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Optimization without Constraint: More-Than-One Independent Variable Cases
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D

Optimization Condition

&

One choice variable

The objective function: z = f(x)

mn 2 = 'FC‘A)

-;L‘k
Condition Maximum Minimum
Derivative Derivative
4 S\oPe nugt be z o
Flri;(ggeé nlf (c)eéiary Total differential Total differential
’ a [
¢ = QO
do = dae Foond @
- = 0 20 .
tncreose (or decretse) in
Derivative Derivative
vy 2o v >0
Slepe is decressing Slyge 15 fnaeslng
g_o = =) Co—=+)
Second-order sufficient
(SOSC, SOC) Total differential Total dferjtial
[ | a
d,z z = &(. d'Z) Cc:ns-kw"

4 (FandD d*2 L o d*z > o .

_ dw dcEED) o :

. Au&""uad )

= fny ()
dFx = Fa f&jf \

5™ a-der FRL
4 Beerhicl of =




EE 320Chap8 Unconstrained Optimization(many choicevar.)sema2/2020 Page |3

& &

Extreme Value of a Function of Two Variables

z=f(x%y) 4z 7 0

First-Order Necessary Condition z - ¥ (x 5 La_:)

or ever@)ln@

&,?:a O

R R R R R R R B D AR ]

The first order necessary condition is necessary, but not sufficient to establish a
maximum or a minimum.

Saddle point Inflection point

r
£
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Second order sufficient condition

The satisfaction of the first-order condition earmarks certain values of z as the
stationary values of the objective function. If at a stationary value of z we find that
d?z is positive definite, i.e., d?z > 0, this will suffice to establish that value of z as a
minimum. Analogously, the negative definiteness of d%z, d%z < 0, is a sufficient

condition for the stationary Valuei(}:o be a maximum. ‘__ _&:)1 =2 H N
N = ('Z”XZ,..,)XV\D n=n

H

Second-order total differential, Hessian Matrix and Definiteness of Hessian

Matrix

Ar\xn
About “H,”

Definition : Le@e a@natrix. @ubmatrix, deriving from deleting the

last n.— k-columns and the last m — k rows of matrix 4", can be called the k" order A ,&_

leading principal submatrix of matrix A. The corresponding determinant of this k X k

submatrix is called the k" order leading principal minor of matrix A.

The k" order leading principal submatrix of matrix A is denoted by Aj.

The k" order leading principal minor of matrix A is denoted by |A|

Ay By P
Ai1i A12; Q13
A '3[“21 Az a23}
MBS 33k o
Leading principal submatrices are: . v X Colums
Aﬁﬁtq
A\ - [all] d31 G323zl 2y
2 > 3 -4
all a12 A;y Q2| g3
A= lay ol ol g
k

} => 23 —3
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Le%iling principal minors are:
1

d
[A‘\ = |a1'3\|c{ ’
|&'11 cr.‘C.l“‘12|
iAz_‘ - aa&‘ azz

&11 aY‘z a3
Al =

Az1 Gy dAps
431 Az d4szz

For Hessian Matrix of function y = f (x4, X5, ..., Xp,)

ful Fotfisi v fon
TR faz i fazt o fan
(BT Fst o Fon

.
e

fnl fnz fn3 fnn Y\XV\

H%__=[f11]
Ahe ek
_ A1 Sz d.q,(e:('Q,AV\—z vews & Celomn
B, - e
H fir fiz fis
L9 =|faa fa fas| T " -3 —

f31 f32 f33 H

s 18
A
]H \_ fir fiz
— Tl f

f11 f12 f13
f21 f22 f23
f31 f32 f33

I H, [H]

I
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About “Definiteness of H”
Let H be a symmetric matrix with dimension nxn
0"127 0 (a@ig\positive deﬁniteqif all n leading principal minors are positive
|H.|> 0,|H;} > 0,{H5| > 0, .
&1'2 Lo (b@s‘ negative deﬁnite”if n leading principal minor duly alternate in sign with the
first one being negative.

|H1|§20,|H2|(>‘)),|H3|@0,...> , &2 S

sterting with  negehit,

If (a) or (b) is not m@s indefinite.

FasH-? ve

o . n_[-3 4
Example: Find definiteness of matrix B = [ 4 _ 6] 9% 3.
........ B‘_—.[’Bjj[&“z‘:’:»(o
....... &52.....=...b..._.....Eﬁ%...‘.".....................I.Ee.l.l.....'.—T...!z..t.a.g...s....& >0
4 -4 )

Homework : Find definiteness of the following symmetric matrices de'lilii

{2_1} 120

(a) ) |2 4 5
11

05 6

Ly 110

® 1, |1 -1 0

0 0 -2

1030

3 4 0205

© 4 ® 1504 0

050 6
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Second-Order Sufficient Condition (SOSC, SOC)

For the maximum of objective function z = f(x,y)

For the minimum of objective function z = f(x, y%

fhe depe T8 facruging cc G E/O  0E PIINEOL

ER X T S S - S e
A HZ‘ RS S STV -.(:,NI ......... Treeeensd - '(:YY"‘ : C'Fx\f) ......... Do (o
T Fy y

Example: Find the maximur;/minimum of fungfdn z = x + 2ey — e* — e)

LFOC S 9% = 1__61(, ........ .0 =% *= ..... o
I
TSSOSO STRPPRPRRN "
....................... _zza—2,€:~2€2‘1’—o-7?»?—&3r
‘?\J, 213. |
& .................... & R P
wte ¢ der - Re - Ao 1
....................... %lbwz
SOC, ......... 'Fxx:_?.-@* ........ ST 2\('1'_6) ......... =__€j(' ........
PR A Y "
.................. c x..‘1.......—......C\.{..;............_.;-:..........'a...' ;......;.....E...C.{:—..é .)...._.;;.....
................................................................ 3‘1‘97
a-F > -
R *t '12.5 tl* ....... a C,Z’e‘?_e .) ..... e q_‘-e
..................... ’L H‘L\f‘g\/
H=..]. -€. O e
X
®) —4e

d 27(5 (dzz p@?ﬁuedu‘:.
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Objective functions with more three choice variables

O )

F.ON.C:
dz=0

dz :@xl +@x2 @xg = 0; dx;,dx,,dx; >0
[ e |

£ <4, =6 = -=F,

We canuse f; = f, = f3 = 0 to find the stationary values/critical values

S.0.S.C

;f11 fiz| fi3
H = 7‘2_1‘ f22' fa3
BT Tz fas 3%}

_

All leading principal min

|Hy| = |fi1l
|H,| = fir fi2
S| =
fa1 faz
fir fiz fis
|Hs| = (21 faz  fa3
fz31 fz2 fas
‘s at th maximum | {dzz <0 ¢ {|H1| <0,|H;| >0,|Hs| <0 . {H is negative definite
15 atthe minimum d?2>0 ' |H;| > 0,|H;| > 0,|H;| >0 " His positive definite
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Objective functions with more n —choice variables

Z = f (%1, X, X3, ) Xp)

F.ON.C:
dZ = f]_dxl +f2dx2 + +fndxn = 0
0%f;
= ,i=1,2, ..
ox, 0,foralli,i 2,
S.0.S.C:
ﬂl ﬂZ ﬁn
. V”:<ﬂ1 fﬁ o fﬁ
f;11 f;12 f;m
All principal minors |H1 s |H,l - |H”

If z is at is the maximum when d?z < 0, H is negative definite:
|H,| < 0,|H,| > 0,|H3| <0,|H,] >0,|Hg| <O, ...
If z is at is the minimum when d?z > 0, H is positive definite:

|H,| > 0,|H,| > 0,|H3| > 0,|H,| >0, |Hs| >0, ...

Page |9

Homework:Find extreme values of the following functions and check for

the sufficient condition
z=8x3+2xy—-3x*+y*+1

z= 2x12+x1x2+4x22+x1x3+x32+2

z= -3x] +3x,x, +2x, —x; —3x]

z= xl2 +3x22 =3x,x, +4x,x; + 6x32

Z= XX+ X =X, + XX, + X5 +3x]

z= e"+ey+ewz—2ew—(x+y)

z= x"+x" —6xy+3y°

w=x"+6xy+y° -3yz+4z" —10x-5y-21z

w = (x2 +2y° +322)ef<xz+yz+zz)
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Summary of optimal conditions

The objective function: z = f(x,y)

Condition Maximum Minimum
First-order necessary fx=f=0 fe=f =0
(FONC, FOC)

Second-order sufficient |Hil = fex <0 |Hi| = fox >0 \

SOSC, SOC
( ) |H2| = fxxfyy _fxzy >0 \ |H2| = fxxfyy _fxzy >0

T {

H=

The objective function: z = f(xq, x5, ..., Xp)

Condition Maximum Minimum

irst-order necessa fi=f="=f=0 fi=fh==f=0
(FONC, FOC)

4T € o ngHRe o 2707 pesitipe e

H is negative definite. H is positive definite.
econd-order sufficien K
(SOSC, SOC) (—D[Hg| >0 |Hy| >0
k=12, ..,n k=12, ..,n

L 5
1) Ir,} +7 O

X 4
(A)[H[ 70
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¢
Third- Degree Price Discrimination M QAGPGI LS%
Third-Degree Price Discrimination involves charging different prices to different
segments of the market for the same good. This is to maximize profit within each
segment of the market. For example, a theater may divide cinema goers into seniors,

adults, and children, each paying a difge’rl;c\g‘g price when seeing the same movie.
Examgle * Gssume m(C = s
P Morked 2.
P a P a

\ 2
.Suu\o()%b Yot e cwe  three Segmumted, Tmowleets
Total Revenue of a company is:
R1(Q1) + R2(Q2) + R3(Q3), .
R; is a total revenue function of market i. € met morket OLCM:LMB o “he
{y\ QGCJ/\ MM+

c=c@(§+‘*"g’ iy produed

Q; is quantity of product sold in market i.

2

Total cost of the company is:

Find the quantity and price in each market i that maximizes firm’s profit.

Step 1 State the objective Function: Profit function

MAK ... R LR F (8 1R,C00 = CLG) - Q=Qt &ty
&LJQZ)G‘S
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MaK & = RC®) *hg) 1R,(G) - CR) ; R=&t&ry

CANTN
12 S t&,) = 1
Step 2 Find FONC and use FONC to find critical values 2&6‘1—6 ) 3

—

ecl

tywo\fud'* (,

Meta ts less prc elshc thon Mct 2
Conclusion: In the market with lower price elasticity of demand ( lower |g4;]), the
maximizing-profit price in that market will be M.%S.. | E(P‘ Z [ = é‘

(=5 ¢ |2
Step 3 Check SOSC whether Q7, Py, Q5, P;, Q3, P3 indeed give the maximum profit

. . ( 2
H Matrix: | =
essian Matrix P .
- -
Ty1 Tz T3 T‘% < 92
H = |T21 T2 7723] l
T31 T3z Ts33 ~--& -9
1t L o L
Ep e’;
| —o-6F £ 1—<5
/35t > P2 =
M T, = M —MCIE P,



& = L (04 (—
- Ma, —M™M { ] 4
N> = 3 = —MC
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H) H

i ]
Mg" md —me || mC

[

——M(,( M(zll—l"l(,r —MC
Y B

_mcf ~MC MR\B—MC

r = 3x3

Check all leading principal minors

H s neg At ] /0
|Hy| = |m4] = Mp\t

- @L/)l > 0o

r {
Hol = Ty T2 = M(Ltl "M('[)Uw&z. —tC )
IHa| = UP3 7T22|
T3 T2 T3 4 ©
|H3| = |21 T2z T3
T31 T3z Ti33

33 . s b (s reximized,
= et N0y Ay B ot

Example: Suppose a monopolist firm sells its product in three markets with
corresponding market demand:

P; =63 —40Q, PV‘E(_Q :_‘\:L&o(l/an>
P, =105—-50Q, ¥

P3=75_6Q3

Domestic markef.
Asia market:
Europe market:

Total cost function of thi

C =20+ 150;
Q=0,+0,+0Q3

Find total quantity produced by the monopolist and price and quantity in each market
that maximize profit.

Step 1 State the objective Function: Profit function

............................... 2 TR B TR, 1. TRy 2 TG

J

&\)&L;Q3 — 20+ &) ) (O =Q]1;Q2+&b .
Max = (63§ 4ar )+ B8, - 56 )t (&, ~L&,)
L) S % — 20 - 15G, —15%, ~ (5K
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Step 2 Find FONC and use FONC to find critical values c
Fo

FL 2 = 622 T15 = O by 26T 6
B S

_ =0 »
.............. gcr::l@—w@z“\bv:QCz).—;Qz =
e e
............................................................ _\:—C/.CJ «

Step 3: SOSC
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Check all leading principal minors

mi= Iyl o= 7

|H| = Y

_%x"(O Kh\l = '—ct@o
& Gf oo ize T
G“(I 2 J M

[ L SR
1
SOLTANR ) ¥s D
Competitive Firm Inp oicCes: echnology
Let a firm in competitive market(have Cobb-Douglas Production Function:

%Q=L"‘Kh
Haw mich K L showd The Firm U*lﬂ\@ i ade +  mexdmize MS P"’F""?

Let wage b rent b@aht per unit.

|H3| =

IS lheg de},

Characteristics of the production function:

MP=. 2% = AL KQ ..........................................................
L
................................................ R T
M ELLL R =B e e,
3 o ¢

< phld—

k. L 1‘ X 7 . o
el

Step 2 Find FONC a?lﬁ use FONC to find critical values

S O S-S %[LC’:P"LL ..... Ko RUSRON A JO =..0.4Mm sdve for
A 8- %
............ rcK—er=pr|3—r=O@ <t E
o'
At
D Pl K e w3
(Vlar‘ginc\ﬂﬁf/‘,a,uﬁwl'&-\—
oo PBRMPL R AT LLMRPL = R e MP
MRP = VMP_ = W VMPL = s MP

sice  P= MR
in c;r?eﬁ Hve mht,
MRP, = VMP_
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................................ N%CQ:)OL éTKO(“*# CL
(43 K& g o B e oy
S A= ool
............ FDROL=?—-(_.CL %_ Q[WDGAWJ -f.D k’
..... PP én K_V\ a‘ﬁﬁ@_d 1
The Econ mi@intkilpret tion *« r -k A d—| —A "l—-oL—P

(o gt daword Fonchier - (X 77= LPp vl W

' b L kepp <)
_PxMP = \/\l (a.) cLAL]| d
M@PLDVMPL Prme oh) LD ﬁ oAfp >

= \VM = P<MP, = Lo the (o Fldopmed £ L
MR PK (DK < satirfed .




oLl P
Toe T - PLL K - W Sk =T T
EE 1toCh p-8 Un % ned gptimiz?iF’n(Eanyg;)_iccvar_.lscmzﬁoao Page EL RkK
K
Step 3: SOSC 2 Y el et
)
— A2 g -1 =l
po (M- L K Pokp{_ K T = Ol
H: OL— _ L $’2
PelpL. KT o PpgOL K
c LA <]
Check all leading principal Iilﬁ%is s / ; . m,lﬁclimj
= PhLADL K do be inpara
20—2 :'P' > | se et
|H,| = P Okib (oL"l)QP“\) L .
9 2 252 22 flis
T pp b N neg def-
W, VMO S et ot
A C
C < O( \ V LJ;JKT l e le Wﬂ(
o Lp &L
[ FoC safisti ed
3 W
vl
oL
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Multiproduct Firm
cligh —resning [iGd &
Let a firm produce and sell two products. Each product is sold in competitive market,

hence the firm is price taker. Total Revenue is: 5\"”"{“

Multiproduct Firm in competitive market 11 e‘a'

r- A9 ¥ %

P; is market price of good 1. E _ﬁm 'S @ ?ﬁCL 'H‘-h« : p\ﬂ M = Pl

P, is market price of good 2. 'D Q’
Q1 is quantity of good 1 sold in the market. MK?—" ?—g = f2
2

Q- 1s quantity of good 2 sold in the market.

Total cost of this firm is:

= Produchion ot geet |
hoperety on ged 2 K

C=2Qf + Q10 + 203

e vese-
...... M .C.l.......'.-?........19...........?.......‘l‘..‘??.;...‘.'..@z.........ﬂ.m.c.‘......dgpmds on gd 2
P
...... MCyy e B Ry F 8 2. 8 L
R,

Firm’s Profit Function




2
Mmax & :@Ql *@a - Q> -qQ, - 2R,
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Find FONC and use FONC to find critical values

RN SO SN < Sl Tl S =..0. (W
{ ) ‘ P\ — "‘EC L . & 4
....................... MG — MG = O ®Mkeng (1)
[cz_c ..... oF .= ?z"Q"“f&Z ................. =..0. 1)
V6,
.................................................. P Ty = .G
MR, — MCy = O = MR =uc,2.)
G MR........ = M,

............................................ M e MRy 1 et Tveska ke
"G e each produgt Mt

5mheqw~‘l Maghel

................................................................................................ benelyYy ..

Check Second Order Sufficient Condition (SOSC)

[TT11 Tl12
H= ]

[TTy1 Tl
H =
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|H,|=

The second order differential of 7w, %7, 1S weeoveveveeenenn. definite. Hence, the profit

Multiproduct Firm in monopoly market

Let market demand of good 1 is Q; = 40 — 2P; + P,
Let market demand of good 2i1s Q, =15+ P; — P,

From market demand, good 1 and good 2 are ..........cccceeevveenirennnnne.

The market demands are given as functions of P;, P,. Since we would like to choose

Q1, Q,, we need to convert the above market demands to be in the form of P; =

f(Q1,0Q2), and P, = g(Q4, Q).

Then, we can use the inverse market demand functions to get total revenue function:
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Let the cost function of the monopolist be

C =2Qf+Q,0, + 205

Profit Function:

Choice Variables: ....oooeunee e

Find FONC and use FONC to find critical values
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Check Second Order Sufficient Condition (SOSC)

M1 7'512]
1 To2

Multiplant Firm Problem

Consider a firm with many plants. Each plant i has total cost TC;.
TCi = Ci(qi)a i= 1,2, v, n
q; is the level of output produced by factory i.

Assume that this firm sells its product in one market. Firm’s total revenue function is:
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If output market is monopoly market,

Choice Variables: ....oooouni e

WZVZ:7%@@@%%@”%@%@MMWMM&Qﬂ%ﬁ?&dﬁ%ﬁ

TL o ettt et foralli =1,2,..,n

SOSC:
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|H,|=R"-C/<0
|H,|=

Economic interpretation:

Example: Consider a monopolist firm with two plants:

Factory 1: C;(Q,) = 10Q?
Factory 1: C,(Q,) = 20Q3

Firm’s market demand is P = 700 — 5Q, Q = Q; + 0,

Draw MC;, MC,, MCr, AR, MR and indicate the maximizing level of output from each

plant and the profit-maximizing price.

v
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Find Q;, Q, Qrotar, P that maximize profit of this firm.

Profit Function:

Choice Variables: . ...ooooon e

Find FONC and use FONC to find critical values
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Check Second Order Sufficient Condition (SOSC)

M1 7'512]
1 To2

...............................................................

54«0044'4% bevely of fnﬂ’o@ of /a/wM{/ow:
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DR S R R )
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