of significance approach

t = /Bz _Aﬂz
se(/,)

B BINEX (B B (X = X)
o o




Hypothesis testing

Example: Wage-education

B, =0.7240

se(3,) =0.0700
df =11 o =0.01, ) =

Step 1

H,:5,=0
H,: B, #0




The Confidence interval approach

Pr[/éz _ta/zse(:éz) <, < :éz +ta/2se(,éz)] =1l-a

Pr[0.7240-3.106(0.0700) < g, <0.7240+3.106(0.0700)] =1-0.01

Pr[0.5066 < S, <0.9414]1=0.99
The confidence interval doesn’t contain zero.
Reject Ho

There is enough evidence to say that £, #0




The test of significance approach

t= 132 _Aﬁz
se(/5,)
0.7240-0

~0.0700
—10.3429

Critical t value =+3.106

t > Critical t value
Reject H,

sere s enough evidence to say that 3, # 0




2
The Test-of-Significance of o :The X Test

P



2
The Test-of-Significance of G:Ll'he X Test




TABLE 5.2

AS -~ Ho: The Null H,: The Alternative Critical Region:
umma 0 € . o .
£ Test ry Hypothesis Hypothesis Re;ect Hop If
e 0(2) o2 = 05 df(zL) - ledf
00
df(é%)
o2 = a'cz, ol < n% T2 = X(1-a)df
00
df(6?) _
02 = o} o2 +£od o = Xaf2,df

2
OF < X(1-ay2),df

Note: o is the value of o? under the null hypothesis. The first subscript on )? in the last column is the level of significance, and
the second subscript is the degrees of freedom. These are critical chi-square values. Note that df is (n — 2) for the two-variable
regression model, (7 — 3) for the three-variable regression model, and so on.




5 2
The Test-of-Significance ofO :The Z Test

example
6 =0.8937,df =11
H,:0°=0.6
H,:0°#0.6

~2

72 =(n-2)2=16.3845
O
a =0.05,the critical y°values are y. _,, =3.81575 and yZ,, = 21.9200
We do not reject the null hypothesis.

2
There is not enough evidence to say that © s
different from 0.6.




Analysis of Variance

P



<

=<
9

U, = due to residual
.

_ SRF
Y. -Y =total <}/\é1+/;’zx-
. |

" (Y, =Y) = due to regression

J

I
e

N

X == — - ===




TSS = ESS + RSS

Z in = Z (Y, —Y_)2 (Total Sum of Squares, TSS)

Z)A’iz = Z(Y: _Y_)2 :IéZZZXiZ

(Explained Sum of Squares, ESS)

~2
Zui (Residual Sum of Squares, RSS)




Analysis of Variance

ZYiZ :Zyiz +Zai2 ::ézzZXiz "'Zﬁiz

TSS = ESS + RSS




Analysis of Variance

TABLE 5.3 e 2 "

ANOVA Table for the Source of Variation 55 df MSS

Two-Variable Due to regression (ESS) ):)7,2- = B3y x? 1 A3 Zx,-z

Regression Model > 07 2
Due to residuals (RSS) > af n—2 e '2— =6
TSS Yy y? e

*SS means sum of squares.
"Mean sum of squares, which is obtained by dividing SS by their df.




MSE (Mean of Explained Sum of Square)

MSR (Mean of Residual Sum of Square)




Analysis of Variance

~ _ MSS of ESS
MSS of RSS

iy
> 67 /(n—-2)

_BOX
57

F distribution with 1 df in the numerator and

(n-2) df in the denominator



» If F* > Critical F value (F.....) Reject H,

» ITF* < Critical F value ¢

aln-2

y Not reject H,




a =0.05

1,5
1,8
2,9
3,9

TRENTRETRETA







a =0.01

1,5
1,8
2,9
3,9

_I_Ia _I_Ia _I_Ia _I_Ia







Example

TABLE 2.6
Mean Hourly Wage
by Education

Source: Arthur S.
Goldberger, Introductory
Econometrics, Harvard
University Press, Cambridge,
Mass., 1998, Table 1.1, p. 5
(adapted).

. Wage-Education

Years of Schooling

6
7
8
9
10
11
12
13
14
15
16
|17
18

Mean Wage, $

4.4567
5.7700
5.9787
7:3317
7.3182
6.5844
7.8182
7.8351
11.0223
10.6738
10.8361
13.6150
13.5310

Number of People

3
5
15
12
17
27
218
37
56
13
70
24
31

Total 528




F-Test

H,: 5, =0
H,:8,#0




TABLE 5.4

Source of Variation SS df MSS
ANOVA Table for the -
: 95.42
Wages-Education Due to regression (ESS) 95.4255 1 95.4255  F=
Example 0.8811
Due to residuals (RSS) 9.6928 11 0.8811 = 108.3026
TSS 105.1183 12

If F* > Critical F value(Fos11)Reject H,

If F* < Critical F value (Fogsa11) Not reject H,
(Fo.05;1,11) =4.84

Reject H,




Application of Regression Analysis:
The Problem of Prediction

» Mean prediction
> Prediction of the conditional mean value of Y

corresponding to a chosen X, say X, that is the
point on the population regression line itself

» Individual prediction

> Prediction of an individual Y value corresponding
to X,




TABLE 2.6

Mean Hourly Wage Years of Schooling Mean Wage, § Number of People

by Education 6 4.4567 3
N 7 5.7700 5
G(:]':i:erg;: ;::;rn.du('lur_r 8 5.9787 15
Econometrics, Harvard 9 7.3317 12
Unerty P, Caes 10 7.3182 17
adwpied, 11 6.5844 27
12 7.8182 218
13 7.8351 37
14 11.0223 56
15 10.6738 13
16 10.8361 70
|17/ 13.6150 24
18 13.5310 231

Total 528




Mean Prediction

Y. =-0.0144 + 0.7240X.

Assume that X, =20
E(Y | X,=20)="7

Y, =-0.0144 +0.7240X,
= —0.0144 + 0.7240(20)
=14.4656

_ Where \fo =estimator of E(Y | X,)




Mean Prediction

FaN

Y, Is normally distributed with mean (8, + 5,X,) and

_l—i_ (XO . X)Z
n DX
By replace the unknown o* by its unbiased estimators &

_ YAo B (131 ";ﬂzxo)
se(Y,)

var(Y,) = o

t

follows the t distribution with n-2 df




Mean Prediction

The t distribution can therefore be used to derive
confidence intervals for the true E(Y, [ X,)

Prlg, + B, X, _ta/zse(Yo) SB+BX < B+ B X +ta/zse(Yo)] =l-«a

where se(\?o) is obtained from
14_ (xo - >z)2:|

n DX

. 2
var(y,) = 0.8936| — + (20-12)" | _ 3826
13 182

var(Y,) = o

se(Y,) =0.6185



Mean Prediction

Therefore, the 95 percent confidence interval for true

ECY [ X,)=8+5X, isgiven by
14.4656 — 2.201(0.6185) < E(Y, | X = 20) <14.4656 + 2.20(0.6185)

13.1043 < E(Y, | X = 20) <15.8260




18 - 15.82
16.91 4" | ¥;=-0.0144 + 0.7240X;
16 |-
g 14.4
14 |- Confidence interval // ( £—1446
for mean Y y 1310
12 - 12.01

Mean wage
o
T

8 |-
Confidence interval
6 for individual Y
4
2
0 | 74 ] ] ] ] | X
0 6 8 10 14 16 18 20 22

Education

P
| ——




Individual Prediction

N\

t — Yo _YoA
se(Y, —Y,)

A Y
var(Y, -Y,) = E[Y, =Y, ] = & {1+£+ (Xo—X) :I

n Z xi‘2







Therefore, the t distribution can be used to draw

inferences about the true Yo. The point prediction of Y,

is 14.4656, the same as that of Y, , and its variance is
1.2357

(12.0190 <Y, | X, = 20 <16.9122)




How good is the fitted model?

» Are the signs of the estimated coefficients in accordance with
theoretical or prior expectations?

» If theory says that the relationship should be not only positive
but also statistically significant, is this the case in the present
application?

» How well does the regression model explain variation in our
example?




Source

Gujarati, D.N. (2009) Basic Econometrics. 5th ed.
Singapore, McGraw-Hill. (G)




